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Before You Begin

HOW THIS BOOK IS ORGANIZED
Almost a quarter of a million students take SAT Subject Tests every year. In

the past, these tests were known as the College Board Achievement Tests.

These tests are important for several reasons. Because many of the colleges

require SAT Subject Tests, these are important exams for you. The purpose of

these tests is to measure and demonstrate your knowledge and/or skills in

specific subjects and to test your ability to apply that knowledge to each

particular examination. The better your score is, the better your application

will look to the colleges of your choice.

If you’re reading this book, it’s likely that you are preparing for the SAT

Subject Test Mathematics—either Level 1 or Level 2. We have tried to make

this a workable book. In other words, the book is set up so that regardless of

the level exam you’re taking, you will be able to find the material necessary to

study and to take those tests that are most applicable to your level.

As a further enhancement to your ability to prepare for this exam, we have

prepared in-depth mathematics review material and highlighted those areas

that are required primarily for Level 2, so that those studying for the Level 1

test can focus on only those areas that are appropriate.

Divided into sections, the book begins with two diagnostic exams. There is one

each for Level 1 and Level 2. Take these exams (and all of the tests) under

simulated exam conditions, if you can. Find a quiet place in which to work, set

up a clock, and take the test without stopping. When you are finished, take a

break and then go back and check your answers. Always reread those

questions you got wrong, since sometimes your errors come from merely

misreading the question. Again, double-check your answers, and if they’re still

not clear, read the appropriate section in the review material.

Once you’ve completed your diagnostic test(s), it’s time to move on to the

review section. Study the material carefully, but feel free to skim the portion

of the review section that is easy for you.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Then, take the actual practice tests. These simulated exams are designed to give you a broad

spectrum of question types that are similar to those you will find on the actual SAT Subject

Tests: Mathematics. We suggest that, regardless of the level exam you are planning to take, it

would be extremely helpful to take all of the tests in the book. If you are taking Level 2, taking

the lower-level test will give you that much more practice for the exam. And if you are taking

Level 1, it would be helpful to test your skills and stretch your thinking to give you a stronger

grounding for the Level 1 exam.

As you complete each exam, take some time to review your answers. We think you’ll find a

marked improvement from taking the diagnostic tests to completing all of the full-length

practice tests. Always take the time to check the review section for clarification, and if you

still don’t understand the material, go to your teacher for help.

COMPREHENSIVE ANSWER EXPLANATIONS
At the end of each practice session, read all the answers and explanations, even for the

questions that you answered correctly. There are comprehensive explanations for every one of

the book’s 1,000+ questions! By reading the answer explanations, you can learn from your

mistakes.

Our objective is to help you dramatically raise your scores so that you can maximize the

likelihood of getting into the college of your choice. And if you use this book properly, we can

help you reach that goal.

SPECIAL STUDY FEATURES
ARCO Master the SAT Subject Test: Math Levels 1 and 2 is designed to be as user-friendly as

it is complete. To this end, it includes several features to make your preparation much more

efficient.

Overview
Each chapter begins with a bulleted overview listing the topics to be covered in the chapter.

This will allow you to quickly target the areas in which you are most interested.

Summing It Up
Each chapter ends with a point-by-point summary that captures the most important points

contained in the chapter. They are a convenient way to review key points. As you work your

way through the book, keep your eye on the margins to find bonus information and advice.

Information can be found in the following forms:
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Note
Notes highlight critical information about the SAT Subject Test format—for example, that the

answers in the test always go from smaller to larger.

Tip
Tips draw your attention to valuable concepts, advice and shortcuts for tackling Math:

Levels 1 and 2. By reading the tips you will learn how to approach different question types,

use process-of-elimination techniques, pace yourself, and guess most effectively.

Alert!
Wherever you need to be careful of a common pitfall or test-taker trap, you’ll find an Alert!.

This information reveals and eliminates the misperceptions and wrong turns so many people

take on the exam. By taking full advantage of all features presented in ARCO Master the SAT

Subject Test: Math Levels 1 and 2 you will become much more comfortable with the SAT and

considerably more confident about getting a good score.

YOU’RE WELL ON YOUR WAY TO SUCCESS
Remember that knowledge is power. By using ARCO Master the SAT Subject Test: Math

Levels 1 and 2 you will be studying the most comprehensive SAT Subject Tests preparation

guide available and you will become extremely knowledgeable about the SAT. We look forward

to helping you raise your scores and improve your college prospects.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................
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Top 10 Ways
to Raise Your Score
When it comes to taking the SAT, some test-taking skills will do you more good than

others. There are concepts you can learn, techniques you can follow, and tricks you

can use that will help you to do your very best. Here are our picks for the top 10 ways

to raise your score:

1. Regardless of which plan you will follow, get started by reading

Chapter 1 to familiarize yourself with the test format.

2. Take the diagnostic practice tests.

3. Compute your category percentages to assess your relative strengths

and areas for improvement.

4. If you have time, read the book from cover to cover. Start at the

beginning or start with the kind of question or the topic that you find most

difficult.

5. Complete the exercises in each chapter you read and assess your

performance against your diagnostic scores.

6. When you are one third of the way through your preparation, take a

practice test. Compare your scores with your original results. Make sure you

are applying new test-taking strategies.

7. Revisit problematic chapters and chapter summaries. Then read

additional chapters, do exercises, and compare your percentages with your

original category percentages.

8. After you have reviewed all the chapters or all of your weaknesses,

take another practice test.

9. During the last phase of your review, go back over the practice tests.

10. The night before the SAT: RELAX. You’ll be prepared.

10
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All About the SAT
Subject Test:
Math Levels 1 and 2

OVERVIEW
• Get to know the exam format

• When to use calculators

• How the test is scored

• Some test-wise strategies for SAT subject test success

• Educated guessing will boost your score!

• Getting ready: the night before and the day of the test

• Summing it up

GET TO KNOW THE EXAM FORMAT
Each of the SAT Subject Tests in Mathematics (Level 1 and Level 2) is similar

in format. They both contain 50 multiple-choice questions. In addition, the

current versions of the tests includes a background questionnaire on the first

page. The College Board uses this information for statistical purposes; your

answers will not affect your scores in any way.

The Level 1 examination tests material that covers the following topics:

• Algebra (30%)

• Geometry (plane Euclidean, three-dimensional, coordinate) (38%)

• Basic Trigonometry (8%)

• Algebraic functions (12%)

• Elementary statistics (probability, counting problems, data interpreta-

tion, mean, median, and mode) (6%)

• Miscellaneous topics (logic, number theory, arithmetic, geometric

sequences) (6%)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .c
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The Level 2 examination tests material that covers the following topics:

• Algebra (18%)

• Geometry (coordinate and three-dimensional) (20%)

• Trigonometry (20%)

• Functions (24%)

• Statistics (probability, permutations, combinations) (6%)

• Miscellaneous topics (logic and proof, number theory, sequences, limits) (12%)

You can quickly see where your focus should be for each level, depending upon the percentage

of questions that are on the tests.

WHEN TO USE CALCULATORS
You may use almost any scientific or graphic calculator, and it is estimated that you will find

it useful, and often necessary, for about 40 percent of the questions on the Level 1 exam and

for about 60 percent on the Level 2 exam. You should, therefore, be very familiar with the

operation of the calculator you plan to bring to the exam.

HOW THE TEST IS SCORED
While it’s not imperative that you completely understand how the test is scored, since the

process shouldn’t deter you from trying to do your best, you are probably aware that the

scores are reported on the 200–800 range.

Each question answered correctly receives one point. You lose a fraction of a point for each

incorrect answer. However, you do not lose points if you don’t answer a question. (If you skip

any answers, make sure that the next question you answer is filled in on your answer page in

the correct space.) Thus, it makes sense to guess at those questions that you don’t know, and

of course, as with most multiple-choice questions, you should use the process of elimination to

increase the odds of guessing correctly. The more choices you eliminate, the better your odds

are for choosing the correct answer.

SOME TEST-WISE STRATEGIES FOR SAT SUBJECT TEST SUCCESS
What makes some people better test-takers than others? The secret isn’t just knowing the

subject; it’s knowing specific test-taking strategies that can add up to extra points. This

means psyching out the test, knowing how the test-makers think and what they’re looking for,

and using this knowledge to your advantage. Smart test-takers know how to use pacing and

guessing to add points to their score.

4 PART I: SAT Subject Test Basics
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Pace Yourself
You know there are 50 questions in one of the math sections and they need to be answered in

60 minutes. That means that you have 1 minute and 10 seconds to answer each question. But

smart test-takers know that’s not the best way to use their time. If you use less than a minute

to answer the easier questions, you’ll have extra time to help you answer the more difficult

ones. That’s why learning to pace yourself is so important.

Question Sets Usually Go from Easiest to Most Difficult—You Should, Too
SAT questions follow the pattern of easiest to hardest. Work your way through the earlier,

easier questions as quickly as you can. That way you’ll have more time for the later, more

difficult ones.

But two words of caution. What may be easy to the test-writer may not be to you. Don’t panic

if question 3 seems hard. Try to work through it, but don’t spend too much time on it if it’s a

topic such as factoring that has just never been easy for you to understand. Second, work

quickly but carefully. Don’t work so fast that you make a silly mistake and lose a point that

you should have aced.

You Can Set Your Own Speed Limit
All right, how will you know what your speed limit is? Use the practice tests to check your

timing and see how it affects your answers. If you’ve answered most of the questions in the

time limit, but also have a lot of incorrect answers, better slow down. On the other hand, if

you are very accurate in your answers but aren’t answering every question in a section, you

can probably pick up the pace a bit.

It’s Smart to Keep Moving
It’s hard to let go, but sometimes you have to. Don’t spend too much time on any one question

before you’ve tried all the questions in a section. There may be questions later on in the test

that you can answer easily, and you don’t want to lose points just because you didn’t get to

them.

You Don’t Have to Read the Directions
What? Yes, you read it correctly the first time—you don’t have to read the directions. Look, by

the time you actually sit down to take the SAT Subject Test, you’ve read this book, you’ve

taken all the practice tests you could find, and you’ve read enough SAT directions to fill a

library. So when the exam clock starts ticking, don’t waste time rereading directions you

already know. Instead, go directly to Question 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................
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You’re Going to Need a Watch
If you’re going to pace yourself, you need to keep track of the time—and what if there is no

clock in your room or if the only clock is out of your line of vision? That’s why it’s a good idea

to bring a watch to the test. A word of warning: don’t use a watch alarm or your watch will end

up on the proctor’s desk.

EDUCATED GUESSING WILL BOOST YOUR SCORE!
The fractional deduction for wrong answers makes random guessing a wash—statistically

speaking, you’re unlikely to change your score. This means that if you come to a question that

you have absolutely no idea how to answer, you’re probably better off skipping it and moving

on, rather than just choosing an answer at random.

Although random guessing won’t help you, anything better than random guessing will. On

most questions, you should be able to guess better than randomly by using common sense and

the process-of-elimination techniques that are developed throughout this book. Even if you

aren’t certain which answer is correct, you might be certain that one or more of the answer

choices is definitely wrong. If you can knock out one choice out of five, you have a 25 percent

chance of guessing correctly. If you can knock out two choices, the odds go up to 33
1
3

percent.

If you can knock out three, you have a 50/50 chance of guessing the right answer. With odds

like this, it makes sense to guess, especially when you realize that a single correct guess can

raise your scaled score as much as 10 points.

Obviously, the better you get at eliminating implausible choices, the more points you will pick

up from educated guessing. But no matter what, if you have time to read through a question

and eliminate at least one choice, it is always to your benefit to guess.

Don’t worry about the fact that you will probably get the question wrong, because you don’t

need to guess correctly on too many questions to gain points. As long as you are guessing

better than randomly, you will do considerably better.

GETTING READY: THE NIGHT BEFORE AND THE DAY OF THE TEST
If you follow the guidelines in this book, you will be extremely well prepared for the SAT

Subject Test. You will know the format inside and out; you will know how to approach every

type of question; you will have worked hard to strengthen your weak areas; and you will have

taken multiple practice tests under simulated testing conditions. The last 24 hours before the

SAT Subject Test is not the time to cram—it’s actually the time to relax.

That said, there are plenty of steps you can take over the final 24 hours to get ready. For one

thing, don’t do anything too stressful. On the night before the big day, find a diversion to keep

yourself from obsessing about the SAT Subject Test. Maybe stay home and watch some of your

6 PART I: SAT Subject Test Basics
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favorite television shows. Or go out to an early movie. Or talk for hours and hours on the

phone about another subject. Do whatever is best for you. Just make sure you get plenty of

sleep.

You should also lay out the following items before you go to bed:

• Registration ticket: Unless you are taking the test as a “standby” tester, you should

have received one of these in the mail.

• Identification: A driver’s license is preferable, but anything with a picture will do.

• Pencils: Make sure you bring at least three number-2 pencils; those are the only pencils

that the machines can read.

• Calculator: Both tests require the use of a calculator. You should bring a calculator with

which you are most familiar, but don’t bring a calculator that makes noise, requires an

electrical outlet, or is part of a cell phone.

• Wristwatch: Your classroom should have an operational clock, but if it doesn’t, you want

to come prepared. Again, don’t wear a watch that beeps, unless you can turn off the alarm

function. You won’t be allowed to wear a noise-making watch during the exam.

Make sure you allow enough time to arrive at the test site at least 15 minutes before the start

time. You don’t want to raise your level of anxiety by having to rush to get there.

In the morning, take a shower to wake up and then eat a sensible breakfast. If you are a

person who usually eats breakfast, you should probably eat your customary meal. If you don’t

usually eat breakfast, don’t gorge yourself on test day, because it will be a shock to your

system. Eat something light (like a granola bar and a piece of fruit) and pack a snack.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................
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SUMMING IT UP

The following information is the foundation on which you’re going to build as you prepare for

the SAT Subject Test: Math Levels 1 and 2.

• Learning the SAT question types is the best way to prepare for the SAT. Knowing the test

format and question types will relieve test anxiety because you’ll know exactly what to

expect on test day.

• You may use a calculator on the SAT, but while it may be helpful for some problems, it

isn’t absolutely necessary for any of them. So use your calculator, but don’t rely on it too

much.

• Questions are usually arranged from easiest to most difficult.

• Every SAT question is worth 1 point, whether it is an easy question or a difficult one. So

nail the easier questions—and quickly accumulate points.

• Fill in the answer bubbles cleanly and completely. Otherwise you won’t get credit for your

answers.

• Random guessing will have no effect on your score, but educated guessing can boost your

score. So if you’ve read through a question and can eliminate at least one answer, guess!

• Pace yourself and move through the test relatively quickly. But you can get a very good

score even if you don’t answer every question.

• Relax the day before the SAT, but also be sure you’re prepared.

• Assemble the supplies you will need for the test.

• Pick out what you’ll wear and remember to layer your clothes.

• Be sure your calculator has fresh batteries.

• On the morning of the test, eat breakfast, pack your snack, and leave for the test site in

plenty of time to get there 15 minutes before the start time.

Remember that because you are working through this book, you’re giving yourself the best

preparation available for succeeding on the SAT Subject Test: Math Levels 1 and 2. Let your

preparation give you the confidence you need to be calm and focused during the test.
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Practice Test 1:
Diagnostic Level 1

Before you begin preparing for the SAT, it’s important to know your strengths

and the areas where you need improvement. Taking the Diagnostic Test in

this chapter and then working out your scores will help you determine how

you should apportion your study time.

PREPARING TO TAKE THE DIAGNOSTIC TEST
If possible, take the test in one sitting. Doing this will give you an idea of how

it feels to take the test in one hour. You will also get a sense of how long you

can spend on each question, so you can begin to work out a pacing schedule for

yourself.

First, assemble all the things you will need to take the test. These include:

• Lined paper for the essay, at least two sheets

• Number 2 pencils, at least three

• A calculator with fresh batteries

• A timer

• The answer sheet, page 15

Set the timer for one hour. Stick to the time, so you are simulating the real

test. At this point, it’s as important to know how many questions you can

answer in the time allotted as it is to answer questions correctly.

PRACTICE TEST 1: DIAGNOSTIC LEVEL 1
While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 1 exam differs in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

The instructions on the answer sheet of the actual test will tell you to fill out

the top portion of the answer sheet exactly as shown.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p
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1. Print MATHEMATICS LEVEL 1 on the line to the right under the words Subject

Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 3 in the row labeled V.

—Fill in oval 2 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval A in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 Þ ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y Þ ÞOB ÞOC ÞOD ÞOE

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 1

During the actual test, when everyone has completed filling in this portion of the answer

sheet, the supervisor will tell you to turn the page and begin the Mathematics Level 1

examination. The answer sheet has 100 numbered ovals on the sheet, but there are only 50

multiple-choice questions on the test, so be sure to use only ovals 1 to 50 to record your

answers.

REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant

height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3
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Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable

calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f(x) is a real number, unless otherwise specified.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................
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ANSWER SHEET PRACTICE TEST 1: DIAGNOSTIC LEVEL 1
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

-
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MATHEMATICS LEVEL 1

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. If x 5 2, then (x 2 1)(2x 2 3) 5

(A) 1
(B) 3
(C) 21
(D) 0
(E) 23

2. In the figure below, the side of the
inside square is x; the side of the
outside square is x 1 2. How much
greater is the area of the outside
square than the area of the inside
square?

(A) 4
(B) 4x
(C) 4x 1 4
(D) 4x 1 1
(E) x 1 4

3. Given the figure below, what is the
area in terms of a and b of the large
square?

c

(A) a2 1 b2

(B) (a 1 b)2

(C) (a 2 b)2

(D) c2

(E) (a 2 2b)2 1 b2

4. What is the sine of 30 degrees?

(A)
1
2

(B)
3
2

(C)
=2

2

(D)
=3

2
(E) 2

d
ia

g
n

o
stic

te
st

............................................................................................
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5. A gumball machine contains 40 blue
gum balls, 20 red gumballs, 15 green
gumballs, and 25 purple gumballs.
What is the probability that a person
gets a red gumball?

(A) .10
(B) .20
(C) .25
(D) .15
(E) .30

6. Find x if
x
4

1
~x 1 1!

3
5

3
2
.

(A) 17
2

(B) 15
7

(C) 2
(D) 1
(E) 22

7. At what point(s) does f(x) 5

x2 1 3x 1 2 intersect the x-axis?

(A) (2, 0) and (1, 0)
(B) (0, 2) and (0, 1)
(C) (0, 21) and (0, 22)
(D) (21, 0) and (22, 0)
(E) (21, 0) and (2, 0)

8. Sequential arrangements of blocks are
formed according to a pattern. Each ar-
rangement after the first one is gener-
ated by adding a row of squares to the
bottom of the previous arrangement,
as shown in the figure to the right. If
this pattern continues, which of the fol-
lowing gives the number of squares in
the nth arrangement?

(A) 2n2

(B) 2(2n 2 1)

(C) n~n 1 1!

2

(D) n(n 1 1)
(E) n2 1 1

9. If the distance between the two
points P(a, 3) and Q(4, 6) is 5, then
find a.

(A) 0
(B) 24
(C) 8
(D) 24 and 0
(E) 0 and 8

10. Line m has a negative slope and a
negative y-intercept. Line n is
parallel to line m and has a positive
y-intercept. The x-intercept of n
must be

(A) negative and greater than the
x-intercept of m

(B) negative and less than the
x-intercept of m

(C) zero
(D) positive and greater than the

x-intercept of m
(E) positive and less than the

x-intercept of m
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11. Given the list of numbers {1, 6, 3, 9,
16, 11, 2, 9, 5, 7, 12, 13, 8}, what is
the median?

(A) 7
(B) 8
(C) 9
(D) 11
(E) 6

12. If f(x) 5 x 1 1 and g(x) 5 x 1 1, then
find f(g(x)).

(A) (x 1 1)2 1 1
(B) x2 1 x 1 2
(C) x 1 2
(D) x3 1 x2 1 x 1 1
(E) x2 1 2x 1 2

13. The equation x2 1 9 5 2y2 is an
example of which of the following
curves?

(A) hyperbola
(B) circle
(C) ellipse
(D) parabola
(E) line

14. If x 1 1 , 0 then ?x? is

(A) 0
(B) x 1 1
(C) 2x
(D) 2x 2 1
(E) x

15. The angle of the sun above the horizon
is 27.5 degrees. Find the approximate
length of the shadow of a person who
is 4.75 feet tall.

(A) 4.75
(B) 2.47
(C) 4.65
(D) 9.12
(E) 4.86

16. Define the x-coordinate of the
midpoint between (21, 1) and (4, 1)
as m and define the y-coordinate of
the midpoint between (4, 1) and (4, 3)
as n. What are the x- and y-coordi-
nates of (m, n)?

(A) S5
2
,
3
2D

(B) S5
2
, 2D

(C) S3
2
,
3
2D

(D) S3
2
, 2D

(E) (4, 1)

17. What is the slope of the line that is
perpendicular to y 2 2x 5 1?

(A) 2
(B) 22

(C) 1
2

(D) 2
1
2

(E) 1

18. Trees are to be planted inside a
circular tree orchard so that there
are 5 trees per square meter. The
circumference of the tree orchard is
30 meters. If trees are available only
in allotments of packages of 6, how
many allotments will the caretaker
need to purchase?

(A) 59
(B) 117
(C) 58
(D) 60
(E) 118
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19. Place the following list of numbers
with the given labels in order of
greatest to least.

F 5 (1010)10

G 5 10101010

H 5
10100

1010

I 5 10

(A) F, G, H, I
(B) G, F, H, I
(C) F, H, G, I
(D) H, F, G, I
(E) G, H, F, I

20. The statement “y varies inversely
with the square of x” means

(A) y 5 kx

(B) y 5
k
x

(C) y 5 k

(D) y 5
k
x2

(E) y 5 kx2

21. Suppose one takes a tetrahedron
ABCD with base ACD as shown
below and combines it with another
tetrahedron by connecting their
corresponding bases. How many
distinct edges does the resulting
object have?

C

B

DA

(A) 9
(B) 12
(C) 10
(D) 11
(E) 8

22. The area of the parallelogram ABCD
below is

(A) 20
(B) 10
(C) 5=3
(D) 10=3
(E) 18

23. If f(x) 5 3x 2 1 and if f 21 is the
inverse function of f, what is f 21(5)?

(A) 18

(B) 4
3

(C) 5
3

(D) 2
(E) 0

24. If (x 2 1)x2

5 1 and x is not equal to
1, then all the possible values of
x are

(A) 0
(B) 2
(C) 22
(D) 0 and 2
(E) None of the above

25. What is the sum of the first 40 even
positive integers?

(A) 1,600
(B) 1,560
(C) 820
(D) 1,640
(E) 400
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ANSWER KEY AND EXPLANATIONS

1. A
2. C
3. A
4. A
5. B

6. C
7. D
8. C
9. E

10. D

11. B
12. C
13. A
14. C
15. D

16. D
17. D
18. D
19. C
20. D

21. A
22. A
23. D
24. D
25. D

1. The correct answer is (A). If x 5 2 then (x 2 1)(2x 2 3) 5 (2 2 1)(2(2) 2 3) 5 1(1) 5 1.

2. The correct answer is (C). The area of the larger square is (x 1 2)2, and the area of
the smaller square is x2. Hence, the area of the larger square is (x 1 2)2 2 x2 5 4x 1 4
greater than the area of the smaller square.

3. The correct answer is (A). Use the Pythagorean theorem on one of the triangles to
get c2 5 a2 1 b2.

4.
The correct answer is (A). Use a 30-60-90 special triangle to get sin(30) 5

1
2
.

5. The correct answer is (B). The probability that a person gets a red gumball is just

the number of red gumballs divided by the total number of gumballs. That is,
20

100
.

6. The correct answer is (C). If
x
4

1
~x 1 1!

3
5

3
2

then add the two algebraic fractions by

first getting a common denominator of 12 and then adding the two fractions. The result

of this is
7x 1 4

12
5

3
2
. Now multiply both sides of the equation by 12 to clear the

denominators. The result of this is 7x 1 4 5 18, and now solving for x, we get the
desired result.

7. The correct answer is (D). Set f(x) 5 0 and solve by factoring and using the
zero-factor property. That is, f(x) 5 (x 1 2)(x 1 1) 5 0 then x 1 2 5 0 and x 1 1 5 0,
which says the x-intercepts are (22, 0) and (21, 0).

8. The correct answer is (C). Since we are adding the numbers from 1 up to the number

that n equals, we use the formula
n~n 1 1!

2
.

9. The correct answer is (E). The distance between the two points P and Q is defined to
be 5. That is, =~a 2 4!2 1 ~3 2 6!2 5 5. To find the answer, we need to solve this
equation for a. So, after squaring both sides and simplifying, we get the equation
(a 2 4)2 5 16. So, a 5 0 and 8.

10. The correct answer is (D). If line m has a negative slope and a negative y-intercept,
it has a negative x-intercept. Since line n is parallel to line m with a positive y-intercept
we know that line n will have a positive x-intercept. So, the answer follows.

11. The correct answer is (B). Given the list, first write the list in increasing order from
the least number to the greatest number and then find the number that has an equal
number of numbers on each side. Thus, we find that 8 is the number that has 6
numbers less than it and 6 greater than it.
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12. The correct answer is (C). Evaluate f at g(x) to get f(g(x)) 5 g(x) 1 1, and now
substitute g(x) to get the answer.

13. The correct answer is (A). Just rewrite the equation to 2y2 2 x2 5 9 to see that it is

a hyperbola. The equation 2y2 2 x2 5 9 can be written as
y2

1
2

x2

2
5

9
2
, or equivalently,

y2

9
2

2
x2

9
5 1, which represents the general formula of a hyberbola.

14. The correct answer is (C). If x 1 1 , 0 then x , 21. So, the absolute value of a
negative number is defined to be the same number but positive. So, ?x? 5 2x.

15. The correct answer is (D). Given the information, we can draw the following triangle:

The answer can be found by looking at the tangent of 27.5 and solving for x. The

equation becomes tan 27.5° 5
4.75

x
, so x 5

4.75
tan27.5°

16. The correct answer is (D). Calculate the average of the x coordinates of 21 and 4
(define as m) and also calculate the average of the y coordinates 1 and 3 (define as n).
So, (m, n) is given by choice (D).

17. The correct answer is (D). Write in slope-intercept form to get the slope of the given
line to be 2 5 m1. Thus, the line that is perpendicular to the given line has slope
21
m1

5 2
1
2
.

18. The correct answer is (D). Circumference is given by the formula C 5 2pr. So, using

the given information, we can calculate that r 5
30

~2p!
. Now plug r into A 5 pr2 to get the

area in meters squared. We know that there are 5 trees per square meter and there are

6 trees in a package, so multiply the last result by 5 and divide by 6. That is,
5A
6

'
5
6

~71.62! ' 59.68. Therefore, we would need to buy 60 packages.

19. The correct answer is (C). By exponent rules, F 5 10100, G 5 1020, H 5 1090, and
I 5 10. So, the order of greatest to least is choice (C).

20. The correct answer is (D). Value of y varies inversely with the square of x, which

means y 5
k
x2.

21. The correct answer is (A). One tetrahedron has 6 edges, and if we place two together
along the bases of the two tetrahedrons, they share 3 common edges for a total of
12 2 3 5 9 edges.

22. The correct answer is (A). The area of the parallelogram is just 4(5) 5 20.
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23. The correct answer is (D). f21(5) implies that f(x) 5 5, which says 3x 2 1 5 5 or x 5 2.

24. The correct answer is (D). For (x 2 1)x2

5 1, either x 2 1 5 61 or x2 5 0 because the
only values that can be raised to a non-zero power to yield 1 are 11 and 21. x 2 1 5 1
⇒ x 5 2; x 2 1 5 21 ⇒ x 5 0; x2 5 0 ⇒ x 5 0; hence x 5 2 or x 5 0.

25. The correct answer is (D). 2 1 4 1 6 1 ... 1 80 5 2[1 1 2 1 3 1 ... 1 40]. The sum

of the first n positive integers is
n·~n11!

2
, so the total is 2F40·41

2
G 5 1,640.
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Practice Test 2:
Diagnostic Level 2

Before you begin preparing for the SAT, it’s important to know your strengths

and the areas where you need improvement. Taking the Diagnostic Test in

this chapter and then working out your scores will help you determine how

you should approtion your study time.

PREPARING TO TAKE THE DIAGNOSTIC TEST
If possible, take the test in one sitting. Doing this will give you an idea of how

it feels to take the test in one hour. You will also get a sense of how long you

can spend on each question, so you can begin to work out a pacing schedule for

yourself.

First, assemble all the things you will need to take the test. These include:

• Lined paper for the essay, at least two sheets

• Number 2 pencils, at least three

• A calculator with fresh batteries

• A timer

• The answer sheet, page 29

Set the timer for one hour. Stick to the time, so you are simulating the real

test. At this point, it’s as important to know how many questions you can

answer in the time allotted as it is to answer questions correctly.

PRACTICE TEST 2: DIAGNOSTIC LEVEL 2
While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 1 exam differs in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .p
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The instructions on the answer sheet of the actual test will tell you to fill out the top portion

of the answer sheet exactly as shown.

1. Print MATHEMATICS LEVEL 2 on the line to the right under the words Subject

Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 5 in the row labeled V.

—Fill in oval 3 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval E in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 ÞO3 ÞO4 Þ ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y ÞOA ÞOB ÞOC ÞOD Þ

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 2

During the actual test, when everyone has completed filling in this portion of the answer sheet,

the supervisor will tell you to turn the page and begin the Mathematics Level 2 examination.

The answer sheet has 100 numbered ovals on the sheet, but there are only 50 multiple-choice

questions on the test, so be sure to use only ovals 1 to 50 to record your answers.

REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant

height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3
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Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable

calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f(x) is a real number, unless otherwise specified.
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ANSWER SHEET PRACTICE TEST 2: DIAGNOSTIC LEVEL 2
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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MATHEMATICS LEVEL 2

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. bS3a
b

1
2
cD 5

(A)
3ab 1 2

bc

(B)
3ac 1 2b

c

(C)
3a 1 2b

bc

(D)
3a 1 2

c

(E)
3ab 1 2b

b 1 c

2. If 2x • 2y 5 3z,
x 1 y

z
5

(A) 1.330
(B) 1.750
(C) 0.750
(D) 1.585
(E) 1.425

3. (a 1 2i)(b 2 i) 5

(A) a 1 b 2 i
(B) ab 1 2
(C) ab 1 (2b 2 a)i 1 2
(D) ab 2 2
(E) ab 1 (2b 2 a)i 2 2

4. In a quadrilateral with angles
A, B, C, and D, if m∠A 5 m∠B and
m∠C is one half of m∠A while m∠D
exceeds m∠A by 10°, what are the
values of m∠A, m∠B, m∠C, and
m∠D, respectively?

(A) 100, 100, 150, 10
(B) 75, 75, 150, 60
(C) 100, 100, 50, 110
(D) 90, 90, 45, 100
(E) 120, 120, 60, 130

5. If an item is purchased at $150 and
sold at $165, what percent of the
original cost is the profit?

(A) 110 percent
(B) 89 percent
(C) 100 percent
(D) 9 percent
(E) 10 percent

6. f(x) 5
x2 2 1
x 1 3

and g(f(5)) 5 21, then

which of the following could be g(t) 5

(A) 3t2 1 2t 1 1
(B) t2 2 t 1 1
(C) t2 1 3t 2 1
(D) t2 1 3t 1 3

(E)
t2 1 3

2 1

7. Consider a pyramid with a square
base side of 6 inches and with a height
of 12 inches, as shown below. If we cut
off the top of the pyramid parallel to
the base 3 inches from the tip, what is
the volume of the remaining solid?

(A) 141.75
(B) 140
(C) 135.48
(D) 144
(E) 130

d
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8. If f(x) 5 ax2 1 bx 1 c and f(0) 5 1
and f(21) 5 3, (a 2 b) 5

(A) 3
(B) 1
(C) 2
(D) 0
(E) 21

9.
The domain of the function f(x) 5

x 2 4

=1 2 2x
is

(A) x Þ
1
2

(B) x ≥ 4
(C) x Þ 4

(D) x ,
1
2

(E) x . 0

10. A bug travels all the way around a
circular path in 30 minutes traveling
at 62.84 inches per hour. What is the
radius of the circular path?

(A) 10 inches
(B) 3.142 inches
(C) 7.5 inches
(D) 12.5 inches
(E) 5 inches

11. What is the length of an arc of a
circle with a radius of 5 if it subtends
an angle of 60° at the center?

(A) 3.14
(B) 5.24
(C) 10.48
(D) 2.62
(E) 4.85

12. If we have a function

f~x! 5 Hx2 2 6x, x ≤ 2
2x 2 1, x . 2

f~3! 5

(A) 29
(B) 5
(C) 8
(D) 6
(E) Not defined

13. The equation of the tangent to a
circle at point (6, 6) if the circle has
its center at point (3, 3), would be

(A) x 1 y 2 12 5 0
(B) x 5 y
(C) x 1 y 5 0
(D) x 1 y 1 12 5 0
(E) x 2 y 2 12 5 0

14. In the figure below, the circle has a
radius of 7.07. AC is a diameter, and
AB 5 BC. The area of triangle ABC is

(A) 100
(B) 200
(C) 50
(D) 75
(E) 25

15. In the figure below, we have a cube
with sides with a length of 4 each.

The area of rectangle ABGH is

(A) 15.28
(B) 16.52
(C) 18.9
(D) 22.62
(E) 19.05
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16. If x 2 2y 5 0 and y2 2 4x 5 0 (for all
x . 0), x 5

(A) 13.65
(B) 15
(C) 16
(D) 17.28
(E) 18.5

17. For all values of u ≤
p

2
, (sec 2u)(cos

2u) 5

(A) 0.5
(B) 1
(C) 0.65
(D) 0.38
(E) 0

18. If the distance between a 13-foot
ladder and a vertical wall is 5 feet
along the ground, how high can a
person climb if the ladder is inclined
against the wall?

(A) 18 feet
(B) 65 feet

(C) 13
5

feet

(D) 8 feet
(E) 12 feet

19. What is the probability that the first
2 draws from a pack of cards are
clubs and the third is a spade?
(Assume all cards are drawn without
replacement.)

(A)
2,028

132,600

(B)
38

132,600

(C)
1,716

132,600

(D)
2,028

140,608

(E)
1,716

140,608

20. In triangle ABC shown below, AB 5

1.5(AC) and BC 5 10. The perimeter
of the triangle is 25. If m∠ACB 5

35°, what is the value of m∠ABC?

(A) 59.4°
(B) 22.5°
(C) 35°
(D) 42.6°
(E) 24°

21. The graph of f(x) 5 10 2 4e22x is
shown below. What is the area of
triangle ABC if OA 5 AB?

O

(A) 25
(B) 60
(C) 45
(D) 50
(E) 30

22. A purse contains a total of 15 coins,
all of which are either dimes or
nickels. If the value of the collection
is $1.20, how many are dimes and
how many are nickels?

(A) 10 dimes and 5 nickels
(B) 7 dimes and 8 nickels
(C) 11 dimes and 4 nickels
(D) 9 dimes and 6 nickels
(E) 8 dimes and 7 nickels
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23. The value of k so that the sequence
k 21, k 1 3, 3k 2 1 forms an
arithmetic progression is

(A) 6
(B) 5
(C) 4
(D) 3
(E) 2

24. In triangle OAB, below, if OA 5 OB,
AB is parallel to CD and the height
of the triangle OCD is 3, the area of
the triangle OAB is

(A) 24
(B) 48
(C) 18
(D) 32
(E) 28

25. If secu 5 1.414, sinu 5

(A) 0.5
(B) 0.71
(C) 0.86
(D) 1.414
(E) 0.67
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ANSWER KEY AND EXPLANATIONS

1. B
2. D
3. C
4. C
5. E

6. D
7. A
8. C
9. D

10. E

11. B
12. B
13. A
14. C
15. D

16. C
17. B
18. E
19. A
20. B

21. E
22. D
23. C
24. A
25. B

1. The correct answer is (B). We first take the common denominator in this problem by
multiplying and dividing the entire expression by (bc) and then multiply out the b.
Thus, we have

bS3a
b

1
2
cD 5 bF3a

b Sbc
bcD 1

2
cSbc

bcDG 5 bF3ac
bc

1
2b
bcG 5 bF3ac 1 2b

bc G 5
3ac 1 2b

c
.

2. The correct answer is (D). In this problem, we first use the property of exponents,
up • uq 5 up 1 q, and once we have a more simplified expression, we take natural logs on
both sides and use the property ln xk 5 k ln x. Thus, we have

2x2y 5 3z

⇒ 2x 1 y 5 3z

⇒ ln~2!x 1 y 5 ln~3!z

⇒ ~x 1 y!ln2 5 zln3

⇒
x 1 y

z
5

ln3
ln2

5 1.585.

3. The correct answer is (C). For this problem, we recall that i2 5 21. Multiplying out
the two expressions, we have

(a 1 2i)(b 2 i) 5 ab 1 2bi 2 ai 2 2i2 5 ab 1 (2b 2 a)i 2 2(21) 5 ab 1 (2b 2a)i 1 2.

4. The correct answer is (C). For this problem, we use the property of quadrilaterals,
which states that the sum of internal angles of a quadrilateral equals 360°. Thus,
m∠A 1 m∠B 1 m∠C 1 m∠D 5 360. But we have been given that m∠A 5 m∠B,

m∠C 5 S1
2Dm∠A, and m∠D 5 m∠A 1 10. This gives us

m∠A 1 m∠A 1 S1
2Dm∠A 1 ~m∠A 1 10! 5 360 ⇒ m∠A

5 100° ⇒ m∠B
5 100°, m∠C
5 50°, and m∠D
5 110°.

5. The correct answer is (E). The profit made on selling the item is (165 2 150) 5 $15. The

percentage of profit in terms of the original price is given as S 15
150D100 5 10 percent.

a
n

sw
e

rs
............................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Chapter 3: Practice Test 2: Diagnostic Level 2 35

www.petersons.com



6. The correct answer is (D). We have f(x) 5
x2 2 1
x 1 3

and g(f(5)) 5 21. To find g(t), we first

find the value of f(5). This is obtained by plugging in 5 for x in the expression for f(x). Thus,

f~5! 5
~5!2 2 1
5 1 3

5 3.

This gives us g(t 5 3) 5 21. Now, with this information, we plug in 3 for t in the 5 choices
given to us and see which of them gives us 21 for an answer. We observe that for choice (D),
we have t2 1 3t 1 3 5 (3)2 1 3(3) 1 3 5 21. Thus, g(t) 5 t2 1 3t 1 3.

7. The correct answer is (A). The volume of a pyramid is given as V 5
1
3

Ah, where A 5

base area and h 5 height of the pyramid. The volume of a pyramid with a square base

with a side of 6 and a height of 12 is V1 5
1
3
(36)(12) 5 144. The volume of a pyramid

with a square base with a side of 1.5 and a height of 3 is V2 5
1
3
(2.25)(3) 5 2.25.

Therefore, the volume of the solid obtained by cutting off a pyramid with a height of 3
from a bigger pyramid with a height of 12 is V 5 V1 2 V2 5 144 2 2.25 5 141.75.

8. The correct answer is (C). We have been given a function f(x) 5 ax2 1 bx 1 c. To find
a and b, we use the information given to us. We have

f(0) 5 1 ⇒ a(0)2 1 b(0) 1 c 5 1 ⇒ c 51,

and

f(21) 5 3 ⇒ a(21)2 1 b(21) 1 c 5 3 ⇒ a 2 b 1 1 5 3 ⇒ a 2 b 5 2.

9. The correct answer is (D). To find the domain of the function f(x) 5
x 2 4

=1 2 2x
, we

observe that the function is defined only if the value under the radical sign in the
denominator is greater than zero. This is because we cannot have a division by zero,
which rules out a zero in the denominator, and we cannot have a negative value inside
the radical sign, since that would make it a complex number. Therefore, the function is

defined only if (1 2 2x) . 0, giving us x ,
1
2
, as the possible value.

10. The correct answer is (E). Since the bug traverses a circular path in half an hour at

the rate of 62.84 inches/hr, it covers a complete circle of circumference S62.84
2 D 5 31.42

inches in the half hour. The radius of the circle, having a circumference of 31.42, can be
obtained using the formula C 5 2pr, where C 5 circumference and r 5 radius of the
circle. Plugging in the value of C and solving for r, we have 31.42 5 2pr ⇒ r 5 5 inches.

11. The correct answer is (B). The length of an arc subtending an angle u at the center

of a circle of radius r is L 5
u

360
(2pr). Using this formula, the length of an arc

subtending 60° at the center of a circle with a radius of 5 is L 5
60

360
(2p)(5) 5 5.24.
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12. The correct answer is (B). For the function

f~x! 5 Hx2 2 6x, x ≤ 2
2x 2 1, x . 2

the value of f(3) is defined by f(x) 5 2x 2 1. Thus, plugging in 3 for x, we have
f(3) 5 2(3) 2 1 5 5.

13. The correct answer is (A). We use the property of tangents to circles here, which states
that the tangent to a circle at any point on the circle is at right angles to the line joining
that point and the center of the circle.

The slope of the line joining the center at point (3, 3) and the point (6, 6) at which we

have the tangent line touching the circle is
6 2 3
6 2 3

5 1. Now, since the slopes, m1 and

m2, of two lines perpendicular to each other are related such that (m1)(m2) 5 21, we
get the slope of the tangent line as 21. Thus, the equation of the tangent line that has
slope 21 and passing through point (6, 6) is (y 2 6) 5 (21)(x 2 6) ⇒ x 1 y 2 12 5 0.

14. The correct answer is (C). For a circle, we know that any point on the circumference
forms a right-angled triangle with a diameter of the circle such that the diameter is the
hypotenuse of the right-angled triangle. Therefore, for the given problem, the hypot-
enuse (which is the diameter of the circle) is of length 14.14. Also, it is given that
AB 5 BC. Using this information and the Pythagorean theorem, we have (AC)2 5

(AB)2 1 (BC)2 ⇒ AB 5 BC 5 10.

Therefore, the area of the triangle is S1
2D(AB)(BC) 5 50 square units.

15. The correct answer is (D). For the given cube with sides of 4 each, the coordinates of
points B, G, and H are (1, 5, 1), (5, 5, 23), and (5, 1, 23), respectively. To obtain the area
of rectangle ABGH, we need to calculate the length of sides AB (or GH) and BG (or AH).
The distance between two points (x1, y1, z1) and (x2, y2, z2) is given as

D 5 =~x2 2 x1!
2 1 ~y1 2 y2!

2 1 ~z1 2 z2!
2.

The distance between points A and B is the same as the length of a side of the cube,
which is 4 units. To obtain the distance between points B(1, 5, 1) and G(5, 5, 23), we use
the above distance formula. Thus,

BG 5 =~5 21!2 1 ~5 25!2 ~23 2 1!2 5 =32 5 5.66.

Therefore, the area of rectangle ABGH is (AB)(BG) 5 (4)(5.66) 5 22.62.

16. The correct answer is (C). To obtain the value of x, we solve the two equations
x 2 2y 5 0 and y2 2 4x 5 0 simultaneously. Plugging in x 5 2y in the second equation,
we have y2 2 4(2y) 5 0 ⇒ y 5 8. This gives us x 5 16.
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17. The correct answer is (B). By definition, cos 2u 5
1

sec 2u
⇒ (sec 2u)(cos 2u) 5 (sec 2u)

S 1
sec 2uD 5 1.

18. The correct answer is (E). We refer to the figure below for this problem. The height
that a person can climb using the ladder can be obtained using the Pythagorean
theorem as

h 5 =~13!2 2 ~5!2 5 12.

19. The correct answer is (A). A pack of cards contains 13 each of clubs, spades, hearts,

and diamonds. The probability of obtaining a club on the first draw is
13
52

, since there are

13 clubs to choose from the pack of 52 cards. Now, without replacing the first card, if we
have to draw another club, we have 12 clubs to pick from the pack that has 51 cards.

This has a probability of
12
51

. Finally, without replacing the first two cards, if we need to

draw a spade from the remaining cards in the pack, we have a probability of
13
50

.

Therefore, the total probability of drawing two clubs and a spade successively without
replacing the cards will be

S13
52DS12

51DS13
50D 5

2,028
132,600

.
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20. The correct answer is (B). Since the perimeter of the triangle is given to be equal to
25, we have

AB 1 BC 1 AC 5 25

⇒
3
2

AC 1 10 1 AC 5 25

⇒ AC 5 6
⇒ AB 5 9.

Now, we make use of the Sine Rule of Triangles, which is as follows:

sin A
BC

5
sin B
AC

5
sin C
AB

.

Thus,

sin 35
9

5
sin B

6
⇒ sin B

5
6~sin 35!

9
' 0.382384 ⇒ B

5 sin21 ~0.382384! ' 22.5°.

Therefore, ∠ABC 5 22.5°. (Be careful of rounding errors.)

21. The correct answer is (E). Since triangle OAB is an isosceles triangle, we know that
the perpendicular bisector of side OB will pass through the vertex A. If AX is the
perpendicular bisector of side OB, then the coordinates of point X will be (3, 0). To
calculate the area of the triangle, we need to find the height of the triangle, which
happens to be the y-coordinate of point A. The x-coordinate of point A is the same as
that of point X, which is 3. To get the y-coordinate of point A, we notice that the point
lies on the curve y 5 10 2 4e22x. Plugging in 3 for x, we have y 5 10 2 4e22(3) ' 10.

O

Thus, the height of the triangle 5 AX 5 10.

The area of triangle

OAB 5 S1
2D~AX!~OB! 5 S1

2D~10!~6! 5 30.

22. The correct answer is (D). Let there be x dimes and y nickels. Then we have x 1 y
5 15 (the total number of coins is 15), (0.1)x 1 (0.05)y 5 1.20 (the total value of the
collection is $1.20). Solving the above two equations simultaneously, we have x 5 9
and y 5 6.
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23. The correct answer is (C). If the sequence (k 2 1), (k 1 3), (3k 2 1) is an arithmetic
progression, then, by definition of an arithmetic progression, we have (k 1 3) 2 (k 2 1)
5 (3k 2 1) 2 (k 1 3). Solving the equation for k, we get k 5 4.

24. The correct answer is (A). In the figure below, since AB is parallel to CD, the two
triangles OCD and OAB are similar. Also, since the triangles are isosceles triangles, OX
and OY are the perpendicular bisectors of sides AB and CD, respectively. By property of

similar triangles, we have
OD
OB

5
OX
OY

5
XD
YB

. This gives us
2
4

5
3

OY
⇒ OY 5 6, since

XD 5 2 (which is half of CD) and YB 5 4 (which is half of AB).

y

Therefore, the area of triangle OAB is Area 5 S1
2D(OY)(AB) 5 S1

2D(6)(8) 5 24.

25. The correct answer is (B). If sec u 5 1.414, cos u 5
1

sec u
5

1
1.414

. Using the

trigonometric identity, sin2 u 1 cos2 u 5 1, we have sin u 5 =1 2 cos2 u 5

Î1 2 S 1

1.414D
2

5 0.71.
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Multiple-Choice
Math Strategies

OVERVIEW
• Solving multiple-choice math questions

• Know when to use your calculator

• Learn the most important multiple-choice math tips

• Summing it up

SOLVING MULTIPLE-CHOICE MATH QUESTIONS
These five steps will help you solve multiple-choice math questions:

Read the question carefully and determine what’s being asked.

Decide which math principles apply and use them to solve the problem.

Look for your answer among the choices. If it’s there, mark it and go on.

If the answer you found is not there, recheck the question and your

calculations.

If you still can’t solve the problem, eliminate obviously wrong answers

and take your best guess.

Now let’s try out these steps on a couple of SAT-type multiple-choice math

questions.
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h

a
p

te
r4

43



In the figure above, x 5

(A) 15°
(B) 30°
(C) 40°
(D) 60°
(E) 75°

The problem asks you to find the measure of one angle of right triangle PQR.

Two math principles apply: (1) the sum of the measures in degrees of the angles of a

triangle is 180, and (2) 45-45-90 right triangles have certain special properties. Since

PQ 5 PS, DPQS is a 45-45-90 right triangle. Therefore, angle PQS 5 45° and angle

PQR 5 45 1 15 5 60°. Therefore, angle x 5 180 2 90 2 60 5 30°.

The correct answer, 30, is choice (B).

If x and y are negative numbers, which of the following is negative?

(A) xy
(B) (xy)2

(C) (x 2 y)2

(D) x 1 y

(E)
x
3y

The problem asks you to pick an answer choice that is a negative number.

The principles that apply are those governing operations with signed numbers. Since x

and y are negative, both choices (A) and (E) must be positive. As for choices (B) and (C),

so long as neither x nor y is zero, those expressions must be positive. (Any number

other than zero squared gives a positive result.) Choice (D), however, is negative since

it represents the sum of two negative numbers.

Therefore, the correct answer must be choice (D). If you have trouble working with

letters, try substituting easy numbers for x and y in each choice.
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KNOW WHEN TO USE YOUR CALCULATOR
Calculators are recommended on the SAT Subject Test, but you won’t need a calculator to

solve all of the questions. Calculators can be helpful in doing basic arithmetic computations,

square roots, and percentages, and in comparing and converting fractions. But remember that

your calculator is not some sort of magic brain. If you don’t understand the questions in the

first place, the calculator won’t give you some magic solution.

The most important thing to remember is to set up your work on paper first, then plug the

info into the calculator. For example, if you have a question that deals with an equation, set

up the equation on your scratch paper. Then make your number substitutions on the

calculator. This way, you always have something to refer to without having to think, “Oh,

nuts, how did I set that up?” as the seconds tick by.

When you use your calculator, check the display each time you enter numbers to make sure

you entered them correctly. And make sure to hit the Clear key after each finished operation,

otherwise it could get ugly.

LEARN THE MOST IMPORTANT MULTIPLE-CHOICE MATH TIPS
Some of these you’ve heard before, some will be new to you. Whatever the case, read them,

learn them, love them. They will help you.

The Question Number Tells You How Hard the Question Is
Just as in most of the other SAT sections, the questions go from easy to hard as you work

toward the end. The first third of the questions are easy, the middle third are average but

harder, and the final third get more and more difficult. Take a look at these three examples.

Don’t solve them yet (you’ll be doing that in a couple of minutes), just get an idea of how the

level of difficulty changes from Question 1 to Question 12 to Question 25.

1. If x 2 2 5 5, then x 5

(A) 210
(B) 23

(C)
5
2

(D) 3
(E) 7

12. For how many integers x is 27 , 2x , 25?

(A) None
(B) One
(C) Two
(D) Three
(E) Indefinite number
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25. In a set of five books, no two of which have the same number of pages, the longest
book has 150 pages and the shortest book has 130 pages. If x pages is the average
(arithmetic mean) of the number of pages in the five-book set, which of the following
best indicates all possible values of x and only possible values of x?

(A) 130 , x , 150
(B) 131 , x , 149
(C) 133 , x , 145
(D) 134 , x , 145
(E) 135 , x , 145

Can you see the difference? You can probably do Question 1 with your eyes closed. For

Question 12 you probably have to open your eyes and do some calculations on scratch paper.

Question 25 may cause you to wince a little, and then get started on some heavy-duty

thinking.

Easy Questions Have Easy Answers—Difficult Questions Don’t
The easy questions are straightforward and don’t have any hidden tricks. The obvious answer

is almost always the correct answer. So for Question 1 the answer is indeed choice (E).

When you hit the difficult stuff, you have to think harder. The information is not

straightforward and the answers aren’t obvious. You can bet that your first-choice, easy

answer will be wrong. If you don’t believe it, let’s take a look at the solution for difficult

Question 25.

25. In a set of five books, no two of which have the same number of pages, the longest
book has 150 pages and the shortest book has 130 pages. If x pages is the average
(arithmetic mean) of the number of pages in the five-book set, which of the following
best indicates all possible values of x and only possible values of x?

(A) 130 , x , 150
(B) 131 , x , 149
(C) 133 , x , 145
(D) 134 , x , 145
(E) 135 , x , 145

Yes, it’s difficult mostly because the process you have to use to find the solution is difficult.

Let’s start by eliminating answer choices. Don’t be fooled by choice (A). You see the same

information as you see in the word problem, so you figure it’s got to be right. Wrong. All it does

is say that the shortest book is 130 pages, the longest book is 150 pages, and the average is

between 130 and 150. Simple and wrong.

Choice (B) illustrates the reasoning that “no two books have the same number of pages, so the

average must be one page more than the shortest book and one page less than the longest.”

Remember, it’s a difficult question, so it’s just not that easy an answer.
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OK then, let’s skip to the correct answer, which is (E), and find out how we got there. First,

you want to find the minimum value for x so you assume that the other three books contain

131, 132, and 133 pages. So the average would be:

130 1 131 1 132 1 133 1 150
5

5
676
5

5 135.2

So x must be more than 135. Now assume that the other three books contain 149, 148, and

147 pages. Then the average length of all five books would be:

150 1 149 1 148 1 147 1 130
5

5
724
5

5 144.8

Then x would be greater than 135 but less than 145.

Be Certain to Answer the Question Being Asked
Suppose that you were asked to solve the following problem:

If 5x 1 11 5 31, what is the value of x 1 4?

(A) 4
(B) 6
(C) 8
(D) 10
(E) 12

The first step is to solve the equation 5x 1 11 5 31.

5x 1 11 5 31 Subtract 11 from both sides.

5x 5 20 Divide both sides by 5.

x 5 4

Very simple. The answer is choice (A), right? Wrong. The problem does not ask for the value of

x, it asks for the value of x 1 4, so the answer is actually choice (C). Make certain that the

answer that you select is the answer to the question that is being asked.

When Guessing at Hard Questions, You Can Toss Out Easy Answers
Now that you know the difficult questions won’t have easy or obvious answers, use a guessing

strategy. (Use all the help you can get!) When you have less than a clue about a difficult

question, scan the answer choices and eliminate the ones that seem easy or obvious, such as

any that just restate the information in the question. Then take your best guess.
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Questions of Average Difficulty Won’t Have Trick Answers
Let’s look again at Question 12:

12. For how many integers x is 27 , 2x , 25?

(A) None
(B) One
(C) Two
(D) Three
(E) Indefinite number

This is a bit more difficult than Question 1, but it’s still pretty straightforward. There is only

one integer between 27 and 25, and that’s 26. There’s also only one value for integer x so

that 2x equals 26, and that is 23. Get it? 2(23) 5 26. So, choice (B) is the correct answer.

Trust your judgment and your reasoning; no tricks here.

It’s Smart to Work Backward
Every standard multiple-choice math problem includes five answer choices. One of them has

to be correct; the other four are wrong. This means that it’s always possible to solve a problem

by testing each of the answer choices. Just plug each choice into the problem and sooner or

later you’ll find the one that works! Testing answer choices can often be a much easier and

surer way of solving a problem than attempting a lengthy calculation.

When Working Backward, Always Start from the Middle
When working on multiple-choice math questions, remember that all of the answer choices

are presented in order—either smallest to largest, or vice-versa. As a result, it’s always best to

begin with the middle option, or choice (C). This way, if you start with choice (C) and it’s too

large, you’ll only have to concentrate on the smaller choices. There, you’ve just knocked off at

least three choices in a heartbeat! Now let’s give it a test-run!

If a rectangle has sides of 2x and 3x and an area of 24, what is the value of x?

(A) 2
(B) 3
(C) 4
(D) 5
(E) 6

You know that one of these is right. Get started by testing choice (C), and assume that x 5 4.

Then the sides would have lengths 2(4) 5 8 and 3(4) 5 12 and the rectangle would have an

area of 8 • 12 5 96. Since 96 is larger than 24 (the area in the question), start working with

the smaller answer choices. (Which means, of course, that you can immediately forget about

choices (D) and (E). Great!) When you plug 3 into the figuring, you get 2(3) 5 6 and 3(3) 9 and

6 • 9 5 54; still too large. The only choice left is (A), and it works.
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Now try this testing business with a more difficult question:

A farmer raises chickens and cows. If his animals have a total of 120 heads and a
total of 300 feet, how many chickens does the farmer have?

(A) 50
(B) 60
(C) 70
(D) 80
(E) 90

Here goes—starting with choice (C). If the farmer has 70 chickens, he has 50 cows. (You know

the farmer has 120 animals, because they each have only one head, right?) So now you’re

talking about 70 • 2 5 140 chicken feet and 50 • 4 5 200 cow feet, for a grand total of 340

animal feet. Well, that’s more than the 300 animal feet in the question. How will you lose

some of those feet? First, assume that the farmer has more chickens and fewer cows (cows

have more feet than chickens do). Give choice (D)—80—a try. Test 80 • 2 5 160 and 40 • 4 5

160; your total is 320 feet, which is closer but not quite right. The only answer left is choice

(E), and that’s the correct one. Check it out: 90 • 2 5 180 and 30 • 4 5 120 and the total is

. . . 300!

It’s Easier to Work with Numbers Than with Letters
Because numbers are more meaningful than letters, try plugging them into equations and

formulas in place of variables. This technique can make problems much easier to solve. Here

are some examples:

If x 2 4 is 2 greater than y, then x 1 5 is how much greater than y?

(A) 1
(B) 3
(C) 7
(D) 9
(E) 11

Choose any value for x. Let’s say you decide to make x 5 4. All right, 4 2 4 5 0, and 0 is 2

greater than y. So y 5 22. If x 5 4, then x 1 5 5 4 1 5 5 9, and so x 1 5 is 11 more than y.

Therefore, the correct answer is choice (E).
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The unit cost of pens is the same regardless of how many pens are purchased. If the
cost of p pens is d dollars, what is the cost, in dollars, of x pens?

(A) xd
(B) xpd

(C)
xd
p

(D)
xp
d

(E)
pd
x

Time to plug in some real numbers, since you need real money to buy anything, including

pens. Say that four pens (p) cost $2.00 (d), so each pen (x) would cost 50 cents. And say that

you really only need one pen, so you’re spending only $0.50. Then p 5 4, d 5 2, and x 5 1, and

the right answer would be 0.5. Now, start using these numbers with the answer choices:

(A) xd 5 (1)(2) 5 2 (Nope.)
(B) xpd 5 (1)(4)(2) 5 8 (Nope, again.)

(C)
xd
p

5
~1!~2!

4
5 0.5 (Yes, there it is.)

(D)
xp
d

5
~1!~4!

2
5 2 (Nope.)

(E)
pd
x

5
~4!~2!

1
5 8 (Nope.)

If a question asks for an odd integer or an even integer, go ahead and pick any odd or even

integer you like.

In Problems Involving Variables, Pay Careful Attention to Any Restrictions
on the Possible Values of the Variables
Consider the following question:

If a is a positive integer, a . 1, which of the following lists the numbers a, a2,
1
a

, and

1

a2 in order from largest to smallest?

(A)
1
a2,

1
a

, a, a2

(B)
1
a

,
1
a2, a, a2

(C) a2, a,
1
a

,
1
a2

(D) a2, a,
1
a2,

1
a

(E) The order cannot be determined.
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This problem is fairly straightforward. To begin, since a2 5 a 3 a, then a2 . a. Now, since a .

1, the fraction
1
a

is less than 1, and
1
a2 is smaller still. Therefore, the order, from largest to

smallest, is a2, a,
1
a

,
1
a2, and the answer is choice (C).

Now, consider this slightly different version of the same problem.

If 0 , a , 1, which of the following lists the numbers a, a2,
1
a

, and
1
a2 in order from

largest to smallest?

(A)
1
a2,

1
a

, a, a2

(B)
1
a

,
1
a2, a, a2

(C) a2, a,
1
a

,
1
a2

(D) a2, a,
1
a2,

1
a

(E) The order cannot be determined.

The only difference between the two problems is that this time you are told that the value of a

is between 0 and 1. Read too quickly and you might miss this fact entirely. Yet, this

single difference changes the answer. When a number between 0 and 1 is squared, it actually

gets smaller, so a . a2. Now consider the fraction
1
a

. Since a , 1, the denominator of the

fraction is smaller than the numerator, and so the value of
1
a

is greater than 1, which makes

it greater than a. The value of is larger still. The correct order is
1
a2,

1
a

, a, a2, and the answer

is choice (A).

Finally, consider this version of the problem.

If a is a real number, which of the following lists the numbers a, a2,
1
a

, and
1
a2 in

order from largest to smallest?

(A)
1
a2,

1
a

, a, a2

(B)
1
a

,
1
a2, a, a2

(C) a2, a,
1
a

,
1
a2

(D) a2, a,
1
a2,

1
a

(E) The order cannot be determined.

Without the knowledge of the size of the a, you cannot tell what the correct order is.

Therefore, this time the answer is choice (E). It’s important to pay careful attention to any

restrictions put on the values of a variable.
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It’s OK to Write in Your Test Booklet, So Use It for Scratchwork
The test booklet is yours, so feel free to use it for your scratchwork. Also, go ahead and mark

up any diagrams with length or angle information; it helps. But don’t waste time trying to

redraw diagrams; it’s just not worth it.

Questions in the Three-Statement Format Can be Solved by the Process
of Elimination
You may find a three-statement format in certain questions in the multiple-choice math

section. The best way to answer this kind of question is to tackle one statement at a time,

marking it as either true or false. Here is an example:

If x 2 y is positive, which of the following statements is true?

I. 0 . x . y
II. x . 0 . y

III. y . x . 0

(A) I only
(B) II only
(C) III only
(D) I and II only
(E) II and III only

The answer choices all refer to the three statements. Let’s start by checking statement I. If

x and y are negative numbers so that x is greater than y, then y has a greater absolute value

than x. Since both are negative numbers, x 2 y is positive. For example, 23 . 24 and

23 2 (24) 5 23 1 4 5 1, and 1 . 0. Therefore, statement I will appear in the correct answer

choice. Now, since choices (B), (C), and (E) don’t contain statement I, you can eliminate them.

Now let’s check out statement II. If x is positive and y is negative, then x 2 y would be

subtracting a negative number from a positive number, which will give you a positive number.

(Subtracting a negative number is really adding a positive number.) Because statement II

must appear in the correct answer, you can now eliminate answer choice (A). So, by the

process of elimination, you know that choice (D) is correct, and you don’t even have to test

statement III. Incidentally, statement III is wrong. Let x 5 2 and y 5 3 so that y . x . 0. Then

x 2 y 5 2 2 3 5 21, which is negative.
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When Solving Equations Involving Square Roots or Algebraic Fractions,
Make Certain to Check Your Answer
The procedure for solving such equations occasionally results in what are known as

extraneous solutions. An extraneous solution is a number that is correctly obtained from the

equation-solving process, but doesn’t actually solve the equation.

Solve for x: =x 1 4 1 15 5 10

(A) 229
(B) 221
(C) 12
(D) 21
(E) There are no solutions.

Let’s solve the equation.

=x 1 4 1 15 5 10 Subtract 15 from both sides.

=x 1 4 5 25 Square both sides.

~=x 1 4!2 5 ~25!2

x 1 4 5 25

x 5 21

It appears that the solution is choice (D). However, if you check the solution x 5 21 in the

original equation, you will see that it doesn’t solve it.

=x 1 4 1 15 5 10?

=21 1 4 1 15 5 10?

=25 1 15 5 10?

5 1 15 Þ 10.

The correct answer is actually choice (E).
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The Area of an Unusual Shape Is Really the Difference Between the Areas
of Two Regular Figures
Here’s a visual example that might help:

In the figure below, what is the area of the shaded region?

(A) 2
1
2

(B) 4

(C) 3
1
2

(D) 6
(E) 8

Try to isolate the shaded portion of the figure. When you do, you’ll see it’s a trapezoid. Now,

you could try to remember the formula for the area of a trapezoid, but look at the figure you

have left after you pull out the trapezoid. It’s another, smaller triangle. What you really need

to do is figure out the areas of the original large triangle and the smaller triangle and find the

difference.

You know that the larger triangle has a right angle and two equal sides, so it’s an isosceles

right triangle. The smaller triangle has a right angle and its side is parallel to the side of the

larger triangle, so it too is an isosceles triangle. Now use the information in the figure to find

the areas and then subtract.

Area of smaller triangle 5
1
2
(3)(3) 5

9
2

Area of larger triangle 5
1
2
(4)(4) 5 8

8 2
9
2

5 3
1
2
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Using the Measure of an Angle or a Side of Another Shape Can Help You
Find a Measure You Need

In the figure below, what is the length of NP?

(A) 3
(B) 8
(C) 9
(D) 12
(E) 15

This figure is really two right triangles, NMO and NMP. Since NM is a side of both triangles,

once you find the length of that, you can find the length of NP. The Pythagorean theorem is

what you need:

NM2 1 MO2 5 NO2

NM2 1 (16)2 5 (20)2

Note that 16 and 20 are multiples of 4 and 5, respectively, so you now know that this is a 3-4-5

right triangle, which means that NM 5 12.

Since you just found out that triangle NMP has sides of 9 and 12, it’s also a 3-4-5 right

triangle, so NP must be 15.
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looking for.
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The Pythagorean Theorem Is Usually Needed to Solve Problems Involving
a Right Triangle for Which You Are Given the Lengths of Some of the Sides
The Pythagorean theorem enables you to compute the length of the third side of a right

triangle if you know the lengths of the other two sides. It is one of the most useful and

common SAT geometry facts. Consider the problem below.

Line segment PQ is tangent to the circle with center O at point T. If T is the
midpoint of PQ, OQ 5 13, and the radius of the circle is 5, what is the length of PQ?

(A) 10
(B) 12
(C) 24
(D) 26
(E) 30

This is a tricky question since, at the moment, it doesn’t appear to involve any triangles at all.

However, you are told that the radius of the circle is 5, and if you draw in radius OT, you will

create triangle OTQ. Use the fact that a tangent line to a circle is perpendicular to the radius

at the point of contact to deduce that ∠OTQ is a right angle.

The diagram now depicts right triangle OTQ, and OT 5 5 and OQ 5 13. Now, use the

Pythagorean theorem to determine that TQ 5 12, as shown below.

OT2 1 TQ2 5 OQ2

52 1 TQ2 5 132

25 1 TQ2 5 169

TQ2 5 144

TQ 5 12

Finally, since T is the midpoint of line segment PQ, the entire length of the line segment is 12

1 12 5 24. Thus, the answer is choice (C).
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A Reality Check Can Help You Eliminate Answers That Can’t Possibly Be Right
Knowing whether your calculations should produce a number that’s larger or smaller than

the quantity you started with can point you toward the right answer. It’s also an effective way

of eliminating wrong answers. Here’s an example:

Using his bike, Daryl can complete a paper route in 20 minutes. Francisco, who
walks the route, can complete it in 30 minutes. How long will it take the two boys to
complete the route if they work together, one starting at each end of the route?

(A) 8 minutes
(B) 12 minutes
(C) 20 minutes
(D) 30 minutes
(E) 45 minutes

Immediately you can see that choices (C), (D), and (E) are impossible because the two boys

working together will have to complete the job in less time than either one of them working

alone. In fact, the correct answer is choice (B), 12 minutes.

Daryl Francisco

Time actually spent
Time needed to do entire job alone

x
20

x
30

x
20

1
x

30
5 1

Multiply by 60 to clear fractions:

3x 1 2x 5 60

5x 5 60

x 5 12
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Your Eye Is a Good Estimator

Figures in the standard multiple-choice math section are always drawn to scale unless you

see the warning “Note: Figure not drawn to scale.” That means you can sometimes solve a

problem just by looking at the picture and estimating the answer. Here’s how this works:

In the rectangle PQRS shown, TU and WV are parallel to SR. If PS 5 6, UV 5 1,
and PR (not shown) 5 10, what is the area of rectangle TUVW?

(A) 8
(B) 12
(C) 16
(D) 24
(E) 32

To solve the problem, you will need to find the length of TU. You can do this by using the

Pythagorean theorem. The triangle PSR has sides of 6 and 10, so SR 5 8. Since TU 5 SR,

TU 5 8, so the area of the small rectangle is equal to 1 • 8 5 8.

As an alternative, you could simply estimate the length of TU. TU appears to be longer than

PS (6), and TU must be shorter than PR (10). Therefore, TU appears to be approximately 8.

And the area must be approximately 1 • 8 5 8. Is that sufficiently accurate to get the right

answer? Look at the choices. (A) is 8, and it’s the only choice that is even close to 8.

If Some Questions Always Give You Trouble, Save Them for Last
You know which little demons haunt your math skills. If you find questions that you know will

give you nightmares, save them for last. They will take up a lot of your time, especially if

you’re panicking, and you can use that time to do more of the easier questions.
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SUMMING IT UP

• Follow the five-step plan for answering basic multiple-choice math questions:

1. Read the question carefully and determine what’s being asked.

2. Decide which math principles apply and use them to solve the problem.

3. Look for your answer among the choices. If it’s there, mark it and go on.

4. If the answer you found is not there, recheck the question and your calculations.

5. If you still can’t solve the problem, eliminate obviously wrong answers and take

your best guess.

• Always set up your work on paper, then enter the numbers in your calculator; that way,

if your calculation becomes confused, you don’t have to try to replicate your setup from

memory.

• The question number tells you how hard the question will be (on a 1 to 25 scale).

• Work backward from the answer choices. When you do, start with choice (C).

• Try to work with numbers instead of letters. This will help you avoid unnecessary

algebraic calculations.

• Figures in the math section are always drawn to scale unless you see a warning. So use

your eye as an estimator if you need to.
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Numbers and
Operations Review

OVERVIEW
• Properties of numbers

• Whole numbers

• Operations with whole numbers

• Operations with fractions

• Operations with decimals

• Decimals and fractions

• Operations with percents

• Systems of measurements

• Signed numbers

• Summing it up

PROPERTIES OF NUMBERS
Typically, the numbers that are used on the SAT tests are real numbers. The

only exception to this is on the Level 2 test, which may contain a small

number of problems involving imaginary and complex numbers. These

number systems are discussed in a later section. Thus, for the time being, we

will restrict our focus to the real number system.

In order to understand the real number system, it is easiest to begin by

looking at some familiar systems of numbers that lie within the real number

system.

The numbers that are used for counting

1, 2, 3, 4, 5, ...

are called the natural numbers, the counting numbers, or, most commonly, the

positive integers. The positive integers, together with the number 0, are called
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the set of whole numbers. Then, the positive integers, together with 0 and the negative

integers

21, 22, 23, 24, 25, ...

make up the set of integers. Thus, the set of integers contains the numbers

... 25, 24, 23, 22, 21, 0, 1, 2, 3, 4, 5, ...

A real number is said to be a rational number if it can be written as the ratio of two integers,

where the denominator is not 0. Thus, for example, numbers such as

216,
3
4
,
25
6

, 0, 49, 13
7

12

are rational numbers. Clearly, then, all integers and fractions are rational numbers. Percents

and decimal numbers are rational as well, since they can also be written as the ratio of two

integers. For example, 75% 5
3
4
, and 9.375 5 9

3
8
.

Any real number that cannot be expressed as the ratio of two integers is called an irrational

number. The most common irrational numbers that you will see on your test are square roots,

such as =7 or 2=13, and the number p, which represents the ratio of the circumference of

a circle to its diameter.

Finally, the set of rational numbers, together with the set of irrational numbers, is called the

set of real numbers.

Example

The number 2293 is an integer. It is also rational since it can be written as
2293

1
and is, of

course, real.

The number
5
8

is rational and real, and the number 15.0625 is also rational and real since it

can be written as 15
1

16
or

241
16

.

The number =5 is irrational and real.
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Rounding of Numbers
From time to time, a test question will ask you to round an answer to a specific decimal place.

The rules for the rounding of numbers are very simple. In the case of whole numbers, begin by

locating the digit to which the number is being rounded. Then, if the digit just to the right is

0, 1, 2, 3, or 4, leave the located digit alone. Otherwise, increase the located digit by 1. In

either case, replace all digits to the right of the one located with 0s.

When rounding decimal numbers, the rules are similar. Again, begin by locating the digit to

which the number is being rounded. As before, if the digit just to the right is 0, 1, 2, 3, or 4,

leave the located digit alone. Otherwise, increase the located digit by 1. Finally, drop all the

digits to the right of the one located.

Examples

Round the following numbers as indicated:

1. 7,542 to the nearest ten

Begin by locating the tens’ digit, which is a 4. The number to the right of the 4 is

a 2. Thus, drop the 2 and replace it with a 0, yielding 7,540.

2. 495,597 to the nearest hundred

Begin by locating the hundreds’ digit, which is a 5. The number to the right of the

5 is a 9. Thus, increase the hundred’s digit by 1, making it a 6. Replace the tens’

and units’ digits with 0s, yielding 495,600.

3. 893.472 to the nearest tenth

The tenths’ digit is 4. The digit just to the right of it is 7, so increase the tenth’s

digit by 1, making it a 5. Drop the two digits to the right of this. The answer is

893.5

4. .0679 to the nearest thousandth

Following the rules above, we obtain .068.
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EXERCISE: PROPERTIES OF NUMBERS

Directions: Solve the following problems.

1. Classify each of the following numbers as whole, integer, rational, irrational,
and real.

(A) 27

(B)
1
7

(C) 5
2
3

(D) 0
(E) =13

2. Round each of the numbers below to the indicated number of decimal places.

(A) 57,380 to the nearest hundred
(B) 1,574,584 to the nearest hundred thousand
(C) 847.235 to the nearest hundredth
(D) 9.00872 to the nearest thousandth
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ANSWERS AND EXPLANATIONS

1. (A) 27 is real, rational, and an integer.

(B)
1
7

is real and rational.

(C) 5
2
3

can be written as
17
3

and is, thus, real and rational.

(D) 0 is real, rational, an integer, and a whole number.
(E) =13 is real and irrational.

2. (A) Begin by locating the hundreds’ digit, which is 3. The digit to the right of it is
8, so increase the hundreds’ digit by 1, and replace all digits to the right with
0s. The answer is 57,400.

(B) The hundred thousands digit is 5. The digit to the right’ of it is 7, so increase
the 5 by 1 and replace all digits to the right with 0s. The answer is 1,600,000.

(C) The hundredth’s digit is 3. The digit just to the right of it is 5, so increase the
hundredth’s digit by 1, making it a 4. Drop the digit to the right of this. The
answer is 847.24.

(D) The thousandth’s digit is 8. The digit just to the right of it is 7, so increase the
thousandths’ digit by 1, making it a 9. Drop the digits to the right of this. The
answer is 9.009.

a
n

sw
e

rs
............................................................................................
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WHOLE NUMBERS
As we have already seen, the set of positive integers (natural numbers, counting numbers)

can be written as the set {1, 2, 3, 4, 5, . . .}. The set of positive integers, together with the

number 0, are called the set of whole numbers, and can be written as {0, 1, 2, 3, 4, 5, . . .}. (The

notation { } means “set” or collection, and the three dots after the number 5 indicate that the

list continues without end.)

Place Value
Whole numbers are expressed in a system of tens, called the decimal system. Ten digits—0, 1,

2, 3, 4, 5, 6, 7, 8, and 9—are used. Each digit differs not only in face value but also in place

value, depending on where it stands in the number.

Example 1

237 means:

(2 • 100) 1 (3 • 10) 1 (7 • l)

The digit 2 has face value 2 but place value of 200.

Example 2

35,412 can be written as:

(3 • 10,000) 1 (5 • 1,000) 1 (4 • 100) 1 (1 • 10) 1 (2 • 1)

The digit in the last place on the right is said to be in the units or ones place, the digit to the

left of that in the ten’s place, the next digit to the left of that in the hundred’s place, and so on.

When we take a whole number and write it out as in the two examples above, it is said to be

written in expanded form.

Odd and Even Numbers
A whole number is even if it is divisible by 2; it is odd if it is not divisible by 2. Thus, zero is

an even number.

Example

2, 4, 6, 8, and 320 are even numbers; 3, 7, 9, 21, and 45 are odd numbers.
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Prime Numbers
The positive integer p is said to be a prime number (or simply a prime) if p Þ 1 and the only

positive divisors of p are itself and 1. The positive integer 1 is called a unit. The first ten

primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, and 29. All other positive integers that are neither 1

nor prime are composite numbers. Composite numbers can be factored, that is, expressed as

products of their divisors or factors; for example, 56 5 7 • 8 5 7 • 4 • 2. In particular,

composite numbers can be expressed as products of their prime factors in just one way (except

for order).

To factor a composite number into its prime factors, proceed as follows. First, try to divide the

number by the prime number 2. If this is successful, continue to divide by 2 until an odd

number is obtained. Then, attempt to divide the last quotient by the prime number 3 and by

3 again, as many times as possible. Then move on to dividing by the prime number 5 and

other successive primes until a prime quotient is obtained. Express the original number as a

product of all its prime divisors.

Example

Find the prime factors of 210.

2 )210

3 )105

5 ) 35
7

Therefore:

210 5 2 • 3 • 5 • 7 (written in any order)

and 210 is an integer multiple of 2, of 3, of 5, and of 7.

Consecutive Whole Numbers
Numbers are consecutive if each number is the successor of the number that precedes it. In a

consecutive series of whole numbers, an odd number is always followed by an even number,

and an even number by an odd. If three consecutive whole numbers are given, either two of

them are odd and one is even or two are even and one is odd.

Example 1

7, 8, 9, 10, and 11 are consecutive whole numbers.

Example 2

8, 10, 12, and 14 are consecutive even numbers.
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Example 3

21, 23, 25, and 27 are consecutive odd numbers.

Example 4

21, 23, and 27 are not consecutive odd numbers because 25 is missing.

The Number Line
A useful method of representing numbers geometrically makes it easier to understand

numbers. It is called the number line. Draw a horizontal line, considered to extend without

end in both directions. Select some point on the line and label it with the number 0. This point

is called the origin. Choose some convenient distance as a unit of length. Take the point on the

number line that lies one unit to the right of the origin and label it with the number 1. The

point on the number line that is one unit to the right of 1 is labeled 2, and so on. In this way,

every whole number is associated with one point on the line, but it is not true that every point

on the line represents a whole number.

Ordering of Whole Numbers

On the number line, the point representing 8 lies to the right of the point representing 5, and

we say 8 . 5 (read “8 is greater than 5”). One can also say 5 , 8 (“5 is less than 8”). For any

two whole numbers a and b, there are always three possibilities:

a , b, a 5 b, or a . b.

If a 5 b, the points representing the numbers a and b coincide on the number line.
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OPERATIONS WITH WHOLE NUMBERS
The basic operations on whole numbers are addition (1), subtraction (2), multiplication

(• or 3), and division (4). These are all binary operations—that is, one works with two

numbers at a time in order to get a unique answer. The operations of addition and

multiplication on whole numbers are said to be closed because the answer in each case is also

a whole number. The operations of subtraction and division on whole numbers are not closed

because the unique answer is not necessarily a member of the set of whole numbers.

Examples

3 1 4 5 7 a whole number
4 • 3 5 12 a whole number
2 2 5 5 23 not a whole number

3 ÷ 8 5
3
8

not a whole number

Addition
If addition is a binary operation, how are three numbers—say, 3, 4, and 8—added? One way is

to write:

(3 1 4) 1 8 5 7 1 8 5 15

Another way is to write:

3 1 (4 1 8) 5 3 1 12 5 15

The parentheses merely group the numbers together. The fact that the same answer, 15, is

obtained either way illustrates the associative property of addition:

(r 1 s) 1 t 5 r 1 (s 1 t)

The order in which whole numbers are added is immaterial—that is, 3 1 4 5 4 1 3. This

principle is called the commutative property of addition. Most people use this property without

realizing it when they add a column of numbers from the top down and then check their

results by beginning over again from the bottom. (Even though there may be a long column of

numbers, only two numbers are added at a time.)

If 0 is added to any whole number, the whole number is unchanged. Zero is called the identity

element for addition.
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Subtraction
Subtraction is the inverse of addition. The order in which the numbers are written is

important; there is no commutative property for subtraction.

4 2 3 Þ 3 2 4

The Þ is read “does not equal.”

Multiplication
Multiplication is a commutative operation:

43 • 73 5 73 • 43

The result or answer in a multiplication problem is called the product.

If a number is multiplied by 1, the number is unchanged; the identity element for

multiplication is 1.

Zero times any number is 0:

42 • 0 5 0

Multiplication can be expressed with several different symbols:

9 • 7 • 3 5 9 3 7 3 3 5 9(7)(3)

Besides being commutative, multiplication is associative:

(9 • 7) • 3 5 63 • 3 5 189

and

9 • (7 • 3) 5 9 • 21 5 189

A number can be quickly multiplied by 10 by adding a zero to the right of the number.

Similarly, a number can be multiplied by 100 by adding two zeros to the right:

38 • 10 5 380

and

100 • 76 5 7,600
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Division

Division is the inverse of multiplication. It is not commutative:

8 4 4 Þ 4 4 8

The parts of a division example are named as follows:

divisorq
quotient
dividend

If a number is divided by 1, the quotient is the original number.

Division by 0 is not defined (has no meaning). Zero divided by any number other than 0 is 0:

0 4 56 5 0

Divisors and Multiples

The whole number b divides the whole number a if there exists a whole number k such that

a 5 bk. The whole number a is then said to be an integer multiple of b, and b is called a

divisor (or factor) of a.

Example 1

3 divides 15 because 15 5 3 • 5. Thus, 3 is a divisor of 15 (and so is 5), and 15 is an

integer multiple of 3 (and of 5).

Example 2

3 does not divide 8 because 8 Þ 3k for a whole number k.

Example 3

Divisors of 28 are 1, 2, 4, 7, 14, and 28.

Example 4

Multiples of 3 are 3, 6, 9, 12, 15, . . .
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EXERCISE: WHOLE NUMBERS

Directions: Solve the following problems.

1. What are the first seven positive multiples of 9?

2. What are the divisors of 60?

3. Find all of the factors of 47.

4. Express 176 as a product of prime numbers.

5. Find all of the common prime factors of 30 and 105.

6. Give an example to show that subtraction on the set of real numbers is not commutative.

7. List all of the prime numbers between 50 and 90.

8. Write the number 786,534 in expanded notation.

9. Which property is illustrated by the following statement?

(9 3 7) 3 5 5 9 3 (7 3 5)

10. Which property is illustrated by the following statement?

(16 1 18) 1 20 5 (18 1 16) 1 20

11. Which property is illustrated by the following statement?

(3 1 7) 1 8 5 3 1 (7 1 8)

12. In each of the statements below, replace the # with ,, ., or 5 to make a true
statement.

(A) 212 # 13

(B)
1
16

# 0.0625

(C) 3
1
2

# 3
2
5
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ANSWERS AND EXPLANATIONS

1. 9, 18, 27, 36, 45, 54, 63

2. The divisors of 60 are 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, and 60.

3. 1 and 47 are the only factors.

4. 176 5 2 3 88 5 2 3 2 3 44 5 2 3 2 3 2 3 22 5 2 3 2 3 2 3 2 3 11

5. 30 can be factored as 2 3 3 3 5. 105 can be factored as 3 3 5 3 7. Thus, the
common prime factors are 3 and 5.

6. 4 2 5 Þ 5 2 4

7. The prime numbers between 50 and 90 are 53, 59, 61, 67, 71, 73, 79, 83, and 89.

8. 786,534 5 7(100,000) 1 8(10,000) 1 6(1,000) 1 5(100) 1 3(10) 1 4

9. The associative property of multiplication

10. The commutative property of addition

11. The associative property of addition

12. (A) 212 , 13

(B)
1
16

5 0.0625

(C) 3
1
2

. 3
2
5
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OPERATIONS WITH FRACTIONS
Definitions

If a and b are whole numbers and b Þ 0, the symbol
a
b

(or a/b) is called a fraction. The upper

part, a, is called the numerator, and the lower part, b, is called the denominator. The

denominator indicates into how many parts something is divided, and the numerator tells

how many of these parts are taken. A fraction indicates division:

7
8

5 8q7

If the numerator of a fraction is 0, the value of the fraction is 0. If the denominator of a

fraction is 0, the fraction is not defined (has no meaning):

0
17

5 0

17
0

is not defined ~has no meaning!

If the denominator of a fraction is 1, the value of the fraction is the same as the numerator:

18
1

5 18

If the numerator and denominator are the same number, the value of the fraction is 1:

7
7

5 1

Equivalent Fractions

Fractions that represent the same number are said to be equivalent. If m is a counting

number and
a
b

is a fraction, then:
m 3 a
m 3 b

5
a
b

because
m
m

5 1 and 1 3
a
b

5
a
b

Example

2
3

5
4
6

5
6
9

5
8

12

These fractions are all equivalent.
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Inequality of Fractions
If two fractions are not equivalent, one is less than the other. The ideas of “less than” and

“greater than” were previously defined and used for whole numbers.

For the fractions
a
b

and
c
b
:

a
b

,
c
b

if a , c and if b . 0

That is, if two fractions have the same denominator, the one with the lesser numerator has

the lesser value.

If two fractions have different denominators, find a common denominator by multiplying one

denominator by the other. Then use the common denominator to compare numerators.

Example 1

Which is less,
5
8

or
4
7

?

8 • 7 5 56 5 common denominator

5
8

3
7
7

5
35
56

4
7

3
8
8

5
32
56

Since 32 , 35,

32
56

,
35
56

and
4
7

,
5
8

Example 2

Which of the fractions,
2
5
,
3
7
, or

4
11

, is the greatest?

We begin by comparing the first two fractions. Since
2
5

5
14
35

and
3
7

5
15
35

, we can see

that
3
7

is greater. Now, we compare
3
7

to
4
11

. Since
3
7

5
33
77

and
4
11

5
28
77

, we can see that

3
7

is the greatest of the three fractions.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

TIP
To add or

subtract fractions

quickly,

remember that a

sum can be

found by adding

the two cross-

products and

putting this

answer over the

denominator

product.
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Simplifying to Simplest Form
The principle that

m 3 a
m 3 b

5
a
b

can be particularly useful in simplifying fractions to simplest form. Fractions are expressed in

simplest form when the numerator and denominator have no common factor except 1. To

simplify a fraction to an equivalent fraction in simplest form, express the numerator and

denominator as products of their prime factors. Each time a prime appears in the numerator

over the same prime in the denominator,
p
p

, substitute its equal value, 1.

Example 1

Simplify
30
42

to an equivalent fraction in simplest form:

30
42

5
2 • 3 • 5
2 • 3 • 7

5 1 • 1 •
5
7

5
5
7

In practice, this can be done even more quickly by dividing the numerator and the

denominator by any number, prime or not, that will divide both evenly. Repeat this

process until there is no prime factor remaining that is common to both the numerator

and the denominator:

30
42

5
15
21

5
5
7

Example 2

Simplify
77

195
to an equivalent fraction in simplest form:

77
195

5
7 3 11

3 3 5 3 13

Since the numerator and the denominator have no common factors, the fraction is

already in simplest form.
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EXERCISE: FRACTIONS

Directions: In the following problems, perform the indicated operations and simplify
your answers to simplest form.

1.
2
15

1
2
3

5

2.
4
5

2
2

13
5

3.
3
8

3
4

21
5

4.
2
3

3
12
8

5

5.
2
3

4
5
6

5

6.
3
4

4
7
8

5

7. 2
3
5

1 7
3
5

5

8. 9
1
5

2 3
1
4

5

9.
6
7

3
3
4

3
2
3

5

10. 6 3
2
3

3 2
5
6

5

11. 2
2
3

4 1
7
9

5

12. 6
2
3

3 1
4
5

5

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1.
2
15

1
2
3

5
2

15
1

10
15

5
12
15

5
4
5

2.
4
5

2
2

13
5

52
65

2
10
65

5
42
65

3.
3
8

3
4

21
5

4
8

3
3

21
5

1
2

3
1
7

5
1

14

4.
2
3

3
12
8

5
12
3

3
2
8

5
4
1

3
1
4

5 1

5.
2
3

4
5
6

5
2
3

3
6
5

5
6
3

3
2
5

5
2
1

3
2
5

5
4
5

6.
3
4

4
7
8

5
3
4

3
8
7

5
8
4

3
3
7

5
2
1

3
3
7

5
6
7

7. 2
3
5

1 7
3
5

5
13
5

1
38
5

5
51
5

5 10
1
5

8. 9
1
5

2 3
1
4

5 8
6
5

2 3
1
4

5 8
24
20

2 3
5

20
5 5

19
20

9.
6
7

3
3
4

3
2
3

5
6
7

3
2
4

3
3
3

5
6
7

3
1
2

3
1
1

5
3
7

3
1
1

3
1
1

5
3
7

10. 6 3
2
3

3 2
5
6

5
6
1

3
2
3

3
17
6

5
1
1

3
2
3

3
17
1

5
34
3

5 11
1
3

11. 2
2
3

4 1
7
9

5
8
3

4
16
9

5
8
3

3
9

16
5

1
3

3
9
2

5
1
1

3
3
2

5
3
2

12. 6
2
3

3 1
4
5

5
20
3

3
9
5

5
4
3

3
9
1

5
4
1

3
3
1

5 12
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OPERATIONS WITH DECIMALS
Earlier, we stated that whole numbers are expressed in a system of tens, or the decimal

system, using the digits from 0 to 9. This system can be extended to fractions by using a

period called a decimal point. The digits after a decimal point form a decimal fraction.

Decimal fractions are less than 1—for example, .3, .37, .372, and .105. The first position to the

right of the decimal point is called the tenths’ place since the digit in that position tells how

many tenths there are. The second digit to the right of the decimal point is in the hundredths’

place. The third digit to the right of the decimal point is in the thousandths’ place, and so on.

Example 1

.3 is a decimal fraction that means

3 3
1

10
5

3
10

read “three tenths.”

Example 2

The decimal fraction of .37 means

3 3
1

10
1 7 3

1
100

5 3 3
10

100
1 7 3

1
100

5
30
100

1
7

100
5

37
100

read “thirty-seven hundredths.”

Example 3

The decimal fraction .372 means

300
1,000

1
70

1,000
1

2
1,000

5
372

1,000

read “three hundred seventy-two thousandths.”

Whole numbers have an understood (unwritten) decimal point to the right of the last

digit (e.g., 4 5 4.0). Decimal fractions can be combined with whole numbers to make

decimals—for example, 3.246, 10.85, and 4.7.

Note: Adding zeros to the right of a decimal after the last digit does not change the

value of the decimal.
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Rounding Off
Sometimes, a decimal is expressed with more digits than desired. As the number of digits to

the right of the decimal point increases, the number increases in accuracy, but a high degree

of accuracy is not always needed. Then, the number can be “rounded off” to a certain decimal

place.

To round off, identify the place to be rounded off. If the digit to the right of it is 0, 1, 2, 3, or

4, the round-off place digit remains the same. If the digit to the right is 5, 6, 7, 8, or 9, add 1

to the round-off place digit.

Example 1

Round off .6384 to the nearest thousandth. The digit in the thousandths’ place is 8.

The digit to the right in the ten-thousandths’ place is 4, so the 8 stays the same. The

answer is .638

Example 2

.6386 rounded to the nearest thousandth is .639, rounded to the nearest hundredth is

.64, and rounded to the nearest tenth is .6.

After a decimal fraction has been rounded off to a particular decimal place, all the

digits to the right of that place will be 0.

Note: Rounding off whole numbers can be done by a similar method. It is less com-

mon but is sometimes used to get approximate answers quickly.

Example 3

Round 32,756 to the nearest hundred. This means, to find the multiple of 100 that is

nearest the given number. The number in the hundreds’ place is 7. The number

immediately to the right is 5, so 32,756 rounds to 32,800.
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DECIMALS AND FRACTIONS
Renaming a Decimal as a Fraction
Place the digits to the right of the decimal point over the value of the place in which the last

digit appears and simplify, if possible. The whole number remains the same.

Example

Rename 2.14 as a fraction or mixed number. Observe that 4 is the last digit and is in

the hundredths’ place.

.14 5
14

100
5

7
50

Therefore:

2.14 5 2
7

50

Renaming a Fraction as a Decimal
Divide the numerator of the fraction by the denominator. First, put a decimal point followed

by zeros to the right of the number in the numerator. Subtract and divide until there is no

remainder. The decimal point in the quotient is aligned directly above the decimal point in the

dividend.

Example

Rename
3
8

as a decimal.

Divide

8q
.375

3.000

24

60

56

40

40
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When the division does not terminate with a 0 remainder, two courses are possible.

Method 1

Divide to three decimal places.

Example

Rename
5
6

as a decimal.

6q
.833

5.000

48

20

18

20

18

2

The 3 in the quotient will be repeated indefinitely. It is called an infinite decimal and

is written .83. . . .

Method 2

Divide until there are two decimal places in the quotient, and then write the remainder over

the divisor.

Example

Rename
5
6

as a decimal.

6q
.833

5.000 5 .83
1
348

20

18

20
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Addition
Addition of decimals is both commutative and associative. Decimals are simpler to add than

fractions. Place the decimals in a column with the decimal points aligned under each other.

Add in the usual way. The decimal point of the answer is also aligned under the other decimal

points.

Example

43 1 2.73 1 .9 1 3.01 5 ?

43.

2.73

.9

3.01

49.64

Subtraction
For subtraction, the decimal points must be aligned under each other. Add zeros to the right

of the decimal point if desired. Subtract as with whole numbers.

Examples

21.567 21.567 39.00

29.4 29.48 27.48

12.167 12.087 31.52

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................
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Multiplication
Multiplication of decimals is commutative and associative:

5.39 3 .04 5 .04 3 5.39

(.7 3 .02) 3 .1 5 .7 3 (.02 3 .1)

Multiply the decimals as if they were whole numbers. The total number of decimal places in

the product is the sum of the number of places (to the right of the decimal point) in all of the

numbers multiplied.

Example

8.64 3 .003 5 ?

8.64 2 places to right of decimal point

3 .003 1 3 places to right of decimal point

.02592 5 places to right of decimal point

A zero had to be added to the left of the product before writing the decimal point to

ensure that there would be five decimal places in the product.

Note: To multiply a decimal by 10, simply move the decimal point one place to the

right; to multiply by 100, move the decimal point two places to the right.
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Division
To divide one decimal (the dividend) by another (the divisor), move the decimal point in the

divisor as many places as necessary to the right to make the divisor a whole number. Then

move the decimal point in the dividend (expressed or understood) a corresponding number of

places, adding zeros if necessary. Then divide as with whole numbers. The decimal point in

the quotient is placed above the decimal point in the dividend after the decimal point has been

moved.

Example

Divide 7.6 by .32.

.32q7.60 5 32q
23.75

760.00

64

120

96

240

224

160

160

Note: “Divide 7.6 by .32” can be written as
7.6
.32

. If this fraction is multiplied by
100
100

,

an equivalent fraction is obtained with a whole number in the denominator:

7.6
.32

3
100
100

5
760
32

Moving the decimal point two places to the right in both the divisor and dividend is

equivalent to multiplying each number by 100.

Special Cases
If the dividend has a decimal point and the divisor does not, divide as with whole numbers

and place the decimal point of the quotient above the decimal point in the divisor.

If both dividend and divisor are whole numbers but the quotient is a decimal, place a decimal

point after the last digit of the dividend and add zeros as necessary to get the required degree

of accuracy.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

NOTE
To divide any

number by 10,

simply move its

decimal point

(understood to

be after the last

digit for a whole

number) one

place to the left;

to divide by 100,

move the

decimal point

two places to the

left; and so on.
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EXERCISE: DECIMALS AND FRACTIONS

Directions: Solve the following problems.

1. Rename the following fractions as decimals.

(A) 5
8

(B) 1
6

2. Rename the following decimals as fractions and simplify.

(A) 2.08
(B) 13.24

3. Rename the following decimals as fractions and simplify.

(A) 17.56
(B) 21.002

Directions: In the following problems, perform the indicated operations.

4. 31.32 1 3.829

5. 5.746 1 354.34

6. 2.567 2 0.021

7. 3.261 2 2.59

8. 73 2 .46

9. 0.7 3 3.1

10. 9.2 3 0.003

11. 5.43 1 .154 1 17

12. 0.064 4 0.04

13. 0.033 4 0.11

14. Which of the three decimals .09, .769, .8 is the least?
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ANSWERS AND EXPLANATIONS

1. (A) 8q
0.625
5.000
48
20

216
40

(B) 6q
0.166...
1.0000

6
40

236
40

2. (A) 2.08 5 2
8

100
5 2

2
25

(B) 13.24 5 13
24

100
5 13

6
25

3. (A) 17.56 5 17
56

100
5 17

28
50

5 17
14
25

(B) 21.002 5 21
2

1,000
5 21

1
500

4. 31.32
1 3.829

35.149

5. 5.746
1 354.34

360.086

6. 2.567
2 0.021

2.546

7. 3.261
2 2.59

0.671

8. 73.00
2 .46
72.54

9. 3.1
3 0.7

2.17

a
n

sw
e

rs
............................................................................................
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10. 9.2 ~One digit to the right of the decimal point!
3 .003 ~Three digits to the right of the decimal point!

.0276 ~Four digits to the right of the decimal point!

11. 5.43
.154

1 17.000
22.584

12. .04q
1.6

0.064

13. .11q
0.3

.033

14. The easiest way to determine the least decimal number is to append 0s to the end of
each of the numbers until they all have the same number of digits. Then, ignore the
decimal points and see which number is the least. Thus, .09 5 .090, .769 5 .769,
.8 5 .800. Clearly, the least number is .09.
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OPERATIONS WITH PERCENTS
Percents, like fractions and decimals, are ways of expressing parts of whole numbers, as 93

percent, 50 percent, and 22.4 percent. Percents are expressions of hundredths—that is, of

fractions whose denominator is 100. The symbol for percent is %.

Example

25% 5 twenty-five hundredths 5
25

100
5

1
4

The word percent means per hundred. Its main use is in comparing fractions with

equal denominators of 100.

Renaming Percents as Decimals

Divide the percent by 100 and drop the symbol for percent. Add zeros to the left when

necessary:

30% 5 .30 1% 5 .01

Remember that the short method of dividing by 100 is to move the decimal point two places to

the left.
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EXERCISE: PERCENTS

Directions: Solve the following problems.

1. Rename the following decimals as percents.

(A) 0.374
(B) 13.02

2. Rename the following percents as decimals.

(A) 62.9%
(B) 0.002%

3. Rename the following fractions as percents.

(A) 5
8

(B) 44
400

4. Rename the following percents as fractions.

(A) 37.5%
(B) 0.04%

5. Rename 12
1
4
% as a decimal.

6. Write .07% as both a decimal and a fraction.

7. Write
11
16

as both a decimal and a percent.

8. Write 1.25 as both a percent and a fraction.

9. Which of the following is the greatest:
5
8
, 62%, .628?
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ANSWERS AND EXPLANATIONS

1. (A) 0.374 5 37.4%
(B) 13.02 5 1,302%

2. (A) 62.9% 5 0.629
(B) 0.002% 5 0.00002

3. (A)
5
8

5 8q
0.625
5.000 5 62.5%

(B)
44
400

5 400q
0.11

44.00 5 11%

4. (A) 37.5% 5 0.375 5
375

1,000
5

3
8

(B) 0.04% 5 0.0004 5
4

10,000
5

1
2,500

5. 12
1
4
% 5 12.25% 5 0.1225

6. .07% 5 0.0007 5
7

10,000

7. 11
16

5 16q
.6875

11.0000 5 68.75%

8. 1.25 5 125% 5
125
100

5
5
4

5 1
1
4

9. In order to determine the greatest number, we must write them all in the same

form. Writing
5
8

as a decimal, we obtain .625. If we write 62% as a decimal, we get

.62. Thus, .628 is the greatest of the three numbers.

a
n

sw
e

rs
............................................................................................
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Solving Percent Word Problems
There are several different types of word problems involving percents that might appear on

your test. In addition to generic percent problems, other applications you might be asked to

solve involve taxation, commission, profit and loss, discount, and interest. All of these

problems are solved in essentially the same way, as the following examples illustrate.

Note that when solving percent problems, it is often easier to rename the percent as a decimal

or a fraction before computing. When we take a percent of a certain number, that number is

called the base, the percent we take is called the rate, and the result is called the part. If we

let B represent the base, R represent the rate, and P represent the part, the relationship

between these three quantities can be expressed by the following formula:

P 5 R 3 B

All percent problems can be solved with the help of this formula.

The first four examples below show how to solve all types of generic percent problems. The

remaining examples involve specific financial applications.

Example 1

In a class of 24 students, 25% received an A. How many students received an A?

The number of students (24) is the base, and 25% is the rate. Rename the rate as a

fraction for ease of handling and apply the formula.

25% 5
25

100
5

1
4

P 5 R 3 B

6

5
1
4

3
24
1

1

5 6 students

To choose between renaming the percent (rate) as a decimal or a fraction, simply

decide which would be easier to work with. In Example 1, the fraction is easier to

work with because division of common factors is possible. In Example 2, the situation

is the same except for a different rate. This time, the decimal form is easier.
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Example 2

In a class of 24 students, 29.17% received an A. How many students received an A?

Renaming the rate as a fraction yields

29.17
100

5
2917

10,000

You can quickly see that the decimal is the better choice.

29.17% 5 .2917 .2917

P 5 R 3 B 3 24

5 .2917 3 24 1.1668

5 7 students 5.834

7.0008

Example 3

What percent of a 40-hour week is a 16-hour schedule?

40 hours is the base, and 16 hours is the part. P 5 R 3 B

16 5 R 3 40

Divide each side of the equation by 40.

16
40

5 R

2
5

5 R

40% 5 R

Example 4

A woman paid $15,000 as a down payment on a house. If this amount was 20% of the

price, what did the house cost?

The part (or percentage) is $15,000, the rate is 20%, and we must find the base.

Rename the rate as a fraction.

20% 5
1
5

P 5 R 3 B

$15,000 5
1
5

3 B

Multiply each side of the equation by 5.

$75,000 5 B 5 cost of house
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COMMISSION

Example

A salesperson sells a new car for $24,800 and receives a 5% commission. How much

commission does he receive?

The cost of the car ($24,800) is the base, and the rate is 5%. We are looking for the

amount of commission, which is the part.

P 5 5% 3 $24,800 5 .05 3 $24,800 5 $1,240

Thus, the salesperson receives a commission of $1,240.

TAXATION

Example

Janet buys a laptop computer for $1,199 and has to pay 7% sales tax. What is the

amount of sales tax she owes, and what is the total price of the computer?

The cost of the computer ($1,199) is the base, and the rate is 7%. We are looking for

the amount of sales tax, which is the part.

P 5 7% 3 $1,199 5 .07 3 $1,199 5 $83.93

Thus, the sales tax is $83.93, and the total cost of the computer is $1,199 1 $83.93

5 $1,282.93.

DISCOUNT

The amount of discount is the difference between the original price and the sale, or discount,

price. The rate of discount is usually given as a fraction or as a percent. Use the formula of the

percent problems P 5 R 3 B, but now P stands for the part or discount, R is the rate, and B,

the base, is the original price.

Example 1

A table listed at $160 is marked 20% off. What is the sale price?

P 5 R 3 B

5 .20 3 $160 5 $32

This is the amount of discount or how much must be subtracted from the original

price. Then:

$160 2 $32 5 $128 sale price
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Example 2

A car priced at $9,000 was sold for $7,200. What was the rate of discount?

Amount of discount 5$ 9,000 2 $7,200

5 $1,800

Discount 5 rate3originalprice

$1,800 5 R 3 $9,000

Divide each side of the equation by $9,000:

20
1,800
9,000

5
20

100
5 R 5 20%

100

SUCCESSIVE DISCOUNTING

When an item is discounted more than once, it is called successive discounting.

Example 1

In one store, a dress tagged at $40 was discounted 15%. When it did not sell at the

lesser price, it was discounted an additional 10%. What was the final selling price?

Discount 5 R 3 original price

First discount 5 .15 3 $40 5 $6

$40 2 $6 5 $34 selling price after first discount

Second discount 5 .10 3 $34 5 $3.40

$34 2 $3.40 5 $30.60 final selling price

Example 2

In another store, an identical dress was also tagged at $40. When it did not sell, it

was discounted 25% all at once. Is the final selling price less than or greater than in

Example 1?

Discount 5 R 3 original price

5 .25 3 $40

5 $10

$40 2 $10 5 $30 final selling price

This is a lesser selling price than in Example 1, where two successive discounts were

taken. Although the two discounts from Example 1 add up to the discount of Example

2, the final selling price is not the same.
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INTEREST

Interest problems are similar to discount and percent problems. If money is left in the bank

for a year and the interest is calculated at the end of the year, the usual formula P 5 R 3 B

can be used, where P is the interest, R is the rate, and B is the principal (original amount of

money borrowed or loaned).

Example 1

A certain bank pays interest on savings accounts at the rate of 4% per year. If a man

has $6,700 on deposit, find the interest earned after 1 year.

P 5 R 3 B

Interest 5 rate • principal

P 5 .04 3 $6,700 5 $268 interest

Interest problems frequently involve more or less time than 1 year. Then the formula

becomes:

Interest 5 rate 3 principal 3 time

Example 2

If the money is left in the bank for 3 years at simple interest (the kind we are discuss-

ing), the interest is

3 3 $268 5 $804

Example 3

Suppose $6,700 is deposited in the bank at 4% interest for 3 months. How much

interest is earned?

Interest 5 rate 3 principal 3 time

Here, the 4% rate is for 1 year. Since 3 months is
3

12
5

1
4
,

Interest 5 .04 3 $6,700 3
1
4

5 $67
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PERCENT OF CHANGE PROBLEMS

The percent-of-change problem is a special, yet very common, type of percent problem. In such

a problem, there is a quantity that has a certain starting value (usually called the “original

value”). This original value changes by a certain amount (either an increase or a decrease),

leading to what is called the “new value.” The problem is to express this increase or decrease

as a percent.

Percent-of-change problems are solved by using a method analogous to that used in the above

problems. First, calculate the amount of the increase or decrease. This amount plays the role

of the part P in the formula P 5 R 3 B. The base, B, is the original amount, regardless of

whether there was a gain or a loss.

Example 1

By what percent does Mary’s salary increase if her present salary is $20,000 and she

accepts a new job at a salary of $28,000?

Amount of increase is:

$28,000 2 $20,000 5 $8,000

P 5 R 3 B

$8,000 5 R 3 $20,000

Divide each side of the equation by $20,000. Then:

40
8,000

20,000
5

40
100

R 5 40% increase

100

Example 2

On Tuesday, the price of Alpha stock closed at $56 a share. On Wednesday, the stock

closed at a price that was $14 higher than the closing price on Tuesday. What was the

percent of increase in the closing price of the stock?

In this problem, we are given the amount of increase of $14. Thus,

P 5 R 3 B

14 5 R 3 56. Thus,

R 5
14
56

5
1
4

5 25%.

The percent of increase in the closing price of the stock is 25%.
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EXERCISE: PERCENT WORD PROBLEMS

Directions: Solve the following problems.

1. Susan purchased a new refrigerator priced at $675. She made a down payment of
15% of the price. Find the amount of the down payment.

2. After having lunch, Ian leaves a tip of $4.32. If this amount represents 18% of the
lunch bill, how much was the bill?

3. Before beginning her diet, Janet weighed 125 pounds. After completing the diet, she
weighed 110 pounds. What percent of her weight did she lose?

4. A self-employed individual places $5,000 in an account that earns 8% simple annual
interest. How much money will be in this account after 2 years?

5. If a $12,000 car loses 10% of its value every year, what is it worth after 3 years?

6. Peter invests $5,000 at 4% simple annual interest. How much is his investment
worth after 2 months?

7. Sales volume at an office supply company climbed from $18,300 last month to
$56,730 this month. Find the percent of increase in sales.

8. A men’s clothing retailer orders $25,400 worth of outer garments and receives a
discount of 15%, followed by an additional discount of 10%. What is the cost of the
clothing after these two discounts?

9. Janet receives a 6% commission for selling boxes of greeting cards. If she sells 12
boxes for $40 each, how much does she earn?

10. A small business office bought a used copy machine for 75% of the original price. If
the original price was $3,500, how much did the office pay for the copy machine?

11. A lawyer who is currently earning $42,380 annually receives a 6.5% raise. What is
his new annual salary?

12. An industrial plant reduces its number of employees, which was originally 3,760, by
5%. How many employees now work at the plant?
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ANSWERS AND EXPLANATIONS

1. Amount of down payment 5 $675 3 15% 5 $675 3 .15 5 $101.25

2. Amount of bill 5 Amount of tip/Percent of tip 5 4.32/0.18 5 $24.

3. Amount of weight lost 5 125 2 110 5 15 lb.
Percent of weight lost 5 Amount of weight lost/Original weight 5 15/125 5 12%

4. Each year, the amount of interest earned is $5,000 3 8% 5 $400. Thus, in 2 years,
$800 in interest is earned, and the account has $5,800 in it.

5. Value of car after 1 year 5 12,000 3 0.90 5 $10,800
Value of car after 2 years 5 10,800 3 0.90 5 $9,720
Value of car after 3 years 5 9,720 3 0.90 5 $8,748

6. Interest earned 5 Principal 3 Rate 3 Time 5 5,000 3 0.04 3 1/6 5 $33.33
Value of investment 5$5,033.33

7. Amount of increase 5 $56,730 2 $18,300 5 $38,430
Percent of increase 5 38,430/18,300 5 210%

8. Price after the first markdown 5 $25,400 3 85% 5 $21,590
Price after the second markdown 5 $21,590 3 90% 5 $19,431

9. 12 boxes for $40 each cost $480. Since Janet makes a 6% commission, she will
receive $480 3 6% 5 $28.80

10. Cost 5 3,500 3 75% 5 $2,625

11. Amount of raise 5 42,380 3 6.5% 5 $2,754.70
New Salary 5 $42,380 1 $2,754.70 5 $45,134.70

12. Number of employees who lost their jobs 5 3,760 3 5% 5 188
Number of employees who now work at the plant 5 3,760 2 188 5 3,572

a
n
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e
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SYSTEMS OF MEASUREMENTS
The English System

On the SAT Subject Test: Math, it is sometimes necessary to compute not only in the English

system of measurement, but also in the metric system. It may also be necessary to convert

from one system to the other, but in such cases, you will be given the appropriate conversion

factors. Thus, these factors do not need to be memorized.

As far as the English system is concerned, make sure that you have the following

relationships memorized:

Conversion Factors for Length

36 inches 5 3 feet 5 1 yard

12 inches 5 1 foot

5,280 feet 5 1,760 yards 5 1 mile

Conversion Factors for Volume

2 pints 5 1 quart

16 fluid ounces 5 1 pint

8 pints 5 4 quarts 5 1 gallon

Conversion Factors for Weight

16 ounces 5 1 pound

2,000 pounds 5 1 ton

These conversion factors enable you to change units within the English system.

Examples

1. How many feet are in 5 miles?

5 miles 3 (5,280 feet/1 mile) 5 26,400 feet

Notice how the unit of “miles” divides out of the numerator and denominator.

2. How many ounces are in 2 tons?

2 tons 3 (2,000 pounds/1 ton) 3 (16 ounces/1 pound) 5 64,000 ounces

Notice how the units of “tons” and “pounds” divide out of the numerator and
denominator.
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The Metric System
In the metric system, distance or length is measured in meters. Similarly, volume is measured

in liters, and mass is measured in grams. The prefixes below are appended to the beginning of

these basic units to indicate other units of measure with sizes equal to each basic unit

multiplied or divided by powers of 10.

giga 5 109

mega 5 106

kilo 5 103

hecto 5 102

deka 5 101

deci 5 1021

centi 5 1022

milli 5 1023

micro 5 1026

nano 5 1029

pico 5 10212

From the prefixes above, we can see, for example, that a kilometer is 1,000 times as long as a

meter, 100,000 times as long as a centimeter, and 1,000,000 times as long as a millimeter.

Similarly, a centigram is 1/100 the size of a gram.

Conversions among metric units can be made quickly by moving decimal points.

Example 1

Convert 9.43 kilometers to meters.

Since meters are smaller than kilometers, our answer will be greater than 9.43. There

are 1,000 meters in a kilometer, so we move the decimal point three places to the

right. Therefore, 9.43 kilometers is equal to 9,430 meters.

Example 2

Convert 512 grams to kilograms.

Since kilograms are more massive than grams, our answer must be less than 512.

There are 10-3 kilograms in a gram, so we move the decimal point three places to the

left. Therefore, 512 grams are equal to .512 kilograms.
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Conversions Between the English and the Metric Systems
Conversions between the English and the metric systems are accomplished in the same way

as conversions within the English system. Recall that any problem that requires you to make

such a conversion will include the necessary conversion factors.

Example 1

If 1 meter is equivalent to 1.09 yards, how many yards are in 10 meters?

10 meters 3 (1.09 yards/1 meter) 5 10.9 yards.

Example 2

If 1 yard is equivalent to .914 meters, how many meters are there in 24 yards?

24 yards 3 (.914 meters/1 yard) 5 21.936 meters.
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EXERCISE: SYSTEMS OF MEASUREMENT

Directions: Solve the following problems.

1. Express 38 meters in millimeters.

2. Express 871 millimeters in centimeters.

3. Which measurement is greater, 8,000 millimeters or 7 meters?

4. Arrange the following from least to greatest: 6,700 meters, 672,000 centimeters, and
6.6 kilometers.

5. Express 49 milligrams in centigrams.

6. Express 4.6 liters in milliliters.

7. There are 2.2 pounds in a kilogram. A package weighing 32.5 kilograms is shipped
to the U.S. What is its weight in pounds?

8. There are .914 meters in a yard. A line drawn on a blueprint measures 1.5 yards.
What is its length in meters?

9. There are .62 miles in a kilometer. If the distance between two exits on a highway is
40 kilometers, what is the distance in miles?

10. There are 1.06 quarts in a liter. A particular brand of bottled water is available in
two different bottle sizes—a 2.25 quart bottle and a 2.1 liter bottle. Which bottle
contains more water?
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ANSWERS AND EXPLANATIONS

1. Since meters are larger than millimeters, our answer will be greater than 38. There
are 1,000 millimeters in a meter, so we move the decimal point three places over to
the right. Thirty-eight meters is equal to 38,000 millimeters.

2. Since millimeters are smaller than centimeters, our answer will be less than 871.
There are 10 millimeters in a centimeter, so we move the decimal point one place
over to the left. Therefore, 871 millimeters is equal to 87.1 centimeters.

3. In order to answer this question, we must express both measures in the same units.
Since, for example, 8,000 millimeters is equal to 8 meters, we can see that 8,000
millimeters is greater than 7 meters.

4. Let’s start by expressing all measurements in meters.

672,000 centimeters 5 6,720 meters
6.6 kilometers 5 6,600 meters
6,700 meters 5 6,700 meters

Thus, from least to greatest, we have 6.6 kilometers, 6,700 meters, and 672,000
centimeters.

5. Since there are 10 milligrams in a centigram, 49 milligrams are equal to 4.9 centi-
grams.

6. Since there are 1,000 milliliters in a liter, there are 4,600 milliliters in 4.6 liters.

7. 32.5 kgs 5 32.5 kgs 3 (2.2 lbs/1 kg) 5 71.5 lbs.

8. 1.5 yards 5 1.5 yards 3 (.914 meters/1 yard) 5 1.371 meters.

9. 40 kilometers 5 40 kilometers 3 (.62 miles/1 kilometer) 5 24.8 miles.

10. Express 2.1 liters in quarts.

2.1 liters 5 2.1 liters 3 (1.06 quarts/1 liter) 5 2.226 quarts. Thus, the 2.25 quart
bottle holds more.
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SIGNED NUMBERS
In describing subtraction of whole numbers, we said that the operation was not closed—that

is, 4 2 6 will yield a number that is not a member of the set of counting numbers and zero.

The set of integers was developed to give meaning to such expressions as 4 2 6. The set of

integers is the set of all signed whole numbers and zero. It is the set {…, 24, 23, 22, 21, 0,

1, 2, 3, 4, …}

The first three dots symbolize the fact that the negative integers go on indefinitely, just as the

positive integers do. Integers preceded by a minus sign (called negative integers) appear to the

left of 0 on a number line.

Decimals, fractions, and mixed numbers can also have negative signs. Together with positive

fractions and decimals, they appear on the number line in this fashion:

All numbers to the right of 0 are called positive numbers. They have the sign 1, whether or

not it is actually written. Business gains or losses, feet above or below sea level, and

temperatures above and below zero can all be expressed by means of signed numbers.

Addition
If the numbers to be added have the same sign, add the numbers (integers, fractions,

decimals) as usual and use their common sign in the answer:

19 1 ~18! 1 ~12! 5 119 or 19

24 1 ~211! 1 ~27! 1 ~21! 5 223
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If the numbers to be added have different signs, add the positive numbers and then the

negative numbers. Ignore the signs and subtract the lesser total from the greater total. If the

greater total is positive, the answer will be positive; if the greater total is negative, the answer

will be negative. The answer may be zero. Zero is neither positive nor negative and has no sign.

Example

13 1 ~25! 1 ~28! 1 ~12! 5 ?

13 1 ~12! 5 15

25 1 ~28! 5 213

13 2 5 5 8

Since the greater total (13) has a negative sign, the answer is 28.

Subtraction
The second number in a subtraction problem is called the subtrahend. In order to subtract,

change the sign of the subtrahend and then continue as if you were adding signed numbers.

If there is no sign in front of the subtrahend, it is assumed to be positive.

Examples

Subtract the subtrahend (bottom number) from the top number.

15
5

10

5
15

210

235
242

7

235
42

277

42
35

7

Multiplication
If only two signed numbers are to be multiplied, multiply the numbers as you would if they

were not signed. Then, if the two numbers have the same sign, the product is positive. If the

two numbers have different signs, the product is negative. If more than two numbers are being

multiplied, proceed two at a time in the same way as before, finding the signed product of the

first two numbers, then multiplying that product by the next number, and so on. The product

has a positive sign if all the factors are positive or there is an even number of negative factors.

The product has a negative sign if there is an odd number of negative factors.

Example 1

23 • (15) • (211) • (22) 5 2330

The answer is negative because there is an odd number (three) of negative factors.
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The product of a signed number and zero is zero. The product of a signed number and

1 is the original number. The product of a signed number and 21 is the original

number with its sign changed.

Example 2

25 • 0 5 0

25 • 1 5 25

25 • ~21! 5 15

Division
If the divisor and the dividend have the same sign, the answer is positive. Divide the numbers

as you normally would. If the divisor and the dividend have different signs, the answer is

negative. Divide the numbers as you normally would.

Example 1

2 3 4 ~22! 5
3
2

5 1
1
2

8 ÷ ~2.2! 5 240

If zero is divided by a signed number, the answer is zero. If a signed number is

divided by zero, the answer does not exist. If a signed number is divided by 1, the

number remains the same. If a signed number is divided by 21, the quotient is the

original number with its sign changed.

Example 2

0 4 ~22! 5 0

2
4
3

4 0 is not defined

2
3

4 1 5
2
3

4 4 21 5 24

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

Chapter 5: Numbers and Operations Review 107

www.petersons.com



EXERCISE: SIGNED NUMBERS

Directions: Perform the indicated operations.

1. 112 1 (210) 1 (12) 1 (26) 5

2. 17 1 (22) 1 (28) 1 (13) 5

3. 23 2 (27) 2 (14) 1 (22) 5

4. 2(28) 2 10 2 (112) 1 (24) 5

5. 26 3 (12) 3 (21) 3 (27) 5

6. 22 3 (23) 3 (14) 3 (22) 5

7. 15 ÷ (20.5) 5

8.
~112 3 22!

~24!
5

9. (3)(2)(1)(0)(21)(22)(23) 5

10.
~28!~13!

~26!~22!~5!
5

11.
6
15

4 S212
5 D 5

12.
~15! 2 ~213!

~24! 1 ~25!
5
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ANSWERS AND EXPLANATIONS

1. 112 1 (210) 1 (12) 1 (26) 5 12 1 (12) 1 (26) 5 4 1 (26) 5 22

2. 17 1 (22) 5 17 2 2 5 15
15 1 (28) 5 15 2 8 5 23
23 1 (13) 5 0

3. 23 2 (27) 5 23 1 7 5 14
14 2 (14) 5 14 2 4 5 0
0 1 (22) 5 22

4. 2~28! 2 10 2 ~112! 1 ~24! 5 18 2 10 2 ~112! 1 ~24!

5 22 2 ~112! 1 ~24! 5 214 1 ~24!

5 218

5. 26 3 (12) 5 212
212 3 (21) 5 112
112 3 (27) 5 284

6. 22 3 (23) 3 (14) 3 (22) 5 16 3 (14) 3 (22)
5 24 3 (22) 5 248

7. 15 ÷ (20.5) 5 230

8. (112 3 22) 5 224
~224!

~24!
5 16

9. (3)(2)(1)(0)(21)(22)(23) 5 0, since, if 0 is a factor in any multiplication, the result
is 0.

10. ~28!~13!

~26!~22!~5!
5

224
60

5 2
2
5

11. 6
15

4 S212
5 D 5

6
15

3
5

212
5

1
3

3
1

22
5 2

1
6

12. ~15! 2 ~213!

~24! 1 ~25!
5

5 1 13
29

5
18
29

5 22
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SUMMING IT UP

• If the arithmetic looks complex, simplify first.

• If there’s no graphic or picture for a problem, draw.

• If the problem is presented in different units, remember to convert and work the problem

in the same unit.

• For may problems, you can quickly look at them and determine a reasonable

approximation to the answer.
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Algebra and
Functions Review

OVERVIEW
• Powers, exponents, and roots

• Algebra

• Functions and their graphs

• Summing it up

Those who take both the Level 1 and the Level 2 tests must know all of the

algebra topics contained in the following sections. There are a number of more

advanced algebraic topics that are tested on the Level 2 test, and these topics

are covered in later sections.

Algebra is a generalization of arithmetic. It provides methods for solving

problems that cannot be done by arithmetic alone or that can be done by

arithmetic only after long computations. Algebra provides a shorthand way of

simplifying long verbal statements to brief formulas, expressions, or

equations. After the verbal statements have been simplified, the resulting

algebraic expressions can be simplified.

Suppose that a room is 12 feet wide and 20 feet long. Its perimeter

(measurement around the outside) can be expressed as:

12 1 20 1 12 1 20 or 2(12 1 20)

If the width of the room remains 12 feet but the letter l is used to symbolize

length, the perimeter is:

12 1 l 1 12 1 l or 2(12 1 l)

Further, if w is used for width, the perimeter of any rectangular room can be

written as 2(w 1 l). This same room has an area of 12 feet by 20 feet, or 12 3

20. If l is substituted for 20, any room of width 12 has area equal to 12l. If w

is substituted for the number 12, the area of any rectangular room is given by

wl or lw. Expressions such as wl and 2(w 1 l) are called algebraic expressions.

An equation is a statement that two algebraic expressions are equal. A

formula is a special type of equation.
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POWERS, EXPONENTS, AND ROOTS
Powers and Exponents
The product 10 3 10 3 10 can be written 103. We say 10 is raised to the third power. In

general, a 3 a 3 a 3 . . . 3 a n times is written an. The base a is raised to the nth power, and

n is called the exponent.

Example 1

32 5 3 3 3 read “3 squared”

23 5 2 3 2 3 2 read “2 cubed”

54 5 5 3 5 3 5 3 5 read “5 to the fourth power”

If the exponent is 1, it is usually understood and not written; thus, a1 5 a.

Since

a2 5 a 3 a and a3 5 a 3 a 3 a

then

a2 3 a3 5 (a 3 a)(a 3 a 3 a) 5 a5

There are three rules for exponents. In general, if k and m are any counting numbers

or zero, and a is any number,

Rule 1: ak 3 am 5 ak 1 m

Rule 2: am 3 bm 5 ~ab!m

Rule 3: ~ak!n 5 akn

Example 2

Rule 1: 22 3 23 5 4 3 8 5 32

and

22 3 23 5 25 5 32

Rule 2: 32 3 42 5 9 3 16 5 144

and

32 3 42 5 (3 3 4)2 5 122 5 144

Rule 3: (32)3 5 93 5 729

and

(32)3 5 36 5 729
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Roots
The definition of roots is based on exponents. If an 5 c, where a is the base and n the

exponent, a is called the nth root of c. This is written a 5 =
n c. The symbol = is called a

radical sign. Since 54 5 625, =
4 625 5 5 and 5 is the fourth root of 625. The most frequently

used roots are the second (called the square) root and the third (called the cube) root. The

square root is written = and the cube root is written =
3 .

SQUARE ROOTS

If c is a positive number, there are two values, one negative and one positive, which, when

multiplied, will produce c.

Example

14 3 (14) 5 16 and 24 3 (24) 5 16

The positive square root of a positive number c is called the principal square root of c

(briefly, the square root of c) and is denoted by =c :

=144 5 12

If c 5 0, there is only one square root, 0. If c is a negative number, there is no real

number that is the square root of c :

=24 is not a real number

CUBE ROOTS

Both positive and negative numbers have real cube roots. The cube root of 0 is 0. The cube

root of a positive number is positive; that of a negative number is negative.

Example

2 3 2 3 2 5 8

Therefore, =
3 8 5 2

2 3 3 (23) 3 (23) 5 227

Therefore, =
3

227 5 23

Each number has only one real cube root.

EXPANDED FORM

We previously have seen how to write whole numbers in expanded form. Recall, for example,

that the number 1,987 can be written as

1,987 5 1(1,000) 1 9(100) 1 8(10) 1 7
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Thus, 1,987 represents a number containing 7 “ones,” 8 “tens,” 9 “hundreds,” and 1

“thousand.” Using exponential notation, 1,987 can be written somewhat more compactly as

1,987 5 1(103) 1 9(102) 1 8(101) 1 7

Example 1

Write the number 50,127 in expanded form using exponential notation.

50,127 5 5(104) 1 0(103) 1 1(102) 1 2(101) 1 7

Example 2

What number is represented by the expanded form

7(105) 1 3(103) 1 2(102) 1 5(101) 1 4?

Note that there is no term corresponding to 104. Thus, the answer is 703,254.

SIMPLIFICATION OF SQUARE ROOTS

Certain square roots can be written in a simplified form. Just as all fractions should be

simplified if possible, all square roots should also be simplified if possible. To simplify a

square root means to factor out any perfect square factors from under the square root sign.

The simplification of square roots is based on the Product Rule for Square Roots:

=a 3 b 5 =a 3 =b.

To illustrate the technique, let us simplify =12. Begin by writing 12 as 4 3 3, thus

transforming the number under the square root sign into a product containing the perfect

square factor 4.

=12 5 =4 3 3

Then, using the Product Rule, write the square root of the product as the product of the

square root.

=12 5 =4 3 3 5 =4 3 =3

Finally, compute =4 to obtain the simplified form.

=12 5 =4 3 3 5 =4 3 =3 5 2=3
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Example 1

Simplify =98.

=98 5 =2 3 49

5 =2 3 =49, where 49 is a square number

5 =2 3 7

Therefore, =98 5 7=2, and the process terminates because there is no whole

number whose square is 2. We call 7=2 a radical expression or simply a radical.

Example 2

Which is greater, ~=96!2 or =214 ?

~=96!2 5 =96 3 =96 5 =96 3 96 5 96

=214 5 27 5 128 because 214 5 27 3 27 by Rule 1

or because =214 5 (214)1/2 5 27 by Rule 3

Since 128 . 96, =214 . ~=96!2

Example 3

Which is greater, 2=75 or 6=12 ?

These numbers can be compared if the same number appears under the radical sign.

The greater number is the one with the greater number in front of the radical sign.

=75 5 =25 3 3 5 =25 3 =3 5 5=3

Therefore:

2=75 5 2~5=3! 5 10=3

=12 5 =4 3 3 5 =4 3 =3 5 2=3

Therefore:

6=12 5 6~2=3! 5 12=3

Since 12=3 . 10=3, 6=12 . 2=75

Radicals can be added and subtracted only if they have the same number under the

radical sign. Otherwise, they must be simplified to expressions having the same

number under the radical sign.
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Example 4

Add 2=18 1 4=8 2 =2.

=18 5 =9 3 2 5 =9 3 =2 5 3=2

Therefore:

2=18 5 2~3=2! 5 6=2

and

=8 5 =4 3 2 5 =4 3 =2 5 2=2

Therefore:

4=8 5 4~2=2! 5 8=2

giving

2=18 1 4=8 2 =2 5 6=2 1 8=2 2 =2 5 13=2

Radicals are multiplied using the rule that

=
k a 3 b 5 =

k a 3 =
k b

Example 5

=2~=2 2 5=3! 5 =4 2 5=6 5 2 2 5=6

A quotient rule for radicals similar to the Product Rule is:

Îk a
b

5
=

k a

=
k b

Example 6

Î9
4

5
=9

=4
5

3
2
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EXERCISE: EXPONENTS, POWERS, AND ROOTS

Directions: Solve the following problems.

1. Simplify =180

2. Find the sum of =45 1 =125

3. Combine 2=20 1 6=45 2 =125

4. Find the difference of 8=12 2 2=27

5. Simplify ~3=32!~7=2!

6. Simplify =7~2=7 2 =3!

7. Simplify
~20=96!

5=4

8. Divide and simplify
12=75

4=108

9. Evaluate 232 1 (32)3

10. 32 3 24 5

11. Simplify ~=15!2

12. Simplify =6=3=2
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ANSWERS AND EXPLANATIONS

1. =180 5 =36 3 5 5 6=5

2. =45 1 =125 5 3=5 1 5=5 5 8=5

3. 2=20 1 6=45 2 =125

5 2=4 3 5 1 6=9 3 5 2 =25 3 5

5 4=5 1 18=5 2 5=5

5 17=5

4. 8=12 2 2=27 5 8=4 3 3 2 2=9 3 3

5 16=3 2 6=3

5 10=3

5. ~3=32!~7=2! 5 21~=64! 5 21~8! 5 168

6. =7~2=7 2 =3! 5 2=7=7 2 =7=3

5 2=49 2 =21

5 2~7! 2 =21

5 14 2 =21

7.
~20=96!

5=4
5 S20

5 DS=96

=4
D 5 4Î96

4

5 4=24

5 4=4 • 6

5 8=6

8.
12=75

4=108
5

12=25 3 3

4=36 3 3
5

12 3 5=3

4 3 6=3
5

60=3

24=3
5

60

24
5

5

2

9. 232 1 (32)3 5 29 1 36 5 29 1 729 5 720

10. 32 3 24 5 9 3 16 5 144

11. ~=15!2 5 15, since squares and square roots are inverse operations

12. =6=3=2 5 =6 3 3 3 2 5 =36 5 6
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ALGEBRA

Algebraic Expressions
FORMULATION

A more difficult problem than evaluating an expression or formula is translating from a

verbal expression to an algebraic one:

Verbal Algebraic

Thirteen more than x x 1 13

Six less than twice x 2x 2 6

The square of the sum of x and 5 (x 1 5)2

The sum of the square of x and the square of 5 x2 1 52

The distance traveled by a car going 50 miles an
hour for x hours 50x

The average of 70, 80, 85, and x 70 1 80 1 85 1 x

4

SIMPLIFICATION

After algebraic expressions have been formulated, they can usually be simplified by means of

the laws of exponents and the common operations of addition, subtraction, multiplication, and

division. These techniques are described in the next section. Algebraic expressions and

equations frequently contain parentheses, which are removed in the process of simplifying. If

an expression contains more than one set of parentheses, remove the inner set first and then

the outer set. Brackets, [ ], which are often used instead of parentheses, are treated the same

way. Parentheses are used to indicate multiplication. Thus, 3(x 1 y) means that 3 is to be

multiplied by the sum of x and y. The distributive law is used to accomplish this:

a(b 1 c) 5 ab 1 ac

The expression in front of the parentheses is multiplied by each term inside. Rules for signed

numbers apply.

Example 1

Simplify 3[4(2 2 8) 2 5(4 1 2)].

This can be done in two ways.

Method 1: Combine the numbers inside the parentheses first:

3[4(2 2 8) 2 5(4 1 2)] 5 3[4(26) 2 5(6)]

5 3[224 2 30]

5 3[254] 5 2162
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Method 2: Use the distributive law:

3[4(2 2 8) 2 5(4 1 2)] 5 3[8 2 32 2 20 2 10]

5 3[8 2 62]

5 3[254] 5 2162

If there is a (1) before the parentheses, the signs of the terms inside the parentheses remain

the same when the parentheses are removed. If there is a (2) before the parentheses, the sign

of each term inside the parentheses changes when the parentheses are removed.

Once parentheses have been removed, the order of operations is multiplication and division,

then addition and subtraction from left to right.

Example 2

(215 1 17) 3 3 2 [(4 3 9) 4 6] 5 ?

Work inside the parentheses first: (2) 3 3 2 [36 4 6] 5 ?

Then work inside the brackets: 2 3 3 2 [6] 5 ?

Multiply first, then subtract, proceeding from left to right: 6 2 6 5 0

The placement of parentheses and brackets is important. Using the same numbers as above

with the parentheses and brackets placed in different positions can give many different

answers.

Example 3

215 1 [(17 3 3) 2 (4 3 9)] 4 6 5 ?

Work inside the parentheses first:

215 1 [(51) 2 (36)] 4 6 5 ?

Then work inside the brackets:

215 1 [15] 4 6 5 ?

Since there are no more parentheses or brackets, proceed from left to right, dividing

before adding:

215 1 2
1
2

5 2 12
1
2

120 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



OPERATIONS

When letter symbols and numbers are combined with the operations of arithmetic (1, 2, 3,

4) and with certain other mathematical operations, we have an algebraic expression.

Algebraic expressions are made up of several parts connected by a plus or a minus sign; each

part is called a term. Terms with the same letter part are called like terms. Since algebraic

expressions represent numbers, they can be added, subtracted, multiplied, and divided.

When we defined the commutative law of addition in arithmetic by writing a 1 b 5 b 1 a, we

meant that a and b could represent any number. The expression a 1 b 5 b 1 a is an identity

because it is true for all numbers. The expression n 1 5 5 14 is not an identity because it is

not true for all numbers; it becomes true only when the number 9 is substituted for n. Letters

used to represent numbers are called variables. If a number stands alone (the 5 or 14 in n 1

5 5 14), it is called a constant because its value is constant or unchanging. If a number

appears in front of a variable, it is called a coefficient. Because the letter x is frequently used

to represent a variable, or unknown, the times sign, 3, which can be confused with it in

handwriting, is rarely used to express multiplication in algebra. Other expressions used for

multiplication are a dot, parentheses, or simply writing a number and letter together:

5 • 4 or 5(4) or 5a

Of course, 54 still means fifty-four.

Addition and Subtraction

Only like terms can be combined. Add or subtract the coefficients of like terms, using the rules

for signed numbers.

Example 1

Add x 1 2y 2 2x 1 3y.

x 2 2x 1 2y 1 3y 5 2x 1 5y

Example 2

Perform the subtraction:

230a 2 15b 1 4c

2 (2 5a 1 3b 2 c 1 d)

Change the sign of each term in the subtrahend and then add, using the rules for

signed numbers:

230a 2 15b 1 4c

5a 2 3b 1 c 2 d

225a 2 18b 1 5c 2 d
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Example 3

Perform the following subtraction:

(h2 1 6hk 2 7k2) 2 (3h2 1 6hk 2 10k2)

Once again, change the sign of each term in the subtrahend and then add.

(h2 1 6hk 2 7k2) 2 (3h2 1 6hk 2 10k2)

5 (h2 1 6hk 2 7k2) 1 (23h2 2 6hk 1 10k2)

5 22h2 1 3k2

Multiplication

Multiplication is accomplished by using the distributive property. If the multiplier has only

one term, then

a(b 1 c) 5 ab 1 ac

Example 1

9x~5m 1 9q! 5 ~9x!~5m! 1 ~9x!~9q!

5 45mx 1 81qx

When the multiplier contains more than one term and you are multiplying two expressions,

multiply each term of the first expression by each term of the second and then add like terms.

Follow the rules for signed numbers and exponents at all times.

Example 2

(2x 2 1) (x 1 6)

5 2x(x 1 6) 2 1(x 1 6)

5 2x2 1 12x 2 x 2 6

52x2 1 11x 2 6

Example 3

(3x 1 8)(4x2 1 2x 1 1)

5 3x(4x2 1 2x 1 1) 1 8(4x2 1 2x 1 1)

5 12x3 1 6x2 1 3x 1 32x2 1 16x 1 8

5 12x3 1 38x2 1 19x 1 8

If more than two expressions are to be multiplied, multiply the first two, then multiply the

product by the third factor, and so on, until all factors have been used.
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Algebraic expressions can be multiplied by themselves (squared) or raised to any power.

Example 4

(a 1 b)2 5 (a 1 b)(a 1 b)

5 a(a 1 b) 1 b(a 1 b)

5 a2 1 ab 1 ba 1 b2

5 a2 1 2ab 1 b2

since ab 5 ba by the commutative law.

Example 5

(a 1 b)(a 2 b) 5 a(a 2 b) 1 b(a 2 b)

5 a2 2 ab 1 ba 2 b2

5 a2 2 b2

Factoring

When two or more algebraic expressions are multiplied, each is called a factor and the result

is the product. The reverse process of finding the factors when given the product is called

factoring. A product can often be factored in more than one way. Factoring is useful in

multiplication, division, and solving equations.

One way to factor an expression is to remove any single-term factor that is common to each of

the terms and write it outside the parentheses. It is the distributive law that permits this.

Example 1

3x 1 12 5 3(x 1 4)

The result can be checked by multiplication.

Example 2

3x3 1 6x2 1 9x 5 3x(x2 1 2x 1 3)

The result can be checked by multiplication.

Expressions containing squares can sometimes be factored into expressions containing

variables raised to the first power only, called linear factors. We have seen that

(a 1 b)(a 2 b) 5 a2 2 b2
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Therefore, if we have an expression in the form of a difference of two squares, it can be

factored as:

a2 2 b2 5 (a 1 b)(a 2 b)

Example 3

Factor x2 2 16.

x2 2 16 5 (x)2 2 (4)2 5 (x 2 4) (x 1 4)

Example 4

Factor 4x2 2 9.

4x2 2 9 5 (2x)2 2 (3)2 5 (2x 1 3)(2x 2 3)

Again, the result can be checked by multiplication.

A third type of expression that can be factored is one containing three terms, such as

x2 1 5x 1 6. Since

(x 1 a)(x 1 b) 5 x(x 1 b) 1 a(x 1 b)

5 x2 1 xb 1 ax 1 ab

5 x2 1 (a 1 b)x 1 ab

an expression in the form x2 1 (a 1 b)x 1 ab can be factored into two factors of the form

(x 1 a) and (x 1 b). We must find two numbers whose product is the constant in the given

expression and whose sum is the coefficient of the term containing x.

Example 5

Find factors of x2 1 5x 1 6.

First find two numbers that, when multiplied, have 16 as a product. Possibilities are

2 and 3, 22 and 23, 1 and 6, 21 and 26. From these select the one pair whose sum is

5. The pair 2 and 3 is the only possible selection, and so:

x2 1 5x 1 6 5 (x 1 2)(x 1 3) written in either order.

Example 6

Factor x2 2 5x 2 6.

Possible factors of 26 are 21 and 6, 1 and 26, 2 and 23, 22 and 3. We must select

the pair whose sum is 25. The only pair whose sum is 25 is 11 and 26, and so

x2 2 5x 2 6 5 (x 1 1)(x 2 6)
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In factoring expressions of this type, notice that if the last sign is plus, both a and b have the

same sign and it is the same as the sign of the middle term. If the last sign is minus, the

numbers have opposite signs.

Many expressions cannot be factored.

Example 7

Factor 2x3 2 8x2 1 8x.

In expressions of this type, begin by factoring out the greatest common monomial

factor, then try to factor the resulting trinomial.

2x3 2 8x2 1 8x 5 2x(x2 2 4x 1 4) 5 2x(x 2 2) (x 2 2)

5 2x(x 2 2)2

Division

Method 1

36mx2

9m2x
5 4m1x2m22x21

5 4m21x1 5
4x
m

Method 2

Division of common factors

4
36mx2

9m2x
5

36mxx
9mxm

5
4x
m

1

This is acceptable because

ac
bc

5
a
b~cc! and

c
c

5 1

so that
ac
bc

5
a
b
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Example 1

If the divisor contains only one term and the dividend is a sum, divide each term in

the dividend by the divisor and simplify as you did in Method 2.

3x2 x 2
9x3 1 3x2 1 6x

3x
5

9x3

3x
1

3x2

3x
1

6x
3x

5 3x2 1 x 1 2

This method cannot be followed if there are two terms or more in the denominator

since

a
b 1 c

Þ
a
b

1
a
c

In this case, write the example as a fraction. Factor the numerator and denominator if

possible. Then use laws of exponents or divide common factors.

Example 2

Divide x3 2 9x by x3 1 6x2 1 9x

Write as:

x3 2 9x
x3 1 6x2 1 9x

Both numerator and denominator can be factored to give:

x~x2 2 9!

x~x2 1 6x 1 9!
5

x~x 1 3!~x 2 3!

x~x 1 3!~x 1 3!
5

x 2 3
x 1 3
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EXERCISE: ALGEBRA

Directions: Solve the following problems.

1. Simplify: 3[4(6 2 14) 2 8(22 2 5)]

2. Simplify: (5x2 2 3x 1 2) 2 (3x2 1 5x 2 1) 1 (6x2 2 2)

3. Add: (a 2 b 2 c) 1 (a 2 b 2 c) 2 (a 2 b 2 c)

4. Multiply: (x 2 2)(x2 1 3x 1 7)

5. Multiply: (a 1 1)2 (a 1 2)

6. Multiply: (2x 1 1)(3x2 2 x 1 6)

7. Factor completely: 6x2 2 3x 2 18

8. Factor completely: 12x2 1 14x 1 4

9. Factor completely: 6x4 2 150x2

10. Factor completely: 4a2b 1 12ab 272b

11. Multiply:
x2 2 x 2 6

x2 2 9
3

x2 1 4x 1 3

x2 1 5x 1 6

12. Simplify:
x2 2 4x 2 21

x2 2 9x 1 14

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. 3[4(6 2 14) 2 8(22 2 5)] 5 3[4(28) 2 8(27)]
5 3[232 1 56] 5 3(24) 5 72

2. (5x2 2 3x 1 2) 2 (3x2 1 5x 2 1) 1 (6x2 2 2)
5 5x2 2 3x 1 2 2 3x2 25x 1 1 1 6x2 2 2 5 8x2 2 8x 1 1

3. (a 2 b 2 c) 1 (a 2 b 2 c) 2 (a 2 b 2 c)
5 a 2 b 2 c 1 a 2 b 2 c 2 a 1 b 1 c 5 a 2 b 2 c

4. (x 2 2)(x2 1 3x 1 7) 5 x(x2 1 3x 1 7) 2 2(x2 1 3x 1 7)
5 x3 1 3x2 1 7x 2 2x2 2 6x 2 14 5 x3 1 x2 1 x 2 14

5. (a 1 1)2 (a 1 2) 5 (a 1 1)(a 1 1)(a 1 2)
5 (a2 1 2a 1 1)(a 1 2)
5 a3 1 2a2 1 2a2 1 4a 1 a 1 2
5 a3 1 4a2 1 5a 1 2

6. (2x 1 1)(3x2 2 x 1 6) 5 2x(3x2 2 x 1 6) 1 1(3x2 2 x 1 6)
5 6x3 2 2x2 1 12x 1 3x2 2 x 1 6
5 6x3 1 x2 1 11x 1 6

7. 6x2 2 3x 2 18 5 3(2x2 2 x 2 6) 5 3(2x 1 3)(x 2 2)

8. 12x2 1 14x 1 4 5 2(6x2 1 7x 1 2) 5 2(3x 1 2)(2x 1 1)

9. 6x4 2 150x2 5 6x2( x2 2 25) 5 6x2(x 2 5)(x 1 5)

10. 4a2b 1 12ab 2 72b 5 4b(a2 1 3a 2 18)
5 4b(a 1 6)(a 2 3)

11.
x2 2 x 2 6

x2 2 9
3

x2 1 4x 1 3

x2 1 5x 1 6
5

~x 2 3!~x 1 2!

~x 2 3!~x 1 3!
3

~x 1 3!~x 1 1!

~x 1 2!~x 1 3!

5
~x 2 3!~x 1 2!

~x 2 3!~x 1 3!
3

~x 1 3!~x 1 1!

~x 1 2!~x 1 3!

5
x 1 1
x 1 3

12.
x2 2 4x 2 21

x2 2 9x 1 14
5

~x 1 3!~x 2 7!

~x 2 7!~x 2 2!
5

x 1 3

x 2 2
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Solving Equations
Solving equations is one of the major objectives in algebra. If a variable x in an equation is

replaced by a value or expression that makes the equation a true statement, the value or

expression is called a solution of the equation. (Remember that an equation is a mathematical

statement that one algebraic expression is equal to another.)

An equation may contain one or more variables. We begin with one variable. Certain rules

apply to equations whether there are one or more variables. The following rules are applied to

give equivalent equations that are simpler than the original:

Addition: If s 5 t, then s 1 c 5 t 1 c.

Subtraction: If s 1 c 5 t 1 c, then s 5 t.

Multiplication: If s 5 t, then cs 5 ct.

Division: If cs 5 ct and c Þ0, then s 5 t.

To solve for x in an equation in the form ax 5 b with a Þ 0, divide each side of the equation

by a:

ax
a

5
b
a

yielding x 5
b
a

Then,
b
a

is the solution to the equation.

Example 1

Solve x 1 5 5 12

Subtract 5 from both sides.

x 1 5 5 12
2 5 25

x 5 7

Example 2

Solve 4x 5 8

Write
4x
4

5
8
4

Thus, x 5 2
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Example 3

Solve
x
4

5 9

Write 4 3
x
4

5 9 3 4

Thus, x 5 36

Example 4

Solve 3x 1 7 5 19.

3x 5 12 Subtract 7 from both sides.

x 5 4 Divide each side by 3.

Example 5

Solve 2x 2 (x 2 4) 5 5(x 1 2) for x.

2x 2 ~x 2 4! 5 5~x 1 2!

2x 2 x 1 4 5 5x 1 10 Remove parentheses by distributive law.

x 1 4 5 5x 1 10 Combine like terms.

x 5 5x 1 6 Subtract 4 from each side.

24x 5 6 Subtract 5x from each side.

x 5
6

24
Divide each side by 24.

5 2
3
2

Simplify fraction to simplest form.

Negative sign now applies to the entire
fraction.

Check the solution for accuracy by substituting in the original equation:

2S2
3
2D 2 S2

3
2

2 4D 0 5 S2
3
2

1 2D
23 2 ~2 11

2 ! 0 5 ~12!

23 1
11
2

0
5
2

2
6
2

1
11
2

0
5
2

check
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EXERCISE: EQUATIONS

Directions: Solve the following equations for x.

1. 25x 1 3 5 x 1 2

2. 6 1 4x 5 6x 2 10

3. x 1 3(2x 1 5) 5 220

4. 4(x 1 2) 2 (2x 1 1) 5 x 1 5

5. 3(2x 1 5) 5 10x 1 7 1 2(x 2 8)

6. 3x 2 4(3x 2 2) 5 2x

7. 6 1 8(8 2 2x) 5 14 2 8(4x 2 2)

8. 2x 1 3
5

2 10 5
4 2 3x

2

9. 3(2x 1 1) 1 2(3x 1 1) 5 17

10. (x 2 5)2 5 4 1 (x 1 5)2

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. 25x 1 3 5 x 1 2
15x 15x

3 5 6x 1 2
22 22

1 5 6x
1
6

5 x

2. 6 1 4x 5 6x 2 10
6 5 2x 2 10

16 5 2x
x 5 8

3. x 1 3~2x 1 5! 5 220
x 1 6x 1 15 5 220

7x 1 15 5 220
7x 5 235

x 5 25

4. 4~x 1 2! 2 ~2x 1 1! 5 x 1 5
4x 1 8 2 2x 2 1 5 x 1 5

2x 1 7 5 x 1 5
x 5 22

5. 3~2x 1 5! 5 10x 1 7 1 2~x 2 8!

6x 1 15 5 10x 1 7 1 2x 2 16
6x 1 15 5 12x 2 9

24 5 6x
x 5 4

6. 3x 2 4~3x 2 2! 5 2x
3x 2 12x 1 8 5 2x

29x 1 8 5 2x
8 5 8x
x 5 1

7. 6 1 8~8 2 2x! 5 14 2 8~4x 2 2!

6 1 64 2 16x 5 14 2 32x 1 16
70 2 16x 5 30 2 32x

16x 5 240

x 5 2
40
16

5 2
5
2
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8.
2x 1 3

5
2 10 5

4 2 3x
2

10 3
2x 1 3

5
2 10 3 10 5

4 2 3x
2

3 10

2~2x 1 3! 2 100 5 5~4 2 3x!

4x 1 6 2 100 5 20 2 15x
4x 2 94 5 20 2 15x

4x 5 114 2 15x
19x 5 114

x 5 6

9. 3~2x 1 1! 1 2~3x 1 1! 5 17
6x 1 3 1 6x 1 2 5 17

12x 1 5 5 17
12x 5 12

x 5 1

10. ~x 2 5!2 5 4 1 ~x 1 5!2

x2 2 10x 1 25 5 4 1 x2 1 10x 1 25

Subtract x2 from both sides and combine terms.
210x 1 25 5 10x 1 29

20x 5 24

x 5 2
1
5

a
n

sw
e

rs
............................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Chapter 6: Algebra and Functions Review 133

www.petersons.com



Word Problems Involving One Unknown
In many cases, if you read a word problem carefully, assign a variable to the quantity to be

found, and understand the relationships between known and unknown quantities, you can

formulate an equation with one unknown.

NUMBER PROBLEMS AND AGE PROBLEMS

These two kinds of problems are similar to one another.

Example 1

One number is 3 times another, and their sum is 48. Find the two numbers.

Let x 5 second number. Then the first is 3x. Since their sum is 48,

3x 1 x 5 48

4x 5 48

x 5 12

Therefore, the first number is 3x 5 36.

36 1 12 5 48

Example 2

Art is now three times older than Ryan. Four years ago, Art was five times as old as

Ryan was then. How old is Art now?

Let R 5 Ryan’s age.

Then 3R 5 Art’s age.

Four years ago, Ryan’s age was R 2 4, and Art’s age was 3R 2 4.

Since at that time Art was five times as old as Ryan, we have

5~R 2 4! 5 3R 2 4

5R 2 20 5 3R 2 4

2R 5 16

R 5 8, 3R 5 24.

Art is 24 years old now.
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DISTANCE PROBLEMS

The basic concept is:

Distance 5 rate • time

Example 1

In a mileage test, a man drives a truck at a fixed rate of speed for 1 hour. Then he

increases the speed by 20 miles per hour and drives at that rate for 2 hours. He then

reduces that speed by 5 miles per hour and drives at that rate for 3 hours. If the

distance traveled was 295 miles, what are the rates of speed over each part of

the test?

Let x be the first speed, x 1 20 the second, and x 1 (20 2 5) 5 x 1 15 the third.

Because distance 5 rate • time, multiply these rates by the time and formulate the

equation by separating the two equal expressions for distance by an equal sign:

1x 1 2~x 1 20! 1 3~x 1 15! 5 295

x 1 2x 1 3x 1 40 1 455 295

6x 5 210

x 5 35

The speeds are 35, 55, and 50 miles per hour.

Example 2

Two trains leave the Newark station at the same time traveling in opposite directions.

One travels at a rate of 60 mph, and the other travels at a rate of 50 mph. In how

many hours will the trains be 880 miles apart?

The two trains will be 880 miles apart when the sum of the distances that they both

have traveled is 880 miles.

Let r1 5 the rate of the first train; r2 5 the rate of the second train.

Let t1 5 the time of the first train; t2 5 the time of the second train.

Then, the distance the first train travels is r1t1, and the distance the second train

travels is r2t2. Our equation will be r1t1 1 r2t2 5 880. Since r1 5 60, r2 5 50, and

t1 5 t2, we can rewrite the equation as

60t 1 50t 5 880

110t 5 880

t 5 8

It will take 8 hours for the trains to get 880 miles apart.
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CONSECUTIVE NUMBER PROBLEMS

This type of problem usually involves only one unknown. Two numbers are consecutive if one

is the successor of the other. Three consecutive numbers are of the form x, x 1 1, and x 1 2.

Since an even number is divisible by 2, consecutive even numbers are of the form 2x, 2x 1 2,

and 2x 1 4. An odd number is of the form 2x 1 1.

Example 1

Find three consecutive whole numbers whose sum is 75.

Let the first number be x, the second x 1 1, and the third x 1 2. Then:

x 1 ~x 1 1! 1 ~x 1 2! 5 75

3x 1 3 5 75

3x 5 72

x 5 24

The numbers whose sum is 75 are 24, 25, and 26. Many versions of this problem have

no solution. For example, no three consecutive whole numbers have a sum of 74.

Example 2

Find three consecutive even integers whose sum is 48.

We can express three consecutive even integers as x, x 1 2, and x 1 4. Thus, we have:

x 1 ~x 1 2! 1 ~x 1 4! 5 48

3x 1 6 5 48

3x 5 42

x 5 14

The integers are 14, 16, and 18.
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WORK PROBLEMS

These problems concern the speed with which work can be accomplished and the time

necessary to perform a task if the size of the work force is changed.

Example 1

If Joe can type a chapter alone in 6 days and Ann can type the same chapter in 8

days, how long will it take them to type the chapter if they both work on it?

We let x 5 number of days required if they work together and then put our informa-

tion into tabular form:

Joe Ann Together

Days to type chapter 6 8 x

Part typed in 1 day 1
6

1
8

1
x

Since the part done by Joe in 1 day plus the part done by Ann in 1 day equals the
part done by both in 1 day, we have:

1
6

1
1
8

5
1
x

Next we multiply each member by 48x to clear the fractions, giving:

8x 1 6x 5 48
14x 5 48

x 5 3
3
7

days

Example 2

Working alone, one pipe can fill a pool in 8 hours, a second pipe can fill the pool in 12

hours, and a third can fill it in 24 hours. How long would it take all three pipes,

working at the same time, to fill the pool?

Using the same logic as in the previous problem, we obtain the equation

1
8

1
1

12
1

1
24

5
1
x

To clear the fractions, we multiply each side by 24x, giving:

3x 1 2x 1 x 5 24

6x 5 24

x 5 4

It would take the pipes 4 hours to fill the pool.
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EXERCISE: WORD PROBLEMS INVOLVING ONE UNKNOWN

Directions: Solve the following problems.

1. One integer is two more than a second integer. The first integer added to four times
the second is equal to 17. Find the values of the two integers.

2. If 6 times a number is decreased by 4, the result is the same as when 3 times the
number is increased by 2. What is the number?

3. The lesser of two numbers is 31 less than three times the greater. If the numbers
differ by 7, what is the lesser number?

4. The sum of three consecutive even integers is 84. Find the least of the integers.

5. In a recent local election with two candidates, the winner received 372 more votes
than the loser. If the total number of votes cast was 1,370, how many votes did the
winning candidate receive?

6. Mike is three years older than Al. In nine years, the sum of their ages will be 47.
How old is Mike now?

7. At the Wardlaw Hartridge School Christmas program, student tickets cost $3, and
adult tickets cost twice as much. If a total of 200 tickets were sold, and $900 was
collected, how many student tickets were sold?

8. Mrs. Krauser invested a part of her $6,000 inheritance at 9 percent simple annual
interest and the rest at 12 percent simple annual interest. If the total interest
earned in one year was $660, how much did she invest at 12 percent?

9. One pump working continuously can fill a reservoir in thirty days. A second pump
can fill the reservoir in twenty days. How long would it take both pumps working
together to fill the reservoir?

10. Working together, Brian, Peter, and Jared can shovel the driveway in 12 minutes. If
Brian, alone, can shovel the driveway in 21 minutes, and Peter, alone, can shovel
the driveway in 84 minutes, how long would it take Jared to shovel the driveway
alone?

11. Jimmy is now three years older than Bobby. If seven years from now the sum of
their ages is 79, how old is Bobby now?

12. A freight train and a passenger train leave the same station at noon and travel in
opposite directions. If the freight train travels 52 mph and the passenger train
travels 84 mph, at what time are they 680 miles apart?
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ANSWERS AND EXPLANATIONS

1. Let x 5 the first integer. Then,
x 2 2 5 the second integer, and

x 1 4~x 2 2! 5 17
x 1 4x 2 8 5 17

5x 2 8 5 17
5x 5 25

x 5 5

The second integer is x 2 2 5 5 2 2 5 3.

The integers are 3 and 5.

2. Let x 5 the number. Then,
6x 2 4 5 3x 1 2

3x 5 6
x 5 2 The number is 2.

3. Let S 5 the lesser number.
Then, the greater number 5 S 1 7, and
S 1 31 5 3~S 1 7!

S 1 31 5 3S 1 21
2S 5 10

S 5 5 The lesser number is 5.

4. Let x 5 the least integer. Then,
x 1 2 5 the middle integer, and
x 1 4 5 the greatest integer

x 1 ~x 1 2! 1 ~x 1 4! 5 84
3x 1 6 5 84

3x 5 78
x 5 26

The least of the three integers is 26.

5. Let W 5 the number of votes the winner received.
Then, W 2 372 5 the number of votes the loser received.
W 1 ~W 2 372! 5 1,370

2W 2 372 5 1,370
2W 5 1,742

W 5 871

The winner received 871 votes.

a
n
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6. Let M 5 Mike’s age now. Then, M 2 3 5 Al’s age. In nine years, Mike will be M 1

9, and Al will be M 1 6. Therefore,
M 1 9 1 M 1 6 5 47

2M 1 15 5 47
2M 5 32

M 5 16

Thus, Mike is 16 now.

7. Let S 5 the number of student tickets sold. Then, 200 2 S 5 the number of adult
tickets sold.

Thus, the money from student tickets is 3S, and the money received from adult
tickets is 6(200 2 S). Since a total of $900 was collected,

3S 1 6~200 2 S! 5 900
3S 1 1,200 2 6S 5 900

3S 5 300
S 5 100

Therefore, 100 student tickets were sold.

8. Let x 5 the amount invested at 12 percent. Then, since she invested a total of
$6,000, she must have invested $6,000 2 x at 9 percent. And, since she received
$660 in interest, we have

12%~x! 1 9%~6,000 2 x! 5 660 or,
.12x 1 .09~6,000 2 x! 5 660

.12x 1 540 2 .09x 5 660
.03x 1 540 5 660

.03x 5 120

x 5
120
.03

5 4,000

She invested $4,000 at 12 percent.

9. Let x 5 the number of days that it would take both pumps working together to fill

the reservoir. In this time, the first pump will fill
x

30
of the reservoir, and the second

pump will fill
x

20
of the reservoir. Thus,

1
30

1
1

20
5

1
x
. Multiply both sides by 60x.

2x 1 3x 5 60
5x 5 60

x 5 12

It takes 12 days for both pumps to fill the reservoir together.

140 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



10. Let J 5 the time Jared needs to shovel the driveway alone.

In 12 minutes, Brian can shovel
12
21

of the driveway

In 12 minutes, Peter can shovel
12
84

of the driveway

In 12 minutes, Jared can shovel
12
J

of the driveway.

Therefore,

12
21

1
12
84

1
12
J

5 1 Multiply both sides by 84J.

48J 1 12J 1 1,008 5 84J
24J 5 1,008

J 5 42

Jared can shovel the driveway in 42 minutes.

11. Let B 5 Bobby’s age. Then, B 1 3 5 Jimmy’s age.

In seven years, Bobby’s age will be B 1 7, and Jimmy’s will be B 1 10.

Therefore, in 7 years, we will have
~B 1 7! 1 ~B 1 10! 5 79

2B 1 17 5 79
2B 5 62

B 5 31

Bobby is 31 now.

12. Let t 5 the amount of time each train travels. Then, the distance the freight train
travels is 52t, and the distance the passenger train travels is 84t. Thus,

52t 1 84t 5 680
136t 5 680

t 5 5

The trains each travel for 5 hours, so they will be 680 miles apart at 5 p.m.

a
n
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Literal Equations
An equation may have other letters in it besides the variable (or variables). Such an equation

is called a literal equation. An illustration is x 1 b 5 a, with x being the variable. The solution

of such an equation will not be a specific number but will involve letter symbols. Literal

equations are solved by exactly the same methods as those involving numbers, but we must

know which of the letters in the equation is to be considered the variable. Then the other

letters are treated as constants.

Example 1

Solve ax 2 2bc 5 d for x.

ax 5 d 1 2bc

x 5
d 1 2bc

a
if a Þ 0

Example 2

Solve ay 2 by 5 a2 2 b2 for y.

y~a 2 b! 5 a2 2 b2 Factor out the common term.

y~a 2 b! 5 ~a 1 b!~a 2 b! Factor the expression on right side.

y 5 a 1 b Divide each side by a 2 b if a Þ b.

Example 3

Solve for S in the equation

1
R

5
1
S

1
1
T

Multiply every term by RST, the LCD:

ST 5 RT 1 RS

ST 2 RS 5 RT

S~T 2 R! 5 RT

S 5
RT

T 2 R
if T Þ R
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Quadratic Equations
An equation containing the square of an unknown quantity is called a quadratic equation.

One way of solving such an equation is by factoring. If the product of two expressions is zero,

at least one of the expressions must be zero.

Example 1

Solve y2 1 2y 5 0.

y~y 1 2! 5 0 Factor out the common term.

y 5 0 or y 1 2 5 0 Since the product is 0, at least one of the
factors must be 0.

y 5 0 or y 5 22

Check by substituting both values in the original equation:

~0!2 1 2~0! 5 0
~22!2 1 2~22! 5 4 2 4 5 0

In this case there are two solutions.

Example 2

Solve x2 1 7x 1 10 5 0.

x2 1 7x 1 10 5 (x 1 5) (x 1 2) 5 0
x 1 5 5 0 or x 1 2 5 0

x 5 25 or x 5 22

Check:

(25)2 1 7(25) 1 10 5 25 2 35 1 10 5 0
(22)2 1 7(22) 1 10 5 4 2 14 1 10 5 0

Not all quadratic equations can be factored using only integers, but solutions can usually be

found by means of a formula. A quadratic equation may have two solutions, one solution, or

occasionally no real solutions. If the quadratic equation is in the form Ax2 1 Bx 1 C 5 0, x can

be found from the following formula:

x 5
2B 6 =B2 2 4AC

2A
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Example 3

Solve 2x2 1 5x 1 2 5 0 by formula. Assume A 5 2, B 5 5, and C 5 2.

x 5
25 ± =52 2 4~2!~2!

2~2!

5
25 6 =25 2 16

4

5
25 6 =9

4

5
25 6 3

4

This yields two solutions:

x 5
25 1 3

4
5

22
4

5 2
1
2

and

x 5
25 2 3

4
5

28
4

5 22

So far, each quadratic we have solved has had two distinct answers, but an equation may have

a single answer (repeated), as in

x2 1 4x 1 4 5 0

~x 1 2!~x 1 2! 5 0

x 1 2 5 0 and x 1 2 5 0

x 5 22 and x 5 22

The only solution is 22.

It is also possible for a quadratic equation to have no real solution at all.

Example 4

If we attempt to solve x2 1 x 1 1 5 0 by formula, we get:

x 5
2 1 6 =1 2 4~1!~1!

2
5

21 6 =23
2

Since =23 is not a real number, this

quadratic has no real answer.
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REWRITING EQUATIONS

Certain equations written with a variable in the denominator can be rewritten as quadratics.

Example
Solve 2

4
x

1 5 5 x

24 1 5x 5 x2 Multiply both sides by x.

2x2 1 5x 2 4 5 0 Collect terms on one side of equals and set
sum equal to 0.

x2 2 5x 1 4 5 0 Multiply both sides by 21.

~x 2 4!~x 2 1! 5 0 Factor

x 2 4 5 0 or x 2 1 5 0

x 5 4 or x 5 1

Check the result by substitution:

2
4
4

1 5 0 4 and 2
4
1

1 5 0 1

21 1 5 5 4 24 1 5 5 1

Some equations containing a radical sign can also be converted into a quadratic
equation. The solution of this type of problem depends on the principle that

If A 5 B then A2 5 B2

and If A2 5 B2 then A 5 B or A 5 2B

EQUATIONS INVOLVING SQUARE ROOTS

To solve equations in which the variable appears under a square root sign, begin by

manipulating the equation so that the square root is alone on one side. Then square both sides

of the equation. Since squares and square roots are inverses, the square root will be

eliminated from the equation.

Example 1

Solve =12x 1 4 1 2 5 6

Rewrite the equation as =12x 1 4 5 4. Now square both sides.

~=12x 1 4!2 5 42

12x 1 4 5 16

12x 5 12

x 5 1
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It is easy to check that 1 is a solution to the equation by plugging the 1 into the original

equation. However, sometimes when we use this procedure, the solution obtained will not

solve the original equation. Thus, it is crucial to check your answer to all square root

equations.

Example 2
Solve y 5 =3y 1 4.

y 5 =3y 1 4

y2 5 3y 1 4

y2 2 3y 2 4 5 0

~y 2 4!~y 1 l! 5 0

y 5 4 or y 5 21

Check by substituting values into the original equation:

4 0 =3~4! 1 4 and

21 0 =3~21! 1 4

4 0 =16 21 0 =1

4 5 4 21 Þ 1

The single solution is y 5 4; the false root y 5 21 was introduced when the original

equation was squared.
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EXERCISE: EQUATION-SOLVING

Directions: Solve the following equations for the variable indicated.

1. Solve for c: A 5
1
2

h(b 1 c)

2. Solve for b2: 2A 5 (b1 1 b2)h

3. Solve for w: aw 2 b 5 cw 1 d

4. Solve for d:
a
b

5
c
d

5. Solve for x: 10x2 5 5x

6. Solve for x: 2x2 2x 5 21

7. Solve for x: 3x2 2 12 5 x(1 1 2x)

8. Solve for x: 2=x 1 5 5 8

9. Solve for x: 5x2 5 36 1 x2

10. Solve for x: 4Î2x
3

5 48

11. Solve for x: 3x2 2 x 2 4 5 0

12. Solve
q
x

1
p
x

5 1 for x

13. Solve for x: 3x2 2 5 5 0

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. A 5
1
2

h~b 1 c!

2A 5 hb 1 hc
2A 2 hb 5 hc

c 5
2A 2 hb

h

2. 2A 5 ~b1 1 b2!h
2A 5 b1h 1 b2h

2A 2 b1h 5 b2h
2A 2 b1h

h
5 b2

3. aw 2 b 5 cw 1 d
aw 2 cw 5 b 1 d
w~a 2 c! 5 b 1 d

w 5
b 1 d
a 2 c

4.
a
b

5
c
d

Cross-multiply

ad 5 bc

d 5
~bc!

a

5. 10x2 5 5x
10x2 2 5x 5 0

5x~2x 2 1! 5 0

x 5 0,
1
2

6. 2x2 2 x 5 21
2x2 2 x 2 21 5 0

~2x 2 7!~x 1 3! 5 0

x 5 23,
7
2

7. 3x2 2 12 5 x~1 1 2x!

3x2 2 12 5 x 1 2x2

x2 2 x 212 5 0
~x 2 4!~x 1 3! 5 0 Thus, x 5 4 or 23.
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8. 2=x 1 5 5 8

=x 1 5 5 4

~=x 1 5!2 5 42

x 1 5 5 16
x 5 11

9. 5x2 5 36 1 x2

4x2 2 36 5 0
4~x2 2 9! 5 0

4~x 1 3!~x 2 3! 5 0 Thus, x 5 23 or 13.

10. Begin by dividing both sides by 4 to get Î2x
3

5 12. Then, square both sides:

SÎ2x
3 D

2

5 122

2x
3

5 144 Now, multiply both sides by 3.

2x 5 432
x 5 216

11. 3x2 2 x 2 4 5 0. Here, A 5 3, B 5 21, and C 5 24.

Using the quadratic formula, we get:

x 5
2B 6 =B2 2 4AC

2A
5

1 6 =1 2 4~3!~24!

6

5
1 6 =1 1 48

6
5

1 6 =49
6

5
1 6 7

6
5

8
6

,
26
6

Thus, w 5
4
3

or 21. Note that this equation could have been solved as well by

factoring. The quadratic formula, however, can be used to solve all quadratic
equations, including those that cannot be factored.

12.
q
x

1
p
x

5 1 Multiply both sides by x to clear the fraction, and obtain q 1 p 5 x.

13. 3x2 2 5 5 0

This equation can easily be solved for x by first solving for x2 and then taking the
square root of both sides.

3x2 5 5

x2 5
5
3

=x2 5 6Î5
3

Since =x2 5 x, we have x 5 6Î5
3

a
n
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Linear Inequalities
For each of the sets of numbers we have considered, we have established an ordering of the

members of the set by defining what it means to say that one number is greater than the

other. Every number we have considered can be represented by a point on a number line.

An algebraic inequality is a statement that one algebraic expression is greater than (or less

than) another algebraic expression. If all the variables in the inequality are raised to the first

power, the inequality is said to be a linear inequality. We solve the inequality by simplifying

it to a simpler inequality whose solution is apparent. The answer is not unique, as it is in an

equation, since a great number of values may satisfy the inequality.

There are three rules for producing equivalent inequalities:

1. The same quantity can be added or subtracted from each side of an inequality.

2. Each side of an inequality can be multiplied or divided by the same positive

quantity.

3. If each side of an inequality is multiplied or divided by the same negative quantity,

the sign of the inequality must be reversed so that the new inequality is equivalent

to the first.

Example 1

Solve 5x 2 5 . 29 1 3x.

5x . 24 1 3x Add 5 to each side.

2x . 24 Subtract 3x from each side.

x . 22 Divide by 12.

Any number greater than 22 is a solution to this inequality.

Example 2

Solve 2x 2 12 , 5x 2 3.

2x , 5x 1 9 Add 12 to each side.

23x , 9 Subtract 5x from each side.

x . 23 Divide each side by 23, changing sign of
inequality.

Any number greater than 23 (for example, 22
1
2
, 0, 1, or 4) is a solution to this

inequality.
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Example 3

x
3

2
x
2

. 1

Begin by multiplying both sides by 6 to clear the fractions. We then obtain

2x 2 3x . 6

2x . 6

Now, divide both sides by 21, and reverse the inequality.

x , 26

Linear Equations in Two Unknowns
GRAPHING EQUATIONS

The number line is useful in picturing the values of one variable. When two variables are

involved, a coordinate system is effective. The Cartesian coordinate system is constructed by

placing a vertical number line and a horizontal number line on a plane so that the lines

intersect at their zero points. This meeting place is called the origin. The horizontal number

line is called the x-axis, and the vertical number line (with positive numbers above the x-axis)

is called the y-axis. Points in the plane correspond to ordered pairs of real numbers.

Example 1

The points in this example are:

x y

0 0

1 1

3 21

22 22

22 1

A first-degree equation in two variables is an equation that can be written in the form

ax 1 by 5 c, where a, b, and c are constants. First-degree means that x and y appear to the

first power. Linear refers to the graph of the solutions (x, y) of the equation, which is a straight

line. We have already discussed linear equations of one variable.
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Example 2

Graph the line y 5 2x 2 4.

First make a table and select small integral values of x. Find the value of each

corresponding y and write it in the table:

x y

0 24

1 22

2 0

3 2

If x 5 1, for example, y 5 2(1) 2 4 5 22. Then plot the four points on a coordinate system. It

is not necessary to have four points; two would do, since two points determine a line, but

plotting three or more points reduces the possibility of error.

After the points have been plotted (placed on the graph), draw a line through the points and

extend it in both directions. This line represents the equation y 5 2x 2 4.

SOLVING SIMULTANEOUS LINEAR EQUATIONS

Two linear equations can be solved together (simultaneously) to yield an answer (x, y) if it

exists. On the coordinate system, this amounts to drawing the graphs of two lines and finding

their point of intersection. If the lines are parallel and therefore never meet, no solution

exists.

Simultaneous linear equations can be solved in the following manner without drawing

graphs. From the first equation, find the value of one variable in terms of the other; substitute

this value into the second equation. The second equation is now a linear equation in one

variable and can be solved. After the numerical value of the one variable has been found,

substitute that value into the first equation to find the value of the second variable. Check the

results by putting both values into the second equation.
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Example 1

Solve the system

2x 1 y 5 3

4x 2 y 5 0

From the first equation, y 5 3 2 2x. Substitute this value of y into the second equa-

tion to get:

4x 2 ~3 2 2x! 5 0

4x 2 3 1 2x 5 0

6x 5 3

x 5
1
2

Substitute x 5
1
2

into the first of the original equations:

2~12! 1 y 5 3

1 1 y 5 3

y 5 2

Check by substituting both x and y values into the second equation:

4~12! 2 2 5 0

2 2 2 5 0

Example 2

The sum of two numbers is 87 and their difference is 13. What are the numbers?

Let x 5 the greater of the two numbers and y the lesser. Then,

x 1 y 5 87

x 2 y 5 13.

Rewrite the second equation as x 5 y 1 13 and plug it into the first equation.

~y 1 13! 1 y 5 87

2y 1 13 5 87

2y 5 74

y 5 37

Then, x 5 13 1 37 5 50.

The numbers are 50 and 37.
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Example 3

A change-making machine contains $30 in dimes and quarters. There are 150 coins in

the machine. Find the number of each type of coin.

Let x 5 number of dimes and y 5 number of quarters. Then:

x 1 y 5 150

Since .25y is the product of a quarter of a dollar and the number of quarters and .10x

is the amount of money in dimes,

.10x 1 .25y 5 30

Multiply the last equation by 100 to eliminate the decimal points:

10x 1 25y 5 3,000

From the first equation, y 5 150 2 x. Substitute this value into the equivalent form of

the second equation.

10x 1 25~150 2 x! 5 3,000

215x 5 2750

x 5 50

This is the number of dimes. Substitute this value into x 1 y 5 150 to find the

number of quarters, y 5 100.

Check:

.10~50! 1 .25~100! 5 30

$5 1 $25 5 $30
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Exponential Equations
On your test, you may also have to solve simple exponential equations. An exponential

equation is an equation whose variable appears in a exponent. Such equations can be solved

by algebraic means if it is possible to express both sides of the equation as powers of the

same base.

Example 1

Solve 52x21 5 25

Rewrite the equation as 52x21 5 52. Then it must be true that 2x 2 1 5 2. This means

that x 5
3
2
.

Example 2

Solve 9x13 5 272x

Rewrite the left side of the equation as (32)x13 5 32x 1 6. Rewrite the right side of the

equation as (33)2x 5 36x. Then, it must be true that 2x 1 6 5 6x. This means that

x 5
3
2
.

Exponential equations, in which the bases cannot both be changed to the same

number, can be solved by using logarithms.
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EXERCISE: LINEAR INEQUALITIES AND EQUATIONS

Directions: Solve the following problems.

1. Solve for x: 12 2 2x . 4

2. Solve for x:
x
6

2
x
2

, 1

3. Solve for x: 108x , 15(6x 1 12)

4. Solve for a: 4a 2 9 . 9a 2 24

5. Solve for z: 6z 1 1 ≤ 3(z 2 2)

6. Find the common solution:
y 5 3x 1 1

x 1 y 5 9

7. Find the common solution:
2x 1 y 5 8
x 2 y 5 1

8. Find the common solution:
3x 1 2y 5 11
5x 2 4y 5 11

9. Solve for a common solution:
5x 1 3y 5 28
7x 2 2y 5 2

10. The sum of two numbers is 45 and their difference is 11. What are the two
numbers?

11. Three binders and four notebooks cost a total of $4.32. One binder and five note-
books cost $3.97. What is the cost of one notebook?

12. A printer and monitor together cost $356. The monitor costs $20 more than two
times the printer. How much do the printer and monitor cost separately?
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ANSWERS AND EXPLANATIONS

1. 12 2 2x . 4
22x . 28 Divide by 22, and reverse the inequality sign.

x , 4

2.
x
6

2
x
2

, 1 Multiply both sides by 6.

x 2 3x , 6
22x , 6 Divide by 22, and reverse the inequality sign.

x . 23

3. 108x , 15~6x 1 12!

108x , 90x 1 180
18x , 180

x , 10

4. 4a 2 9 . 9a 2 24
25a . 215 Divide by 25, and reverse the inequality sign.

a , 3

5. 6z 1 1 ≤ 3~z 2 2!

6z 1 1 ≤ 3z 2 6
3z ≤ 27

z ≤
27
3

Note that even though the answer is negative, we do not reverse the inequality sign
since we never multiplied or divided by a negative number.

6. y 5 3x 1 1
x 1 y 5 9

Begin by substituting y 5 3x 1 1 into the second equation.

x 1 ~3x 1 1! 5 9
4x 1 1 5 9

4x 5 8
x 5 2

If x 5 2, y 5 3~2! 1 1 5 6 1 1 5 7.

a
n

sw
e

rs
............................................................................................
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7. 2x 1 y 5 8
x 2 y 5 1

From the second equation, we can see x 5 y 1 1. Then, substituting into the first
equation:

2~y 1 1! 1 y 5 8
3y 1 2 5 8

3y 5 6
y 5 2

If y 5 2, then x 5 y 1 1 5 2 1 1 5 3.

8. 3x 1 2y 5 11
5x 2 4y 5 11

Multiply the top equation by 2.
2~3x 1 2y! 5 2~11!

5x 2 4y 5 11

6x 1 4y 5 22
5x 2 4y 5 11

11x 5 33
x 5 3

Now, substitute this value for x in the first equation.
3~3! 1 2y 5 11

9 1 2y 5 11
2y 5 2

y 5 1
The common solution is (3, 1).

9. 5x 1 3y 5 28
7x 2 2y 5 2

Multiply the first equation by 2 and the second equation by 3.

2~5x 1 3y! 5 2~28!

3~7x 2 2y! 5 3~2! Thus,

10x 1 6y 5 56
21x 2 6y 5 6 Add the equations.
31x 5 62

x 5 2

Now, solve for y by plugging x 5 2 into (say) the second equation.

7~2! 2 2y 5 2
14 2 2y 5 2

22y 5 212
y 5 6

Thus, the common solution is (2, 6).
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10. Let x 5 the greater of the two numbers.

Let y 5 the lesser of the two numbers.

Then, we have:

x 1 y 5 45
x 2 y 5 11

Add the two equations.
x 1 y 5 45
x 2 y 5 11

2x 5 56
x 5 28

If x is 28 and the numbers differ by 11, then y 5 17.

The numbers are 28 and 17.

11. Let B 5 the cost of a binder.

Let N 5 the cost of a notebook.

Then, we have:

3B 1 4N 5 4.32
1B 1 5N 5 3.97

Multiply the second equation by 23:

3B 1 4N 5 4.32
23~1B 1 5N! 5 ~3.97!~23! or,

3B 1 4N 5 4.32
23B 2 15N 5 211.91

211N 5 27.59
N 5 0.69

Thus, the cost of a notebook is $ 0.69.

a
n

sw
e

rs
............................................................................................
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12. A printer and monitor together cost $356. The monitor costs $20 more than two
times the printer.

Let P 5 the cost of the printer.
Let M 5 the cost of the monitor. Then,

P 1 M 5 356
M 5 20 1 2P

Substituting for M in the first equation, we get:
P 1 ~20 1 2P! 5 356

3P 1 20 5 356
3P 5 336

P 5 112

Then, M 5 20 1 2(112) 5 244.

The printer costs $112, and the monitor costs $244.
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Ratio and Proportion
Many problems in arithmetic and algebra can be solved using the concept of ratio to compare

numbers. The ratio of a to b is the fraction
a
b

. If the two ratios
a
b

and
c
d

represent the same

comparison, we write:

a
b

5
c
d

This equation (statement of equality) is called a proportion. A proportion states the

equivalence of two different expressions for the same ratio.

Example 1

In a class of 39 students, 17 are men. Find the ratio of men to women.

39 students 2 17 men 5 22 women

Ratio of men to women is 17/22, also written 17;22.

Example 2

The scale on a map is
3
4

inch 5 12 miles. If the distance between City A and City B on

the map is 4
1
2

inches, how far apart are the two cities actually?

Let x 5 the distance between the two cities in miles.

Begin by writing a proportion that compares inches to miles.

Inches
Miles

→
→

3
4
12

5

9
2
x Cross-multiply to solve the equation.

S3
4Dx 5 12S9

2D
S3

4Dx 5 54 Multiply by 4

3x 5 216
x 5 72

The two cities are 72 miles apart.
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Example 3

A fertilizer contains 3 parts nitrogen, 2 parts potash, and 2 parts phosphate by weight.

How many pounds of fertilizer will contain 60 pounds of nitrogen?

The ratio of pounds of nitrogen to pounds of fertilizer is 3 to 3 1 2 1 2 5
3
7
. Let x be

the number of pounds of mixture. Then:

3
7

5
60
x

Multiply both sides of the equation by 7x to get:

3x 5 420

x 5 140 pounds

VARIATION

The concept of variation is useful for describing a number of situations that arise in science.

If x and y are variables, then y is said to vary directly as x if there is a nonzero constant k such

that y 5 kx.

Similarly, we say that y varies inversely as x if y 5
k
x

for some nonzero constant k. To say that

y varies inversely as the square of x means that y 5
k
x2 for some nonzero constant k. Finally, to

say y varies jointly as s and t means that y 5 kst for some nonzero constant k.

Example

Boyle’s law says that, for an enclosed gas at a constant temperature, the pressure p varies

inversely as the volume v. If v 5 10 cubic inches when p 5 8 pounds per square inch, find v

when p 5 12 pounds per square inch.

Since p varies inversely as v, we have p 5
k
v
, for some value of k. We know that when p 5 8,

v 5 10, so 8 5
k

10
. This tells us that the value of k is 80, and we have p 5

80
v

. For p 5 12, we

have 12 5
80
v

, or v 5
80
12

5 6.67 cubic inches.
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Computing Averages and Medians
MEAN

Several statistical measures are used frequently. One of them is the average or arithmetic

mean. To find the average of N numbers, add the numbers and divide the sum by N.

Example 1

Seven students attained test scores of 62, 80, 60, 30, 50, 90, and 20. What was the

average test score for the group?

62 1 80 1 60 1 30 1 50 1 90 1 20 5 392

Since there are 7 scores, the average score is:

392
7

5 56

Example 2

Brian has scores of 88, 87, and 92 on his first three tests. What grade must he get on

his next test to have an overall average of 90?

Let x 5 the grade that he needs to get. Then we have:

88 1 87 1 92 1 x
4

5 90 Multiply by 4 to clear the fraction.

88 1 87 1 92 1 x 5 360

267 1 x 5 360

x 5 93

Brian needs to get a 93 on his next test.

Example 3

Joan allotted herself a budget of $50 a week, on the average, for expenses. One week

she spent $35, the next $60, and the third $40. How much can she spend in the fourth

week without exceeding her budget?

Let x be the amount spent in the fourth week. Then:

35 1 60 1 40 1 x
4

5 50

35 1 60 1 40 1 x 5 200

135 1 x 5 200

x 5 65

She can spend $65 in the fourth week.
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MEDIAN

If a set of numbers is arranged in order, the number in the middle is called the median.

Example

Find the median test score of 62, 80, 60, 30, 50, 90, and 20. Arrange the numbers in

increasing (or decreasing) order.

20, 30, 50, 60, 62, 80, 90

Since 60 is the number in the middle, it is the median. It is not the same as the

arithmetic mean, which is 56.

If the number of scores is an even number, the median is the arithmetic mean of the

middle two scores.

FUNCTIONS AND THEIR GRAPHS
Both levels of the SAT Subject Tests: Math contain questions about the elementary functions.

The Level 2 test also contains some questions about more advanced functions (such as

trigonometric functions and logarithmic functions), and these are discussed in a later chapter.

Definitions
Let D and R be any two sets. Then, we define the function f from D to R as a rule that assigns

to each member of D one and only one member of R. The set D is called the domain of f, and

the set R is called the range of f. Typically, the letter x is used to represent any element of the

domain, and the letter y is used to represent any element of the range.

Note that in the definition above, we have not defined the word “function,” but the phrase

function f from D to R. In order to specify a function, you must not only state the rule, which

is symbolized by the letter f, but also the domain D and the range R. However, as you will see,

whenever D and R are not specified, there are some generally accepted conventions as to what

they are.

In general, the sets D and R can contain any type of members at all. For example, one could

define a “telephone number” function in which the domain consists of the names of all of the

homeowners in a particular town, the range contains all of the phone numbers in the town,

and the rule f associates the homeowners with their phone numbers. However, in

mathematics, the sets D and R are usually sets of numbers.

Once again, the letter x is typically used to represent a value of the domain, and the letter y

is used to represent a value of the range. Because the value of x determines the value of y

(that is, as soon as x is selected, a unique value of y is determined by the rule f), x is called the

independent variable, and y is called the dependent variable.
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The symbol f(x), which is read “f of x,” is often used instead of y to represent the range value

of the function. Often, the rule that specifies a function is expressed in what is called function

notation. For example, f(x) 5 2x 1 3 specifies a function, which, for each value x in the

domain, associates the value 2x 1 3 in the range. For the domain value x 5 7, we express the

corresponding range value as f(7), and compute f(7) 5 2(7) 1 3 5 17. Thus, this function

associates the domain value 7 with the range value 17.

Carefully note that the definition of function requires that, for each domain element, the rule

associates one and only one range element. This requirement is made to avoid ambiguities

when trying to determine the value that f associates to x. For example, consider a domain that

once again contains the names of all of the homeowners in a particular town, and let the

range be all of the cars in the town. Let the rule f associate each element x in the domain with

an element y in the range whenever x is the owner of y. Then, f is not a function from D to R,

since there could be several homeowners who own more than one car. That is, if x were a

homeowner with more than one car, f(x) would not have a well-defined meaning since we

wouldn’t know which car f(x) actually represents.

Also note that, in general, if a rule f is given and the domain and range are not specified, then

the domain of f is assumed to be the set of all real numbers except for those for which f(x) does

not exist. The range of f is then the subset of the set of real numbers, which is obtained by

plugging all possible values of x into the rule.

Example 1

Consider a rule that assigns the domain values 4, 2, and 12 to the range values 9, 16,

and 28 in the following way:

4 → 9

2 → 16

12 → 28

Is this relation between numbers a function?

This relation is a function since each element of the domain is assigned to only one

element of the range.
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Example 2

Consider a rule that assigns the domain values 4, 2, and 12 to the range values 9 and

28 in the following way:

4 → 9

2 Q

12 → 28

Is this relation between numbers a function?

This relation is also a function. Even though two different domain elements are

assigned to the same range element, each element of the domain is assigned to only

one element of the range.

Example 3

Consider a rule that assigns the domain values 9 and 3 to the range values 5 and 7 in

the following way:

9 → 5

Q
3 → 7

Is this relation between numbers a function?

This relation is not a function since the domain value 3 is assigned to two
different range values, 5 and 7.

Example 4

If f~x! 5 2x2 2 5x 1 1, find f~3!, f~0!, f~a!, and f~b2!.

f~3! 5 2~3!2 2 5~3! 1 1 5 18 2 15 1 1 5 4

f~0! 5 2~0!2 2 5~0! 1 1 5 1

f~a! 5 2a2 2 5a 1 1

f~b2! 5 2~b2!2 2 5~b2! 1 1 5 2b4 2 5b2 1 1
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Example 5

Find the domain and range of the following functions:

a. f(x) 5 5x2

b. f(x) 5
1
x2

For f(x) 5 5x2, the domain is the set of all real numbers because the rule produces

a real number value for each real value of x. The range is the set of all non-negative

real numbers, since, for every value of x, 5x2 ≥ 0.

For f(x) 5
1
x2, the domain is all real numbers except 0, since the rule is undefined at

0. The range is the set of all positive real numbers since
1
x2 . 0 for all real values of

x (except 0).

Arithmetic of Functions

Functions can be added, subtracted, multiplied, and divided to form new functions. Let f(x)

and g(x) represent two functions. Then, we define the following four functions:

~ f 1 g!~x! 5 f~x! 1 g~x!

This new function is called the sum of f(x) and g(x).

~ f 2 g!~x! 5 f~x! 2 g~x!

This new function is called the difference of f(x) and g(x).

~ f 3 g!~x! 5 f(x)g(x)

This new function is called the product of f(x) and g(x).

S f
gD~x! 5

f~x!

g~x!
where g(x) Þ 0

This new function is called the quotient of f(x) and g(x).
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Example 1

Let f and g be functions defined by the rules f(x) 5 2x 1 3 and g(x) 5 x 2 3. Find (f

1 g)(x), ( f 2 g)(x), ( f 3 g)(x), S f
gD(x), and Sg

fD~x!.

~f 1 g!~x! 5 ~2x 1 3! 1 ~x 2 3! 5 3x

~ f 2 g!~x! 5 ~2x 1 3! 2 ~x 2 3! 5 x 1 6

~ f 3 g!~x! 5 ~2x 1 3!~x 2 3! 5 2x2 2 3x 2 9

S f
gD~x! 5

2x 1 3
x 2 3

Note that the domain of this function is all real numbers except 3.

Sg
f D~x! 5

x 2 3
2x 1 3

Note that the domain is all real numbers except 2
3
2
.

It is also possible to combine two functions f and g in a fifth way, known as the composite

function, written f + g. The composite function is defined as f + g 5 f(g(x)). The composite

function can be thought of as representing a chain reaction, where a domain value is first

associated with a range value by the rule g, and then this range value is treated as if it were

a domain value for f and is associated with a range value for f.

Example 2

If f(x) 5 7x 2 5, find f(3) and f(0).

f(3) 5 7(3) 2 5 5 21 2 5 5 16

f(0) 5 25
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Example 3

Let f and g be functions defined by the rules f(x) 5 3x 1 2 and g(x) 5 x 2 5.

Find (f 1 g)(x), (f 2 g)(x), (f 3 g)(x), S f
gD~x!, and Sg

fD~x!.

~f 1 g!~x! 5 ~3x 1 2! 1 ~x 2 5! 5 4x 2 3

~f 2 g!~x! 5 ~3x 1 2! 2 ~x 2 5! 5 2x 1 7

~f 3 g!~x! 5 ~3x 1 2!~x 2 5! 5 3x2 2 13x 2 10

S f
gD~x! 5

~3x 1 2!

~x 2 5!

Note that the domain of this function is all real numbers except 5.

Sg
fD~x! 5

~x 2 5!

~3x 1 2!

Note that the domain is all real numbers except 2
2
3
.

Example 4

For the functions f(x) 5 2x 1 3 and g(x) 5 x 2 3, find f + g, g + f, and f + f.

f + g 5 f~g~x!! 5 f~x 2 3! 5 2~x 2 3! 1 3 5 2x 2 3

g + f 5 g~ f~x!! 5 g~2x 1 3! 5 ~2x 1 3! 2 3 5 2x

f + f 5 f~ f~x!! 5 f~2x 1 3! 52~2x 1 3! 1 3 5 4x 1 9
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Inverse Functions

The inverse of a function, which is written f 21, can be obtained from the rule for the function

by interchanging the values of x and y and then solving for y. The inverse of a function will

always “undo” the action of a function; for example, if a function f takes the domain value 3

and associates it with 7, then f 21 would take the domain value of 7 and associate it with 3.

Example 1

Find the inverse of the function f(x) 5 7x 2 4.

Write f(x) 5 7x 2 4 as y 5 7x 2 4. Then, interchange x and y.

x 5 7y 2 4 Solve for y

y 5
x 1 4

7
. Thus,

f 21~x! 5
x 1 4

7

Example 2

Find the inverse of the function f(x) 5 3x 1 2.

To begin, write the function as y 5 3x 1 2. Switch x and y to obtain x 5 3y 1 2. Solve

for y to obtain y 5
x 2 2

3
. Thus, f 21(x) 5

x 2 2
3

.

Intuitively, a function and its inverse “undo” each other. That is, for any function f(x)

and its inverse f 21(x), we have f(f 21(x)) 5 f 21(f(x)) 5 x.

Example 3

Demonstrate that the function f(x) 5 3x 1 2 and its inverse “undo” each other.

Consider f(x) 5 3x 1 2.

As we saw in Example 2 above, f 21(x) 5
x 2 2

3
.

Then, we have

f(f 21(x)) 5 f Sx 2 2
3 D 5 3Sx 2 2

3 D 1 2 5 x 2 2 1 2 5 x.

Similarly, we can show that f 21(f(x)) 5 x. Thus, since f(3) 5 11, we have f 21(11) 5 3.
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Graphs of Functions

Functions can be graphed on a coordinate axis by plotting domain values along the x-axis and

the corresponding y values along the y-axis. A function of the form f(x) 5 c, where c is any

constant, is called a constant function, and its graph will always be a horizontal line. A

function of the form f(x) 5 mx 1 b, where m and b are constants, is called a linear function. Its

graph will always be a straight line that crosses the y-axis at b and has a slope of m. (This

means that for every unit that the graph runs horizontally, it rises m units vertically.) Finally,

a graph of the form

f(x) 5 axn 1 bxn21 1 cxn22 1 ... 1 kx2 1 mx 1 p

where n is a positive integer, and a, b, c, ..., k, m, p are real numbers, is called a polynomial

function. If n 5 2, the function looks like f(x) 5 ax2 1 bx 1 c. Such a function is called a

polynomial function of degree 2, and its graph is a parabola.

Examples

Graph the following functions: f(x) 5 3x 1 4, g(x) 5 x2 1 2x 1 1.

The function f(x) 5 3x 1 4 is linear, so we only need 2 values to draw the graph.

Since f(0) 5 4, and f(1) 5 7, we have

The function g(x) 5 x2 1 2x 1 1 is quadratic, and, thus, the graph will be a

parabola. We need to find several points in order to graph the function

g~0! 5 1
g~1! 5 4
g~2! 5 9

g~21! 5 0
g~22! 5 1
g~23! 5 4
g~24! 5 9
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EXERCISE: FUNCTIONS

Directions: Solve the following problems.

1. If f(x) 5 3 2 2x, find f(24) and f(11).

2. State the domain and range of the following functions:

a. f(x) 5 3x2 2 2x 1 1

b. g~x! 5
1
x

3. If f(x) 5 x2 and g(x) 5 2x 2 6, find the following functions:
(f 1 g)(x), (f 3 g)(x), (f + g)(x), (f + f)(x), g21(x)

4. Graph the following functions:

a. f(x) 5 2x 2 3
b. g(x) 5 x2 1 2x 1 2

5. If f(x) 5 4 2 3x, find f(25) and f(13).

6. What is the domain of the function y 5 =x 1 3?

In the problems below, f(x) 5 x2 and g(x) 5 4x 2 2.
Find the following functions:

7. (f 1 g)(x)

8. (f 3 g)(x)

9. (f + g)(x)

10. (f + f)(x)

11. Find the inverse of f(x) 5 5x 1 2.
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ANSWERS AND EXPLANATIONS

1. If f(x) 5 3 2 2x, f(24) 5 3 2 2(24) 5 3 1 8 5 11, and
f(11) 5 3 2 2(11) 5 3 2 22 5 219.

2. a. f(x) 5 3x2 2 2x 1 1

The domain is all real numbers and range is the real numbers greater than or

equal to
2
3
.

b. g~x! 5
1
x

The domain is all real numbers except 0; the range is also all real numbers
except 0.

3. If f(x) 5 x2 and g(x) 5 2x 2 6,

~f 1 g!~x! 5 f~x! 1 g~x! 5 x2 1 2x 2 6

~f 3 g!~x! 5 f~x!g~x! 5 x2~2x 2 6! 5 2x3 2 6x2

~f + g!~x! 5 f~g~x!! 5 f~2x 2 6! 5 ~2x 2 6!2 5 4x2 2 24x 1 36

~f + f!~x! 5 f~f~x!! 5 f~x2! 5 x4.

To find g21(x), write g(x) as y 5 2x 2 6.

Switch x and y and solve for y.
x 5 2y 2 6

2y 5 x 1 6

y 5
x 1 6

2
. Therefore, g21~x! 5

x 1 6
2

.

4. a. Since f(x) is linear, we only need two points to draw the graph. Let’s use f(0) 5

23 and f(3) 5 3. Then, the graph is:

a
n

sw
e

rs
............................................................................................
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b. g(x) is a quadratic function. We will need to find a series of values until we are
able to determine the shape of the graph.

g~0! 5 2
g~1! 5 5
g~2! 5 10

g~21! 5 1
g~22! 5 2
g~23! 5 5
g~24! 5 10

Drawing the graph, we can see that it is parabolic in shape:

5. f(25) 5 4 2 3(25) 5 19

f(13) 5 4 2 3(13) 5 4 2 39 5 235

6. y 5 =x 1 3 The domain is {x ? x ≥ 23}.

7. (f 1 g)(x) 5 x21 4x 2 2

8. (f 3 g)(x) 5 x2(4x 2 2) 5 4x3 2 2x2

9. (f + g)(x) 5 f(4x 2 2) 5 (4x 2 2)25 16x2 2 16x 1 4

10. (f + f)(x) 5 (x2)25 x4

11. Write f(x) 5 5x 1 2 as y 5 5x 1 2. Switch x and y to get x 5 5y 1 2. Solve for y to

get y 5
x 2 2

5
. Thus, f21(x) 5

x 2 2
5

.
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SUMMING IT UP

• In complex questions, don’t look for easy solutions.

• Keep the negatives and positives straight when doing polynominal math.
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Geometry and
Measurement Review

OVERVIEW
• Plane geometry

• Three-dimensional geometry

• Coordinate geometry

• Trigonometry

• Trignometric functions of the general angle

• Solving triangles

• Scalars and vectors

• Graphs of trigonometric functions

• Summing It Up

PLANE GEOMETRY
There are a significant number of plane geometry questions on the Level 1

test. While plane geometry is not specifically tested on the Level 2 test, plane

geometry is crucial background for a number of other topics, such as

coordinate geometry and trigonometry, that are on the Level 2 test. Thus, it is

recommended that you review the following plane geometry sections.

Plane geometry is the science of measurement. Certain assumptions are made

about undefined quantities called points, lines, and planes, and then logical

deductions about relationships between figures composed of lines, angles, and

portions of planes are made based on these assumptions. The process of

making the logical deductions is called a proof. In this summary, we are not

making any proofs but are giving the definitions frequently used in geometry

and stating relationships that are the results of proofs.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .c
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Lines and Angles
ANGLES

A line in geometry is always assumed to be a straight line. When two lines meet at a point,

they form an angle. The lines are called sides or rays of the angle, and the point is called the

vertex. The symbol for angle is ∠. When no other angle shares the same vertex, the name of

the angle is the name given to the vertex, as in angle A:

An angle may be named with three letters. In the following example, B is a point on one side

and C is a point on the other. In this case, the name of the vertex must be the middle letter,

and we have angle BAC.

Occasionally, an angle is named by a number or small letter placed in the angle.

2

Angles are usually measured in degrees. An angle of 30 degrees, written 30°, is an angle

whose measure is 30 degrees. Degrees are divided into minutes; 608 (read “minutes”) 5 1°.

Minutes are further divided into seconds; 609 (read “seconds”) 5 18.
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VERTICAL ANGLES

When two lines intersect, four angles are formed. The angles opposite each other are called

vertical angles and are congruent to each other.

a and c are vertical angles.

∠a ≅ ∠c.

b and d are vertical angles.

∠b ≅ ∠d.

STRAIGHT ANGLES

A straight angle has its sides lying along a straight line. It is always equal to 180°.

m∠ABC 5 m∠B 5 180°.

∠B is a straight angle.

ADJACENT ANGLES

Two angles are adjacent if they share the same vertex and a common side but no angle is

inside another angle. ∠ABC and ∠CBD are adjacent angles. Even though they share a

common vertex B and a common side AB$, ∠ABD and ∠ABC are not adjacent angles because

one angle is inside the other.

SUPPLEMENTARY ANGLES

If the sum of two angles is a straight angle (180°), the two angles are supplementary and each

angle is the supplement of the other.
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∠G is a straight angle and measures 180°.

m∠a 1 m∠b 5 180°

∠a and ∠b are supplementary angles.

RIGHT ANGLES

If two supplementary angles are congruent, they are both right angles. A right angle is one

half a straight angle. Its measure is 90°. A right angle is symbolized by N .

∠G is a straight angle.

m∠b 1 m∠a 5 m∠G, and m∠a 5 m∠b. ∠a and ∠b are right angles.

COMPLEMENTARY ANGLES

Complementary angles are two angles whose sum is a right angle (90°).

∠Y is a right angle.

m∠a 1 m∠b 5 m∠Y 5 90°.

∠a and ∠b are complementary angles.

ACUTE ANGLES

Acute angles are angles whose measure is less than 90°. No two acute angles can be

supplementary angles. Two acute angles can be complementary angles.

∠C is an acute angle.

OBTUSE ANGLES

Obtuse angles are angles that are greater than 90° and less than 180°.
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∠D is an obtuse angle.

Example 1

In the following figure, what is the value of x?

30
2

Since the two labeled angles are supplementary angles, their sum is 180°.

~x 1 30°! 1 2x 5 180°

3x 5 150°

x 5 50°

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

Chapter 7: Geometry and Measurement Review 181

www.petersons.com



Example 2

Find the value of x in the figure below.

40˚

2

Since the two labeled angles are vertical angles, they are congruent.

x 1 40° 5 2x

40° 5 x

Example 3

If angle Y is a right angle and angle b measures 30°158, what does angle a measure?

Since angle Y is a right angle, angles a and b are complementary angles and their

sum is 90°.

m∠a 1 m∠b 5 90°

m∠a 1 30°158 5 90°

m∠a 5 59°458
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Example 4

In the figure below, what is the value of x?

The angle that is vertical to the angle labeled x° also has a measure of x°. This angle,

along with those labeled 83° and 47°, form a straight line and are thus supplementary.

Therefore:

83 1 47 1 x 5 180

130 1 x 5 180

x 5 50

The value of x is 50°.

Lines

A line in geometry is always assumed to be a straight line. It extends infinitely far in both

directions. It can be determined if two of its points are known. It can be expressed in terms of

the two points, which are written as capital letters. The following line is called AB
↔

.

Or a line may be given one name with a small letter. The following line is called line k.

A line segment is a part of a line between two endpoints. It is named by its endpoints, for

example, A and B.

AB is a line segment. It has a definite length.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

Chapter 7: Geometry and Measurement Review 183

www.petersons.com



If point P is on the line and is the same distance from point A as from point B, then P is the

midpoint of AB. When we say AP 5 PB, we mean that the two line segments have the same

length.

A part of a line with one endpoint is called a ray. ACW is a ray, of which A is an endpoint. The

ray extends infinitely in the direction away from the endpoint.

PARALLEL LINES

Two lines meet or intersect if there is one point that is on both lines. Two different lines may

either intersect at one point or never meet, but they can never meet at more than one point.

Two lines in the same plane that never meet no matter how far they are extended are said to

be parallel, for which the symbol is \. In the following diagram, a \ b.

If two lines in the same plane are parallel to a third line, they are parallel to one another.

Since a \ b and b \ c, we know that a \ c.
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Two lines that meet one another at right angles are said to be perpendicular, for which the

symbol is ⊥. Line a is perpendicular to line b.

Two lines in the same plane that are perpendicular to the same line are parallel to each other.

Line a ⊥ line c and line b ⊥ line c.

Therefore, a \ b.

A line intersecting two other lines is called a transversal. Line c is a transversal intersecting

lines a and b.

The transversal and the two given lines form eight angles. The four angles between the given

lines are called interior angles; the four angles outside the given lines are called exterior

angles. If two angles are on opposite sides of the transversal, they are called alternate angles.

∠z, ∠w, ∠q, and ∠p are interior angles.

∠y, ∠x, ∠s, and ∠r are exterior angles.

∠z and ∠p are alternate interior angles; so are ∠w and ∠q.

∠y and ∠s are alternate exterior angles; so are ∠x and ∠r.
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Pairs of corresponding angles are ∠y and ∠q, ∠z and ∠r, ∠x and ∠p, and, ∠w and ∠s.

Corresponding angles are sometimes called exterior-interior angles.

When the two given lines cut by a transversal are parallel lines:

1. the corresponding angles are congruent.

2. the alternate interior angles are congruent.

3. the alternate exterior angles are congruent.

4. interior angles on the same side of the transversal are supplementary.

a

b

If line a is parallel to line b:

1. m∠y ≅ m∠q, m∠z ≅ m∠r, m∠x ≅ m∠p, and m∠w ≅ m∠s.

2. m∠z ≅ m∠p and m∠w ≅ m∠q.

3. m∠y ≅ m∠s and m∠x ≅ m∠r.

4. m∠z 1 m∠q 5 180° and m∠p 1 m∠w 5 180°.

Because vertical angles are equal, m∠p ≅ m∠r, m∠q ≅ m∠s, m∠y ≅ m∠w, and m∠x ≅ m∠z. If

any one of the four conditions for equality of angles holds true, the lines are parallel; that is,

if two lines are cut by a transversal and one pair of the corresponding angles is congruent, the

lines are parallel. If a pair of alternate interior angles or a pair of alternate exterior angles is

congruent, the lines are parallel. If interior angles on the same side of the transversal are

supplementary, the lines are parallel.
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Example 1

In the figure below, two parallel lines are cut by a transversal. Find the measure of

angle y.

3 50˚

2

The two labeled angles are supplementary.

2x 1 ~3x 1 50°! 5 180°

5x 5 130°

x 5 26°

Since ∠y is vertical to the angle whose measure is 3x 1 50°, it has the same measure.

y 5 3x 1 50° 5 3(26°) 1 50° 5 128°

Example 2

In the figure above, two parallel lines are cut by a transversal. Find x.

The two labeled angles are alternate interior angles and thus are congruent. There-

fore:

5x 2 20 5 3x

2x 5 20

x 5 10

x is 10°.
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Polygons
A polygon is a closed plane figure composed of line segments joined together at points called

vertices (singular, vertex). A polygon is usually named by giving its vertices in order.

Polygon ABCDE

In the figure above, points A, B, C, D, and E are the vertices, and the sides are AB, BC, CD,

DE, and EA. AB and BC are adjacent sides, and A and B are adjacent vertices. A diagonal of

a polygon is a line segment joining any two nonadjacent vertices. EB is a diagonal.

Polygons are named according to the number of sides or angles. A triangle is a polygon with

three sides, a quadrilateral a polygon with four sides, a pentagon a polygon with five sides,

and a hexagon a polygon with six sides. The number of sides is always equal to the number of

angles.

The perimeter of a polygon is the sum of the lengths of its sides. If the polygon is regular (all

sides congruent and all angles congruent), the perimeter is the product of the length of one

side and the number of sides.
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CONGRUENT AND SIMILAR POLYGONS

If two polygons have equal corresponding angles and equal corresponding sides, they are said

to be congruent. Congruent polygons have the same size and shape. They are the same in all

respects except possibly position. The symbol for congruence is ≅.

When two sides of congruent or different polygons are congruent, we indicate the fact by

drawing the same number of short lines through the congruent sides.

This indicates that AB 5 EF and CD 5 GH.

Two polygons with congruent corresponding angles and corresponding sides in proportion are

said to be similar. The symbol for similar is z.

Similar figures have the same shape but not necessarily the same size.

A regular polygon is a polygon whose sides are congruent and whose angles are congruent.
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Triangles
A triangle is a polygon of three sides. Triangles are classified by measuring their sides and

angles. The sum of the measures of the angles of a plane triangle is always 180°. The symbol

for a triangle is D. The sum of the length of any two sides of a triangle is always greater than

the length of the third side.

EQUILATERAL

Equilateral triangles have congruent sides and congruent angles. Each angle measures 60°

because
1
3
(180°) 5 60°.

AB 5 AC 5 BC.

m∠A 5 m∠B 5 m∠C 5 60°.

ISOSCELES

Isosceles triangles have at least two congruent sides. The angles opposite the congruent sides

are congruent. The two congruent angles are sometimes called the base angles, and the third

angle is called the vertex angle. Note that an equilateral triangle is isosceles.

FG 5 FH.

FG Þ GH.

m∠G 5 m∠H.

∠F is the vertex angle.

∠G and ∠H are base angles.
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SCALENE

Scalene triangles have all three sides of different length and all angles of different measure.

In scalene triangles, the shortest side is opposite the angle of smallest measure, and the

longest side is opposite the angle of greatest measure.

AB . BC . CA; therefore, m∠C . m∠A . m∠B.

Example 1

In triangle XYZ, m∠Y is twice m∠X, and m∠Z is 40° more than m∠Y. How many

degrees are in each angle?

Solve this problem just as you would an algebraic word problem, remembering that

there are 180° in a triangle.

Let x 5 the number of degrees in ∠X.

Then 2x 5 the number of degrees in ∠Y

and 2x 1 40 5 the number of degrees in ∠Z.

Thus,

x 1 2x 1 ~2x 1 40! 5 180

5x 1 40 5 180

5x 5 140

x 5 28°

Therefore, the measure of ∠X is 28°, the measure of ∠Y is 56°, and the measure of ∠Z

is 96°.

Example 2

In the figure below, the two lines are parallel. What is the value of x?
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Corresponding angles are congruent, so ∠ARS is also 130°. ∠SRT is the supplement of

∠ARS and thus measures 50°. By the property of vertical angles, we have m∠STR 5

70°. Finally, since the sum of the angles in triangle SRT is 180°, we have:

x 1 50 1 70 5 180

x 1 120 5 180

x 5 60°.

RIGHT

Right triangles contain one right angle. Since the right angle measures 90°, the other two

angles are complementary. They may or may not be congruent to one another. The side of a

right triangle opposite the right angle is called the hypotenuse. The other two sides are called

legs. The Pythagorean theorem states that the square of the length of the hypotenuse is equal

to the sum of the squares of the lengths of the legs.

AC is the hypotenuse.

AB and BC are legs.

m∠B 5 90°.

m∠A 1 m∠C 5 90°.

a2 1 c2 5 b2.
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Example 1

A. If DABC is a right triangle with right angle at B, and if AB 5 6 and BC 5 8, what

is the length of AC?

AB2 1 BC2 5 AC2

62 1 82 5 36 1 64 5 100 5 AC2

AC 5 10

B. If the measure of angle A is 30°, what is the measure of angle C ?

Since angles A and C are complementary:

30° 1 C 5 90°

C 5 60°

If the lengths of the three sides of a triangle are a, b, and c and the relation

a2 1 b2 5 c2 holds, the triangle is a right triangle and side c is the hypotenuse.

Example 2

Show that a triangle of sides 5, 12, and 13 is a right triangle.

The triangle will be a right triangle if a2 1 b2 5 c2.

52 1 122 5 132

25 1 144 5 169

Therefore, the triangle is a right triangle and 13 is the length of the hypotenuse.

Example 3

A plane takes off from the airport in Buffalo and flies 600 miles to the north and then

flies 800 miles to the east to City C. What is the straight-line distance from Buffalo to

City C?

As the diagram above shows, the required distance x is the hypotenuse of the triangle.
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Thus,

~600!2 1 ~800!2 5 x2

360,000 1 640,000 5 x2

1,000,000 5 x2

x 5 =1,000,000 5 1,000

Thus, the distance from Buffalo to City C is 1,000 miles.

AREA OF A TRIANGLE

An altitude (or height) of a triangle is a line segment dropped as a perpendicular from any

vertex to the opposite side. The area of a triangle is the product of one half the altitude and

the base of the triangle. (The base is the side opposite the vertex from which the

perpendicular was drawn.)

Altitudes

Example 1

What is the area of a right triangle with sides 5, 12, and 13?

As the picture above shows, the triangle has hypotenuse 13 and legs 5 and 12. Since

the legs are perpendicular to one another, we can use one as the height and one as the

base of the triangle. Therefore, we have:

A 5
1
2

• bh

A 5
1
2
~12!~5!

A 5 30

The area of the triangle is 30.
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Example 2

Find the area A of the following isosceles triangle.

In an isosceles triangle, the altitude from the vertex angle bisects the base (cuts it in half).

The first step is to find the altitude. By the Pythagorean theorem, a2 1 b2 5 c2; c 5

13, a 5 h, and b 5
1
2
(10) 5 5.

h2 1 52 5 132

h2 1 25 5 169

h2 5 144

h 5 12

A 5
1
2

• base • height

5
1
2

• 10 • 12

5 60

SIMILARITY

Two triangles are similar if all three pairs of corresponding angles are congruent. The sum of

the measures of the three angles of a triangle is 180°; therefore, if the measures of two angles

of triangle I equal the measures of two corresponding angles of triangle II, the measure of the

third angle of triangle I must be congruent to the measure of the third angle of triangle II and

the triangles are similar. The lengths of the sides of similar triangles are in proportion to each

other. A line drawn parallel to one side of a triangle divides the triangle into two portions, one

of which is a triangle. The new triangle is similar to the original triangle.

DABE z DACD
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Example 1

In the following figure, if AC 5 28 feet, AB 5 35 feet, BC 5 21 feet, and EC 5 12 feet,

find the length of DC if DE \ AB.

Because DE \ AB, DCDE z DCAB. Since the triangles are similar, their sides are in

proportion:

DC
AC

5
EC
BC

DC
28

5
12
21

DC 5
12 • 28

21
5 16 feet

Example 2

A pole that is sticking out of the ground vertically is 10 feet tall and casts a shadow of

6 feet. At the same time, a tree next to the pole casts a shadow of 24 feet. How tall is

the tree?

Below is a diagram of the tree and the pole. At the same time of the day, nearby

objects and their shadows form similar triangles.
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Call the height of the tree T. Then we can write a proportion between the correspond-

ing sides of the triangles.

10
T

5
6
24

To solve this proportion, multiply by 24T.

24 3 10 5 6T

240 5 6T

T 5 40

The tree is 40 feet tall.

Quadrilaterals
A quadrilateral is a polygon of four sides. The sum of the measures of the angles of a

quadrilateral is 360°. If the opposite sides of a quadrilateral are parallel, the quadrilateral is

a parallelogram. Opposite sides of a parallelogram are congruent and so are opposite angles.

Any two consecutive angles of a parallelogram are supplementary. A diagonal of a

parallelogram divides the parallelogram into congruent triangles. The diagonals of a

parallelogram bisect each other.

AD \ BC m∠A 1 m∠B 5 180°
AD 5 BC DABD ≅ DCDB
AB \ DC DABC ≅ DCDA
AB 5 DC AP 5 PC

m∠D 5 m∠B BP 5 PD
m∠A 5 m∠C
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DEFINITIONS

A rhombus is a parallelogram with four congruent sides. The diagonals of a rhombus are

perpendicular to each other.

A rectangle is a parallelogram with four right angles. The diagonals of a rectangle are congruent

and can be found using the Pythagorean theorem if the sides of the rectangle are known.

AB2 1 BC2 5 AC2

A square is a rectangle with four congruent sides.

A trapezoid is a quadrilateral with only one pair of parallel sides, called bases. The

nonparallel sides are called legs.

AD \ BC

AD and BC are bases

AB and DC are legs

h 5 altitude
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FINDING AREAS

The area of any parallelogram is the product of the base and the height, where the height is

the length of an altitude, a line segment drawn from a vertex perpendicular to the base.

Since rectangles and squares are also parallelograms, their areas follow the same formula.

For a rectangle, the altitude is one of the sides, and the formula is length times width. Since

a square is a rectangle for which length and width are the same, the area of a square is the

square of its side.

The area of a trapezoid is the height times the average of the two bases. The formula is:

A 5 h
b1 1 b2

2

The bases are the parallel sides, and the height is the length of an altitude to one of the bases.

Example 1

Find the area of a square whose diagonal is 12 feet. Let s 5 side of square. By the

Pythagorean theorem:

s2 1 s2 5 122

2s2 5 144

s2 5 72

s 5 =72

Use only the positive value because this is the side of a square.

Since A 5 s2

A 5 72 square feet
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Example 2

Find the altitude of a rectangle if its area is 320 and its base is 5 times its altitude.

Let altitude 5 h. Then base 5 5h. Since A 5 bh,

A 5 ~5h!~h! 5 320

5h2 5 320

h2 5 64

h 5 8

If a quadrilateral is not a parallelogram or trapezoid but is irregularly shaped, its area can be

found by dividing it into triangles, attempting to find the area of each, and adding the results.

Example 3

The longer base of a trapezoid is 4 times the shorter base. If the height of the trap-

ezoid is 6 and the area is 75, how long is the longer base?

Recall that the area of a trapezoid is given by the formula

A 5 h
b1 1 b2

2
.

Let b1 represent the shorter base. Then the longer base is b2 5 4b1, and we have

A 5 6
b1 1 4b1

2
5 6

5b1

2
5 15b. Since the area is 75, we get

75 5 15b1

b1 5 5.

Thus, the short base is 5 and the long base is 20.
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Circles
DEFINITIONS

Circles are closed plane curves with all points on the curve equally distant from a fixed point

called the center. The symbol ( indicates a circle. A circle is usually named by its center. A line

segment from the center to any point on the circle is called the radius (plural, radii). All radii

of the same circle are congruent.

C 5 center

CP 5 radius 5 r

A chord is a line segment whose endpoints are on the circle. A diameter of a circle is a chord

that passes through the center of the circle. A diameter, the longest distance between two

points on the circle, is twice the length of the radius. A diameter perpendicular to a chord

bisects that chord.

AB is a chord.

C is the center.

DE is a diameter.

FG is a diameter.

AB ⊥ DE so AP 5 PB.
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A central angle is an angle whose vertex is the center of a circle and whose sides are radii of

the circle. An inscribed angle is an angle whose vertex is on the circle and whose sides are

chords of the circle.

∠ACB is a central angle.

∠RST is an inscribed angle.

An arc is a portion of a circle. The symbol ∩ is used to indicate an arc. Arcs are usually

measured in degrees. Since the entire circle is 360°, a semicircle (half a circle) is an arc of

180°, and a quarter of a circle is an arc of 90°.

∩
ABD is an arc.

∩
AB is an arc.

∩
BD is an arc.

A central angle is equal in measure to the measure of its intercepted arc.
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An inscribed angle is equal in measure to one half the measure of its intercepted arc. An angle

inscribed in a semicircle is a right angle because the semicircle has a measure of 180°, and the

measure of the inscribed angle is one half of that.

∩
mDA 5 180°; therefore, m∠DBA 5 90°.

PERIMETER AND AREA

The perimeter of a circle is called the circumference. The length of the circumference is pd,

where d is the diameter, or 2pr, where r is the radius. The number p is irrational and can be

approximated by 3.14159..., but in problems dealing with circles, it is best to leave p in the

answer. There is no fraction exactly equal to p.

Example 1

If the circumference of a circle is 8p feet, what is the radius?

Since C 5 2pr 5 8p, r 5 4 feet.

The length of an arc of a circle can be found if the central angle and radius are

known. Then the length of the arc is
n°

360°
(2pr), where the central angle of the arc is

n°. This is true because of the proportion:

Arc
Circumference

5
central angle

360°

Example 2

If a circle of radius 3 feet has a central angle of 60°, find the length of the arc inter-

cepted by this central angle.

Arc 5
60°
360°

(2p3) 5 p feet

The area A of a circle is pr2, where r is the radius. If the diameter is given instead of

the radius,

A 5 p~d2!
2

5
pd2

4
.
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Example 3

Find the area of a circular ring formed by two concentric circles of radii 6 and 8

inches, respectively. (Concentric circles are circles with the same center.)

The area of the ring will equal the area of the large circle minus the area of the small

circle.

Area of ring 5 p82 2 p62

5 p~64 2 36!

5 28p square inches

Example 4

A square is inscribed in a circle whose diameter is 10 inches. Find the difference

between the area of the circle and that of the square.

If a square is inscribed in a circle, the diagonal of the square is the diameter of the

circle. If the diagonal of the square is 10 inches, then, by the Pythagorean theorem,

2s2 5 100

s2 5 50

The side of the square s is =50, and the area of the square is 50 square inches. If the

diameter of the circle is 10, its radius is 5 and the area of the circle is p52 5 25p

square inches. Then the difference between the area of the circle and the area of the

square is:

25p 2 50 square inches

5 25(p22) square inches.
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Distance Formula
In the arithmetic section, we described the Cartesian coordinate system when explaining how

to draw graphs representing linear equations. If two points are plotted in the Cartesian

coordinate system, it is useful to know how to find the distance between them. If the two

points have coordinates (a, b) and (p, q), the distance between them is:

d 5 =~a 2 p!2 1 ~b 2 q!2

This formula makes use of the Pythagorean theorem.

Example 1

Find the distance between the two points (23, 2) and (1, 21).

Let (a, b) 5 (23, 2) and (p, q) 5 (1, 21). Then:

d 5 =~2321!2 1 [2 2 ~21!]2

5 =~24!2 1 ~2 1 1!2

5 =~24!2 1 32

5 =16 1 9 5 =25 5 5

Example 2

What is the area of the circle that passes through the point (10, 8) and has its center

at (2, 2)?

We can use the distance formula to find the radius of the circle.

r 5 =~10 2 2!2 1 ~8 2 2!2 5 =82 1 62 5 =100 5 10

Thus, the radius of the circle is 10. The area would be A 5 pr2 5 p(10)2 5 100p.
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THREE-DIMENSIONAL GEOMETRY
DEFINITIONS

The volume of any three-dimensional solid figure represents the amount of space contained

within it. While area, as we have seen, is measured in square units, the volume of an object is

measured in cubic units, such as cubic feet, cubic meters, and cubic centimeters. One cubic

foot is defined as the amount of space contained within a cube that is 1 foot on each side.

There are several volume formulas for common solid figures with which you should be

familiar.

A rectangular solid is a six-sided figure whose sides are rectangles. The volume of a

rectangular solid is its length times its width times its height.

A cube is a rectangular solid whose sides are all the same length. The volume of a cube is the

cube of its side.

v 5 s3

The volume of a cylinder is equal to the area of its base times its height. Since the base is a

circle, the volume is V 5 pr2h.
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A pyramid has a rectangular base and triangular sides. Its area is given by the formula

V 5
1
3

lwh.

The volume of a cone is given by the formula V 5
1
3

pr2h.

Finally, the formula for the volume of a sphere is given by the formula V 5
4
3

pr3.

Example 1

What is the surface area of a cube whose volume is 125 cubic centimeters?

Since the formula for the volume of a cube is V 5 s3, we have

V 5 s3 5 125. Thus, s 5 =
3 125 5 5 centimeters.

If the side of the cube is 5 centimeters, the area of one of its faces is 52 5 25 square

centimeters. Since the cube has 6 faces, its surface area is 6 3 25 5 150 square

centimeters.

Example 2

The volume of a cylinder having a height of 12 is 144p. What is the radius of its base?

The formula for the volume of a cylinder is V 5 pr2h. Since V 5 144p and h 5 12, we have

144p 5 pr2(12).

Divide both sides by p.

144 5 12r2

12 5 r2

r 5 =12 5 2=3.

Thus, the radius of the base is 2=3.
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EXERCISE: GEOMETRY

Directions: Solve the following problems.

1. A chair is 5 feet from one wall of a room and 7 feet from the wall at a right angle to
it. How far is the chair from the intersection of the two walls?

2. In triangle XYZ, XZ 5 YZ. If the measure of angle Z has a°, how many degrees are
there in the measure of angle X?

3. In a trapezoid of area 20, the two bases measure 4 and 6. What is the height of the
trapezoid?

4. A circle is inscribed in a square whose side is 8. What is the area of the circle, in
terms of p?

5. PQ is the diameter of a circle whose center is R. If the coordinates of P are (8, 4)
and the coordinates of Q are (4, 8), what are the coordinates of R?

6. The volume of a cube is 64 cubic inches. What is its surface area?

7. The perimeter of scalene triangle EFG is 95. If FG 5 20 and EF 5 45, what is the
measure of EG?

8. In the diagram below, AB is parallel to CD. Find the measures of x and y.

9. In the triangle below, find the measures of the angles.

10. If the base of a parallelogram decreases by 20%, and the height increases by 40%, by
what percent does the area increase?
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11. In the circle below, AB 5 9 and BC 5 12. If AC is the diameter of the circle, what is
the length of the radius?

12. In the right triangle below, AB is twice BC. What is the length of BC?

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. As the drawing below shows, we need to find the length of the hypotenuse of a right
triangle with legs of 5 and 7. The formula tells us that 52 1 725 x2, or 74 5 x2.
Thus, x 5 =74 feet.

2. The diagram below shows that triangle XYZ is isosceles, and thus angle X and angle
Y are the same.

If we call the measure of these angles x°, we have x° 1 x° 1 a° 5 180°, or 2x° 1 a°

5 180°. From this we have 2x° 5 180° 2 a° or x° 5
180° 2 a°

2
.

3. The formula for the area of a trapezoid is A 5
1
2

h (b1 1 b2), where h is the height

and b1 and b2 are the bases. Substituting, we have 20 5
1
2

h (4 1 6) or 40 5 10h,

so h 5 4.

4. As the picture below shows, the diameter of the circle is 8 and the radius is 4.

Since A 5 pr2, we have A 5 p(42) 5 16p.
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5. The center of the circle is the midpoint of the diameter. The formula for the mid-
point of a line segment is

S~x1 1 x2!

2
,
~y1 1 y2!

2 D.

Thus, the center is at S12
2

,
12
2 D 5 (6, 6).

6. Since the volume of a cube is given by V 5 s3, where s is the side of the square, it
can be seen that s is 4 (since 43 5 64). Then, the surface area of one of the sides
is 4 3 4 5 16, and, since there are six sides in a cube, the surface area is
16 3 6 5 96 square inches.

7. 20 1 45 1 x 5 95
65 1 x 5 95

x 5 30

8. Since AB and CD are parallel, ∠BAC and ∠ACD are alternate interior angles, and
are therefore congruent. Thus, x 5 80. Similarly, ∠ABC is a corresponding angle to
∠DCE, and so y 5 70.

9. Since there are 180° in a triangle, we must have
3x 1 4x 1 5x 5 180

12x 5 180
x 5 15,

and 3x 5 45, 4x 5 60, and 5x 5 75. Thus, the angles in the triangle measure 45°,
60°, and 75°.

10. Let b 5 the length of the base and h 5 the height in the original parallelogram.
Then, the area of the original parallelogram is A 5 bh.

If the base decreases by 20 percent, it becomes .8b. If the height increases by 40
percent, it becomes 1.4h. The new area, then, is A 5 (.8b)(1.4)h 5 1.12bh, which is
12 percent greater than the original area.

11. Note that triangle ABC is a right triangle. Call the diameter d. Then, we have
92 1 122 5 d2, or
81 1 144 5 d2

225 5 d2

d 5 15.

If the diameter is 15, the radius is 7
1
2
.

12. Let the length of BC be x. Then, the length of AB is 2x. By the Pythagorean
theorem, we have
x2 1 ~2x!2 5 152

x2 1 4x2 5 225
5x2 5 225

x2 5 45

x 5 =45 5 =9 3 5.

The length of BC is 3=5.

a
n
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COORDINATE GEOMETRY
Both Level 1 and Level 2 tests contain coordinate geometry questions.

We have already seen that a coordinate system is an effective way to picture relationships

involving two variables. In this section, we will learn more about the study of geometry using

coordinate methods.

Lines
Recall that the general equation of a line has the following form:

Ax 1 By 1 C 5 0

where A and B are constants and are not both 0. This means that if you were to find all of the

points (x, y) that satisfy the above equation, they would all lie on the same line as graphed on

a coordinate axis.

If the value of B is not 0, a little algebra can be used to rewrite the equation in the form

y 5 mx 1 b

where m and b are two constants. Since the two numbers m and b determine this line, let’s see

what their geometric meaning is. First of all, note that the point (0, b) satisfies the above

equation. This means that the point (0, b) is one of the points on the line; in other words, the

line crosses the y-axis at the point b. For this reason, the number b is called the y-intercept of

the line.

To interpret the meaning of m, choose any two points on the line. Let us call these points

(x1, y1) and (x2, y2). Both of these points must satisfy the equation of the line above, and so:

y1 5 mx1 1 b and y2 5 mx2 1 b.

If we subtract the first equation from the second, we obtain

y2 2 y1 5 m(x2 2 x1)

and solving for m, we find

m 5
~y2 2 y1!

~x2 2 x1!
.

The above equation tells us that the number m in the equation y 5 mx 1 b is the ratio of the

difference of the y-coordinates to the difference of the x-coordinates. This number is called the

slope of the line. Therefore, the ratio m 5
~y2 2 y1!

~x2 2 x1!
is a measure of the number of units the line

rises (or falls) in the y direction for each unit moved in the x direction. Another way to say this
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is that the slope of a line is a measure of the rate at which the line rises (or falls). Intuitively,

a line with a positive slope rises from left to right; one with a negative slope falls from left to

right.

Because the equation y 5 mx 1 b contains both the slope and the y-intercept, it is called the

slope-intercept form of the equation of the line.

Example 1

Write the equation 2x 2 3y 5 6 in slope-intercept form.

To write the equation in slope-intercept form, we begin by solving for y.

23y 5 6 2 2x

3y 5 2x 2 6

y 5
2x
3

2
6
3

or

y 5
2x
3

2 2

Thus, the slope of the line is
2
3
, and the y-intercept is 22.

This, however, is not the only form in which the equation of the line can be written.

If the line contains the point (x1, y1), its equation can also be written as:

y 2 y1 5 m(x 2 x1).

This form of the equation of a line is called the point-slope form of the equation of a line, since

it contains the slope and the coordinates of one of the points on the line.

Example 2

Write the equation of the line that passes through the point (2, 3) with slope 8 in

point-slope form.

In this problem, m 5 8 and (x1, y1) 5 (2, 3). Substituting into the point-slope form of

the equation, we obtain

y 2 3 5 8(x 2 2)

Two lines are parallel if and only if they have the same slope. Two lines are perpendicular if

and only if their slopes are negative inverses of one another. This means that if a line has a

slope m, any line perpendicular to this line must have a slope of 2
1
m

. Also note that a

horizontal line has a slope of 0. For such a line, the slope-intercept form of the equation

simplifies to y 5 b.
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Finally, note that if B 5 0 in the equation Ax 1 By 1 C 5 0, the equation simplifies to

Ax 1 C 5 0

and represents a vertical line (a line parallel to the y-axis) that crosses the x-axis at 2
C
A

. Such

a line is said to have no slope.

Example 3

Find the slope and the y-intercept of the following lines.

a. y 5 5x 2 7

b. 3x 1 4y 5 5

a. y 5 5x 2 7 is already in slope-intercept form. The slope is 5, and the y-intercept

is 27.

b. Write 3x 1 4y 5 5 in slope-intercept form:

4y 5 23x 1 5

y 5 S2
3
4Dx 1 S5

4D
The slope is 2

3
4
, and the y intercept is

5
4
. This means that the line crosses the y -axis

at the point
5
4
, and for every 3 units moved in the x direction, the line falls 4 units in

the y direction.

Example 4

Find the equations of the following lines:

a. the line containing the points (4, 5) and (7,11)

b. the line containing the point (6, 3) and having slope 2

c. the line containing the point (5, 2) and parallel to y 5 4x 1 7

d. the line containing the point (22, 8) and perpendicular to y 5 22x 1 9

Solutions to Example 4

a. First, we need to determine the slope of the line.

m 5
~11 2 5!

~7 2 4!
5

6
3

5 2.

Now, using the point-slope form:

y 2 5 5 2(x 2 4).

If desired, you can change this to the slope-intercept form: y 5 2x 2 3.
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b. Since we know the slope and a point on the line, we can simply plug into the

point-slope form:

y 2 3 5 m(x 2 6) to obtain

y 2 3 5 2(x 2 6).

c. The line y 5 4x 1 7 has a slope of 4. Thus, the desired line can be written

as y 2 2 5 4(x 2 5).

d. The line y 5 22x 1 9 has a slope of 22. The line perpendicular to this one has a

slope of
1
2
. The desired line can be written as y 2 8 5 S1

2D (x 1 2).

Circles
From a geometric point of view, a circle is the set of points in a plane, each of whose members

is the same distance from a particular point called the center of the circle. We can determine

the equation of a circle by manipulating the distance formula.

Suppose that we have a circle whose radius is a given positive number r and whose center lies

at the point (h, k). If (x, y) is a point on the circle, then its distance from the center of the circle

would be

=~x 2 h!2 1 ~y 2 k!2

and since this distance is r, we can say

=~x 2 h!2 1 ~y 2 k!2 5 r.

Squaring both sides, we get the following result: the equation of a circle whose center is at

(h, k) and whose radius is r is given by:

(x 2 h)2 1 (y 2 k)2 5 r2

Example 1

Find the equation of the circle with radius 7 and center at (0, 25).

Substituting into the formula above, we obtain x2 1 (y 1 5)2 5 49.

Example 2

Describe the set of points (x, y) with the property that x2 1 y2 . 25.

The equation x2 1 y2 5 25 describes a circle, centered at the origin, with radius 5. The

given set contains all of the points that are outside this circle.
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EXERCISE: COORDINATE GEOMETRY

Directions: Solve the following problems.

1. Find the slope of the line containing the points (22, 24) and (2, 4).

2. Find the slope of the line given by the equation 4x 1 5y 5 7.

3. Find the equation of the line with y-intercept 4 and x-intercept 7.

4. Find the equation of the line through the point (7, 2) and having the same slope as
the line through (2, 4) and (3, 21).

5. Find the equation of the line through (22, 3) and perpendicular to the line
2x 2 3y 5 4.

6. What are the center and the radius of the circle given by the equation
(x 2 3)2 1 (y 1 7)2 5 81?

7. Write the equation 4x 2 5y 5 12 in slope-intercept form.

8. Find the equation of the line parallel to x 5 7 and containing the point (3, 4).

9. Write an inequality that represents all of the points inside the circle centered at
(4, 5) with radius 4.

10. Find the equation of the line perpendicular to x 5 23, containing the point (23, 26).

11. Find the slope of the line containing the points (24, 6), and (2, 6).
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ANSWERS AND EXPLANATIONS

1. If (x1, y1) and (x2, y2) are two points on a line, the slope is given by slope 5
~y2 2 y1!

~x2 2 x1!
.

For the two given points, (22, 24) and (2, 4), the slope is:

slope 5
~y2 2 y1!

~x2 2 x1!

5
~4 2 ~24!!

~2 2 ~22!!

5
~4 1 4!

~2 1 2!

5
8
4

5 2.

2. The easiest way to find the slope of the line is to rewrite the equation in the slope-
intercept form.
4x 1 5y 5 7 Subtract 4x.

5y 5 24x 1 7 Divide by 5.

y 5 S24
5 Dx 1 S7

5D.

The slope of the line is the coefficient of x, that is,
24
5

.

3. The line has y-intercept 4, which means it passes through (0,4); it also has x-
intercept 7, which means it passes through (7,0).

By the formula, slope 5
~y2 2 y1!

~x2 2 x1!
5

~420!

~0 27!
5

24
7

. Since we know the slope and the

y-intercept, we can simply plug into the slope-intercept form, y 5 mx 1 b, and get

y 5 S24
7 Dx 1 4.

4. The line through (2, 4) and (3, 21) has slope
~4 2 ~21!!

~2 2 3!
5

5
~21!

5 25. Then, using

the point-slope form, the desired line can be written as y 2 2 5 25(x2 7).

5. The line 2x 2 3y 5 4 can be rewritten as 23y 5 22x 1 4, or y 5 S2
3Dx 2 S4

3D.

Therefore, its slope is
2
3
, and the line perpendicular to it would have slope

23
2

.

Then, using the point-slope form, the requested line can be written as

y 23 5 S23
2 D~x 1 2!.

6. The general form for the equation of a circle is (x 2 h)2 1 (y 2 k)2 5 r2, where (h, k)
is the center and r is the radius. In this case, the given equation can be written as
(x 2 3)2 1 (y 2 (27))2 5 92. Therefore, the center is (3, 27) and the radius is 9.

a
n

sw
e

rs
............................................................................................
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7. To write the equation in slope-intercept form, we begin by solving for y
4x 2 5y 5 12

25y 5 24x 1 12

y 5
24x
25

1
12
25

5
4x
5

2
12
5

.

Thus, the equation in slope-intercept form is

y 5
4x
5

2
12
5

.

The slope is
4
5
, and the y-intercept is 2

12
5

.

8. Since x 5 7 is vertical, any line parallel to x 5 7 will also be vertical. The line
parallel to x 5 7 through (3, 4) is x 5 3.

9. The equation of the circle with center at (4, 5) with radius 4 is (x 2 4)2 1 (y 2 5)2 5 42

5 16. The points inside this circle are given by the inequality (x 2 4)2 1 (y 2 5)2 , 16.

10. The line x 5 23 is vertical, so any line perpendicular to it is horizontal. The
horizontal line through the point (23, 26) is y 5 26.

11. The slope of the line containing the points (24, 6) and (2, 6) is m 5
6 2 6

2 2 ~24!
5

0
6

5 0.

Thus, the line is horizontal.
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TRIGONOMETRY
There are trigonometry questions on both levels of math tests. However, the trigonometry on

Level 2 goes quite a bit beyond what is required for Level 1. Therefore, students who plan to

take Level 1 need to read only a portion of the following section. The point where those taking

1 can stop reviewing and move on to the next section is clearly indicated.

The Trigonometric Ratios
Every right triangle contains two acute angles. With respect to each of these angles, it is

possible to define six ratios, called the trigonometric ratios, each involving the lengths of two

of the sides of the triangle. For example, consider the following triangle ABC.

In this triangle, AC is called the side adjacent to angle A, and BC is called the side

opposite angle A. Similarly, AC is called the side opposite angle B, and BC is called the side

adjacent to angle B. Of course, AB is referred to as the hypotenuse with respect to both angles

A and B.

The six trigonometric ratios with respect to angle A, along with their standard abbreviations,

are given below:

Sine of angle A 5 sin A 5
opposite

hypotenuse
5

BC
AB

Cosine of angle A 5 cos A 5
adjacent

hypotenuse
5

AC
AB

Tangent of angle A 5 tan A 5
opposite
adjacent

5
BC
AC

Cotangent of angle A 5 cot A 5
adjacent
opposite

5
AC
AB

Secant of angle A5 sec A 5
hypotenuse

adjacent
5

AB
AC

Cosecant of angle A5 csc A 5
hypotenuse

opposite
5

AB
BC
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The last three ratios are actually the reciprocals of the first three, in particular:

cot A 5
1

tan A

sec A 5
1

cos A

csc A 5
1

sin A

Also note that:

sin A
cos A

5 tan A, and
cos A
sin A

5 cot A.

In order to remember which of the trigonometric ratios is which, you can memorize the

well-known acronym: SOH2CAH2TOA. This stands for: Sine is Opposite over Hypotenuse,

Cosine is Adjacent over Hypotenuse, Tangent is Opposite over Adjacent.

Example 1

Consider right triangle DEF below, whose sides have the lengths indicated. Find sin D, cos D,

tan D, sin E, cos E, and tan E.

sin D 5
EF
ED

5
12
13

sin E 5
DF
ED

5
5

13

cos D 5
DF
ED

5
5

13
cos E 5

EF
ED

5
12
13

tan D 5
EF
DF

5
12
5

tan E 5
DF
EF

5
5

12

Note that the sine of D is equal to the cosine of E, and the cosine of D is equal to the sine of E.
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Example 2

In right triangle ABC, sin A 5
4
5
. Find the values of the other 5 trigonometric ratios.

Since the sine of A 5 opposite over hypotenuse 5
4
5
, we know that BC 5 4, and AB 5 5. We can

use the Pythagorean theorem to determine that AC 5 3. Then:

cos A 5
3
5
, tan A 5

4
3
, cot A 5

3
4
, sec A 5

5
3
, csc A 5

5
4
.

Trigonometric Ratios for Special Angles
The actual values for the trigonometric ratios for most angles are irrational numbers, whose

values can most easily be found by looking in a trigonometry table or using a calculator. There

are, however, a few angles whose ratios can be obtained exactly. The ratios for 30°, 45°, and

60° can be determined from the properties of the 30260290 right triangle and the 45245290

right triangle. First of all, note that the Pythagorean theorem can be used to determine the

following side and angle relationships in 30260290 and 45245290 triangles:

From these diagrams, it is easy to see that:

sin 30° 5
1
2
, cos 30° 5

=3
2

, tan 30° 5
1

=3
5

=3
3

sin 60° 5
=3

2
, cos 60° 5

1
2
, tan 60° 5 =3

sin 45° 5 cos 45° 5
1

=2
5

=2
2

, tan 45° 5 1
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Example
From point A, which is directly across from point B on the opposite sides of the banks of a

straight river, the measure of angle CAB to point C, 35 meters upstream from B, is 30°. How

wide is the river?

To solve this problem, note that

tan A 5
opposite
adjacent

5
BC
AB

5
35
AB

.

Since the measure of angle A is 30°, we have

tan 30° 5
35
AB

. Then:

AB 5
35

tan 30°
5

35

=3/3
5

105

=3
.

Therefore, the width of the river is
105

=3
meters, or approximately 60 meters wide.

The Pythagorean Identities
There are three fundamental relationships involving the trigonometric ratios that are true for

all angles and are helpful when solving problems. They are:

sin2A 1 cos2A 5 1

tan2A 1 1 5 sec2A

cot2A 1 1 5 csc2A

These three identities are called the Pythagorean identities since they can be derived from the

Pythagorean theorem. For example, in triangle ABC below:

a2 1 b2 5 c2
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Dividing by c2, we obtain,

a2

c2 1
b2

c2 5 1, or

Sa
cD2

1 Sb
cD2

5 1.

Now, note that
a
c

5 sin A and
b
c

5 cos A. Substituting these values in, we obtain

sin2A 1 cos2A 5 1. The other two identities are similarly obtained.

Example

If, in triangle ABC, sin A 5
7
9
, what are the values of cos A and tan A?

Using the first of the trigonometric identities, we obtain:

S7
9D2

1 cos2A 5 1

49
81

1 cos2A 5 1

cos2A 5 1 2
49
81

cos A 5 Î32
81

5
4=2

9

Then, since tan A 5
sin A
cos A

, we have

tan A 5

S7

9D
S4=2

9 D 5
7

4=2
5

7=2

8
.
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EXERCISE: TRIGONOMETRY

Directions: Solve the following problems.

1. In right triangle PQR, cot P 5
5

12
. Find the value of tan P, sin P, and sec P.

2. Find the value of cot 45° 1 cos 30° 1 sin 150°.

3. If sin a 5
3
7
, and cos a,0, what is the value of tan a?

4. A wire extends from the top of a 50-foot vertical pole to a stake in the ground. If the
wire makes an angle of 55° with the ground, find the length of the wire.

5. A road is inclined at an angle of 10° with the horizontal. If John drives 50 feet up
the road, how many feet above the horizontal is he?

6. If sin u 5
1
2
, and cos u 5 2

=3
2

, find the values of the other 4 trigonometric functions.

7. Demonstrate that
1

sin2x
is equivalent to

~1 1 tan2x!

tan2x
.

8. In right triangle DEF, with angle F a right angle, csc D 5
13
12

. What is the value of

tan D?

9. The angle of elevation from an observer at ground level to a vertically ascending
rocket measures 55°. If the observer is located 5 miles from the lift-off point of the
rocket, what is the altitude of the rocket?

10. What is the value of 3 cos 45° 1 3 sin 30°?

224 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



ANSWERS AND EXPLANATIONS

1.

cot P 5
5

12
5

adjacent
opposite

.

Thus, tan P 5
12
5

.

From the Pythagorean theorem, we can compute that the hypotenuse of the triangle
is 13.

Thus, sin P 5
opposite

hypotenuse
5

12
13

,

and sec P 5
hypotenuse

adjacent
5

13
5

.

2. Note that sin 150° 5 sin 30°. Thus, cot 45° 1 cos 30° 1 sin 150° 5 1 1
=3

2
1

1
2

5

3 1 =3
2

.

3. Given sin a 5
3
7
, and cos a , 0, we can find the value of cos a using the Pythago-

rean identity sin2a 1 cos2a 5 1.

S3
7D2

1 cos2 a 5 1

9
49

1 cos2a 5 1

cos2a 5 1 2
9

49
5

40
49

cos a 5 2Î40
49

5
22=10

7

Since tan a 5
sin a
cos a

, we have

tan a 5

S3
7D

22=10
7

5
23

~2=10!
5

2~3=10!

20
.

a
n

sw
e

rs
............................................................................................
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4. Let L 5 length of the wire.

sin 55° 5
50
L

, so L 5
50

sin 55°
.

5 Let x 5 the distance above the horizontal.

sin 10° 5
x

50
. Therefore, x 5 50 sin 10°.

6. First of all, we have csc u 5
1

sin u
5 2.

Similarly, sec u 5
1

cos u
5

22

=3
5

22=3
3

.

Next, tan u 5
sin u

cos u
5

S1

2D
S2=3

2 D 5
21

=3
5 2

=3
3

.

The value of cot u is the reciprocal of tan u, which is 2=3.

7. Solving this problem simply requires the application of several of the fundamental
trigonometric identities. First of all, recall that 1 1 tan2x 5 sec2x. Therefore,

~1 1 tan2x!

tan2x
5

sec2x
tan2x

.

Now, use the fact that sec x 5
1

cosx
and tan x 5

sinx
cosx

to obtain
sec2x
tan2x

5

S 1

cos2xD
Ssin2x

cos2xD
5

1

cos2x
•

cos2x

sin2x
5

1
sin2x

.
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8. In a right triangle, the csc of an angle is equal to the hypotenuse divided by the side

opposite the angle. Since we know csc D 5
13
12

, we know that the triangle in question

has a hypotenuse of 13, and the side opposite angle D is 12.

The Pythagorean theorem can be used to determine that the missing (adjacent) side
is 5. Now, the tangent of an angle is the ratio of the opposite side to the adjacent

side. Therefore, tan D 5
opposite
adjacent

5
12
5

.

9. The best way to begin is with a diagram of the situation:

Let h 5 the altitude of the rocket. Then, since the tangent of an angle is equal to
the opposite side divided by the adjacent, we have

tan 55° 5
h
5

or

h 5 5 tan 55°.

10. In this problem, we need to know that cos 45° 5
=2

2
and sin 30° 5

1
2
.

Then,

3 cos 45° 1 3 sin 30° 5 3 S=2
2 D 1 3 S1

2D 5
3~=2 1 1!

2
.

a
n

sw
e

rs
............................................................................................
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TRIGONOMETRIC FUNCTIONS OF THE GENERAL ANGLE
The topics in trigonometry that have been covered up to this point are sufficient for those

taking the Level 1 exam. For those taking Level 2, however, more knowledge of trigonometry

is required. The following sections examine the additional topics in trigonometry that are

needed for Level 2 only.

The Trigonometric Definition of Angles
Previously, in the geometry and measurement review section, an angle was defined as two

rays meeting at a common endpoint called the vertex. Thus, in geometry, the measure of an

angle can range only between 0° and 360°. In trigonometry, angles are defined in a more

general way. In the trigonometric definition, an angle is formed as the result of the rotation of

a ray.

Consider two rays, one of which, OAW, is called the initial side of the angle, and the other of

which, OBW, is called the terminal side of the angle. The angle is said to be in standard position

if the vertex is at the origin and the initial side is along the positive x-axis.

An angle is created by rotating the initial ray OAW into the terminal ray OBW. The direction of

the rotation is typically indicated by an arrow. An angle is positive if the rotation is in a

counterclockwise direction and negative if the rotation is in a clockwise direction. An angle

whose terminal side is on either the x- or y-axis is called a quadrantal angle.

positive negative
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When forming an angle, there is no restriction on the amount of the rotation. The diagram

below shows an angle that has been formed by rotating the ray 3
1
2

times.

The above angle has its initial side and terminal side in the same position as an angle that

has been formed by 2
1
2

rotations, 1
1
2

rotations, or even just
1
2

of a rotation. It can be seen that

many different angles in standard position have the same terminal side. Such angles are

called coterminal.

Degrees and Radians

There are two systems for measuring angles. The more common way to measure an angle is in

degrees. A measure of 360° is assigned to the angle formed by one complete counterclockwise

rotation. An angle formed by 3 complete counterclockwise rotations, therefore, would measure

1,080°. An angle formed by one clockwise rotation would have a measure of 2360°. Using such

a system, it is possible for any real number to be the measure of an angle.
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The other system for measuring angles is called the radians. As illustrated below, an angle of

one radian cuts off from a unit circle (a circle of radius 1 with center at the origin) an arc of

length 1.

Since the unit circle has a circumference of 2p, one complete rotation is said to measure 2p

radians. Thus, an angle of 360° measures 2p radians. Similarly, one half of a rotation (180°)

measures p radians, and one quarter of a rotation (a right angle, equal to 90°) measures
p

2
radians. Two complete rotations measures 4p radians, and three complete rotations clockwise

measures 26p radians. In general, the radian measure of an angle x is the arc length along

the unit circle covered in rotating from the initial side to the terminal side.

The diagrams below show several rotations and the resulting angles in radians.

Radians
π
4

2

3

π
Radians

Now, as we have seen that 360° 5 2p radians, it follows that 1° 5
p

180
radians, and

1 radian 5
180°

p
. The ratio

p

180
, thus, can be used to rewrite degrees as radians, and the ratio

180
p

can be used to rewrite radians as degrees.

230 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



Example

a. Express 30° as radians.

30° 5 30S p

180D 5
p

6
radians

b. Express the angle of
p

10
radians as degrees.

p

10
5

p

10S180
p D 5 18°

The Trigonometric Functions
The six trigonometric ratios previously defined can be defined as functions in the following

way: Let u represent a trigonometric angle in standard position. Further, let P(x, y) represent

the point of intersection between the terminal side of the angle and the unit circle.

Then, the sine and cosine functions are defined as follows:

sin u 5 y

cos u 5 x

sin u 5 y means that the sine of u is the directed vertical distance from the y-coordinate of

P (x, y) to the x-axis. Thus, as u progresses from 0 radians to
p

2
radians to p radians to

3p

2
radians to 2p radians, the value of sin u goes from 0 to 1 back to 0, to 21 and back to 0.

Further, as u progresses beyond 2p radians, the values of sin u repeat in the same pattern:

0 to 1 to 0 to 21 to 0. Thus, we say that the sine function is periodic with period 2p. Another

way to view this is to realize that sin 0 5 0, sin Sp

2D51, sin p 5 0, sin S3p

2 D521, sin 2p 5 0,

and so on.

cos u 5 x means that the cosine of u is the directed horizontal distance from the x-coordinate

of P(x, y) to the y-axis. Thus, as u progresses from 0 radians to
p

2
radians to p radians to

3p

2
radians to 2p radians, the value of cos u goes from 1 to 0 to 21, back to 0, and then back to 1.

Then, as u progresses beyond 2p radians, the values of cos u repeat in the same pattern: 1 to
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0 to 21 to 0 to 1. Clearly, then, cosine is also periodic with period 2p. This means that

cos 0 5 1, cos Sp

2D50, cos p 5 21, cos S3p

2 D50, cos 2p 5 1, and so on.

After defining sine and cosine, we can define four more trigonometric functions, starting with

the tangent function, which is defined as tan u 5
y
x
. Note that tan 0 5 0 since y 5 0 for an

angle of 0 radians. Next, tan
p

2
5

1
0

and is, thus, undefined. The value for tan p is
0

21
5 0,

tan S3p

2 D 5
21
0

and is, once again, undefined. Finally, tan 2p 5 0.

The other three trigonometric functions are defined as the reciprocals of the three functions

already defined. The cosecant function, thus, is csc u 5
1

sin u
, defined for all u such that sin u

Þ 0. The secant function is defined as sec u 5
1

cos u
, defined for all u such that cos u Þ 0.

Finally, the cotangent function is defined as cot u 5
1

tan u
, defined for all u such that tan u Þ 0.

Reference Angles and Finding Trigonometric Functions of Any Angle
For any angle u not in the first quadrant, the values of the trigonometric functions of u can be

expressed in terms of a first quadrant reference angle. For any angle u (except
p

2
and

3p

2
), the

measure of the reference angle u8 in the first quadrant is equal to the measure of the acute

angle formed by the terminal side of u and the x-axis. The figure below depicts the reference

angles for u with terminal side in each of the quadrants II, III, and IV, respectively.

The value of a trigonometric function for a particular angle in the second, third, or fourth

quadrant is equal to either plus or minus the value of the function for the first quadrant

reference angle. The sign of the value is dependent upon the quadrant that the angle is in.

Example 1
Express each of the following in terms of first quadrant reference angles.

a. sin 340°

b. cos 170°
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a. The angle 340° is in the fourth quadrant, and, as the picture below indicates, has a

reference angle of 20°. Since sine is negative in the fourth quadrant, sin 340° 5 2sin 20°.

b. The angle 170° is in the second quadrant, and, as the picture below indicates, has a

reference angle of 10°. Since cosine is negative in the second quadrant, cos 170° 5 2cos 10°.

We have already seen that the sine and cosine functions repeat their values every

2p units. It is said that sine and cosine are periodic with period 2p or period 360°.

Similarly, the tangent and cotangent functions can be shown to be periodic with

period p or 180°, and the secant and cosecant functions can be shown to be periodic

with period 2p (that is, 360°).

The concept of periodicity can be used along with reference angles to express the value of a

trigonometric function of any angle in terms of a first quadrant angle.

Example 2

Express each of the following in terms of first quadrant reference angles.

a. sin 425°

b. cos S13p

3 D
a. Since 425° 5 360° 1 65°, cos 425° 5 cos 65°.

b. Since
13p

3
5 4p 1

p

3
, cos S13p

3 D 5 cos
p

3
.
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EXERCISE: TRIGONOMETRIC FUNCTIONS

Directions: Solve the following problems.

1. Change the following degree measures to radian measure:

a. 45°
b. 2150°

2. Change the following radian measures to degree measure:

a.
3p

2

b. 2
2p

3

3. Find a positive angle of less than one revolution that is coterminal with the follow-
ing angles:

a. 400°

b.
19p

4

4. Express the following angles in terms of first-quadrant reference angles:

a. tan 336°

b. sec
2p

5

5. Use the periodicity of the trigonometric functions to find the exact value of the
following:

a. tan 21p

b. sin 420°
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ANSWERS AND EXPLANATIONS

1. a. 45° 5 45S p

180D 5
p

4
radians

b. 2150° 5 2150S p

180D 5 2
5p

6
radians

2. a. 3p

2
5

3p

2 S180
p D 5 270°

b. 2
2p

3
5 2

2p

3 S180
p D 5 2120°

3. a. 400° 5 360° 1 40°. Thus, a 40° angle is coterminal with a 400° angle.

b.
19p

4
5 4p 1

3p

4
, which is coterminal with an angle of

3p

4
radians.

4. a. The reference angle for an angle of 336°, which is in the fourth quadrant, is
360° 2 336° 5 24°. Thus, tan 336° 5 6 tan 24°. Finally, since tangent is
negative in the fourth quadrant, we have tan 336° 5 2tan 24.

b.
Note that

2p

5
is already a first-quadrant angle. Thus, sec

2p

5
is already ex-

pressed in terms of a first quadrant angle.

5. a. Since the tangent function has a period of p, tan 21p 5 tan 0 5 0.

b. sin 420° 5 sin~360° 1 60°! 5 sin 60° 5
=3

2
.

a
n

sw
e

rs
............................................................................................
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Trigonometric Identities
An identity is an equation that is true for all possible values of its variables. As an example,

the equation 5(x 1 4) 5 5x 1 20 is an identity, true for all values of x.

While it is fairly obvious that the equation above is an identity, frequently in trigonometry, it

is not as easy to tell by inspection whether or not an equation is an identity. Proving a

trigonometric identity refers to the act of demonstrating that a given trigonometric equation

is, in fact, an identity. Typically, proving an identity takes a number of steps, and it is

accomplished by manipulating one side of the given equation to look exactly like the other

side.

When attempting to prove an identity, it is often helpful to use the eight fundamental

trigonometric identities, which have already been discussed in this section. For reference

purposes, they are repeated below:

THE RECIPROCAL IDENTITIES

csc x 5
1

sin x

sec x 5
1

cos x

cot x 5
1

tan x

THE QUOTIENT IDENTITIES

tan x 5
sin x
cos x

cot x 5
cos x
sin x

THE PYTHAGOREAN IDENTITIES

sin2x 1 cos2x 5 1

1 1 tan2x 5 sec2x

1 1 cot2x 5 csc2x

Example 1

Verify that csc x cos x 5 cot x is an identity.

By using the reciprocal identity for csc, we see that

csc x cos x 5 S 1
sin xD cos x 5

cos x
sin x

5 cot x.
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Example 2

Prove the following identity: cos2x 2 sin2x 5 2 cos2x 2 1.

By using the Pythagorean identity for sin and cos, rewritten in the form

sin2x 5 1 2 cos2x, we see that

cos2x 2 sin2x 5 cos2x 2 (1 2 cos2x)

5 cos2x 2 1 1 cos2x

5 2 cos2x 2 1.

Often, the process of proving an identity involves the application of several of the

fundamental identities and some arithmetic manipulation.

Example 3

Prove the following identity:
~1 2 cos x!

~1 1 cos x!
5 ~csc x 2 cot x!2.

~1 2 cos x!

~1 1 cos x!
5

~1 2 cos x!~1 2 cos x!

~1 1 cos x!~1 2 cos x!

5
~1 2 cos x!2

1 2 cos2x

5
~1 2 cos x!2

sin2x

5 S1 2 cos x
sin x D2

5 S 1
sin x

2
cos x
sin xD2

5 ~csc x 2 cot x!2

Additional Trigonometric Identities
SUMS AND DIFFERENCES OF ANGLES

Sometimes, when working with trigonometric functions, it becomes necessary to work with

functions of the sums and differences of two angles, such as sin(x 1 y). These functions can be

best handled by expanding them according to the sum and difference formulas below:

sin~x 1 y! 5 sin x cos y 1 cos x sin y

sin~x 2 y! 5 sin x cos y 2 cos x sin y

cos~x 1 y! 5 cos x cos y 2 sin x sin y

cos~x 2 y! 5 cos x cos y 1 sin x sin y

tan~x 1 y! 5
~tan x 1 tan y!

~1 2 tan x tan y!

tan~x 2 y! 5
~tan x 2 tan y!

~1 1 tan x tan y!
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Example

Use one of the formulas above to prove that cos(2x) 5 cos x.

cos(2x) 5 cos(0 2 x) 5 cos 0° cos x 1 sin 0° sin x.

Recall that sin 0° 5 0 and cos 0° 5 1. Thus, cos 0° cos x 1sin 0° sin x 5 1 cos x 1

0 sin x 5 cos x.

Double and Half Angle Formulas
The sum and difference formulas can be used to come up with the double angle formulas:

sin 2x 5 2 sin x cosx

cos 2x 5 cos2x 2 sin2x

tan 2x 5
~2 tan x!

~1 2 tan2x!

By using the Pythagorean identity sin2x 1 cos2x 5 1, the following two equivalent expressions

for cos 2x can be obtained:

cos 2x 5 1 2 2 sin2x

cos 2x 5 2 cos2x 2 1

In a similar way, the double-angle formulas can be used to derive the formulas for the sine,

cosine, and tangent of half angles:

sin Sx
2D 5 6Î1 2 cos x

2

cosSx
2D 5 6 Î1 1 cos x

2

tan Sx
2D 5 6Î1 2 cos x

1 1 cos x

Note the 6 sign in front of the radicals. It is there because the functions of half angles may be

either positive or negative.

Example 1

Use an appropriate sum or difference formula to prove

tan 2x 5
~2 tan x!

~1 2 tan2x!
.

Since, tan~x 1 y! 5
~tan x 1 tan y!

~1 2 tan x tan y!
, we have

tan 2x 5 tan~x 1 x! 5
~tan x 1 tan x!

~1 2 tan x tan x!
5

~2 tan x!

~1 2 tan2x!
.
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Example 2
Given that cos 2x 5 cos2x 2 sin2x, prove that cos 2x 5 1 2 2 sin2x.

Since sin2x 1 cos2x 5 1, we have cos2x 5 1 2 sin2x. Thus,

cos 2x 5 cos2x 2 sin2x 5 (1 2 sin2x) 2 sin2x 5 1 2 2 sin2x.

Trigonometric Equations
Unlike identities, a trigonometric equation is one that is true for only certain values of the

angle in the equation. All of the techniques that have been previously used in the algebra

section for solving equations can be, and are, used for solving trigonometric equations.

Since all of the trigonometric functions are periodic, they tend to have multiple solutions.

Sometimes, we are looking for all of the solutions only within a certain range, such as between

0° and 360°, and sometimes we are looking for all of the solutions. For example, the equation

sin x 5 1 has one solution, 90°, between 0° and 360°. However, since the sine function is

periodic with period 360°, there are other solutions outside of the 0° to 360° range. For

example, 90° 1 360° 5 450° is a solution, as is 90° 1 2(360°) 5 810°, etc.

In the three examples below, find all of the solutions of the given equations in the 0° to 360°

range.

Example 1

8 sin x 2 6 5 2 sin x 2 3

Begin by “moving” the terms involving sin to the left-hand side and the constant

terms to the right-hand side of the equation.

6 sin x 5 3. Divide by 6.

sin x 5
1
2
. Now, since sin x 5

1
2

twice in the 0° to 360° range, this equation has two

solutions, 30° and 150°.

Example 2

2 sin2x 1 sin x 5 1

This equation is a quadratic equation in sin x and can be solved by factoring:

2 sin2x 1 sin x 2 1 5 0

(2 sin x 2 1 )(sin x 1 1) 5 0

Thus, the equation is solved whenever 2 sin x 5 1 or sin x 5 21. Based on example 1

above, 2 sin x 5 1 at 30° and 150°. Also, sin x 5 21 at 270°. Thus, this equation has 3

solutions in the 0° to 360° range: 30°, 150°, and 270°.
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Example 3

4 sin3x 2 sin x 5 0

This equation is a cubic equation in sin x. However, by factoring, we can simplify it to

the product of two equations in sin x, one linear and one quadratic:

4 sin3x 2 sin x 5 sin x(4 sin2 x 2 1) 5 0.

Thus, the equation is true whenever sin x 5 0 or whenever 4 sin2x 5 1. Now,

sin x 5 0 at 0° and 180°. In addition, 4 sin2x 2 1 5 0 when 4 sin2x 5 1 or sin2x 5
1
4

or

sin x 5 6
1
2
. This happens at 30°, 150°, 210°, and 330°. Thus, this particular equation

has 6 solutions.
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EXERCISE: TRIGONOMETRIC IDENTITY AND EQUATIONS

Directions: Verify the following identities.

1. csc x 2 cos x cot x 5 sin x

2. sin3x 5 sin x 2 sin x cos2x

3.
cos x

1 1 sin x
5 sec x 2 tan x

Directions: Solve the following equations in the interval 0° to 360°.

4. 2 tan2x cos x 5 tan2x

5. sin2 2x 5 sin 2x

6. 2cos2x 1 3 cos x 1 1 5 0

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. csc x 2 cos x cot x 5 1/sin x 2 cos xScos x
sin xD

5
1

sin x
2

cos2x
sin x

5
1 2 cos2x

sin x

5
sin2x
sin x

5 sin x

2. sin3x 5 sin x(sin2x) 5 sin x(1 2 cos2x) 5 sin x 2 sin x cos2x

3.
cos x

1 1 sin x
5

cos x
1 1 sin x

3
1 2 sin x
1 2 sin x

5
cos x~1 2 sin x!

1 2 sin2x

5
cos x~1 2 sin x!

cos2x

5
1 2 sin x

cos x

5
1

cos x
2

sin x
cos x

5 sec x 2 tan x

4. 2tan2xcosx 5 tan2x
2tan2xcosx 2 tan2x 5 0

tan2x~2cosx 2 1! 5 0

The solutions to tan2x 5 0 are 0° and 180°.
The solutions to 2cosx 2 1 5 0 are 60° and 300°.

5. sin22x 5 sin 2x
sin22x 2 sin 2x 5 0

sin2x~sin2x 2 1! 5 0

The solutions to sin2x 5 0 are 0, 90°, 180°, and 270°.

The solutions to sin2x 2 1 5 0, or sin2x 5 1, are 45° and 225°.

6. 2cos2x 1 3 cos x 1 1 5 0

Solve by treating as a quadratic in cos x and factoring.
2cos2x 1 3cos x 1 1 5 0

~2cosx 1 1!~cosx 1 1! 5 0

This equation, thus, is true when cosx 5 21 and when cosx 5 2
1
2
. The solution to

cosx 5 21 is 180°, and the solutions to cosx 5 2
1
2

are 120° and 240°.
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SOLVING TRIANGLES
In many mathematical word problems and real-world applications, we are given some

information about the sides and angles of a particular triangle and asked to determine the

lengths of the sides and measures of the angles that were not given. The process of solving a

triangle involves taking the given information about the sides and angles of the triangle and

computing the lengths and measures of the missing sides and angles. Previously, we learned

how to use the Pythagorean theorem and the basic trigonometric functions to solve right

triangles. It is also possible to solve triangles that are not right.

The Law of Sines and Law of Cosines are two trigonometric formulas that, together, enable

you to solve any triangle, as long as enough information has been given to determine the

missing sides and angles uniquely.

The Law of Sines tells us that, in any triangle, the lengths of the sides are proportional to the

sines of the opposite angles. In other words, in any triangle XYZ with corresponding sides x, y,

and z, it is true that

x
sin X

5
y

sin Y
5

z
sin Z

The Law of Cosines is a generalized form of the Pythagorean theorem, differing only in that it

has an extra term at the end. The Law of Cosines states that in any triangle XYZ, with

corresponding sides x, y, and z,

x25 y21 z2 2 2yz cos X

y25 x21 z2 2 2xz cos Y

z25 x21 y2 2 2xy cos Z

As the following examples show, the Law of Cosines can be used to solve triangles in which we

are given the lengths of all three sides or two sides and an included angle. The Law of Sines

can be used to solve triangles in which we are given two angles and a side or two sides and the

angle opposite one of the sides.

The case in which we are given two sides and the angle opposite one of the sides is called the

“ambiguous case” since the triangle may have no solutions, one solution, or two solutions,

depending on the values given. In the AAA case (given three angles and no sides), the triangle

cannot be solved, since there are an infinite number of similar triangles for any given three

angles.

Note that since the values of most trigonometric functions are irrational numbers, it will be

necessary to use either a set of trigonometry tables or a scientific calculator to solve the

problems below. If, on the test, you are instructed not to use a calculator, your answer will

need to be written in terms of trigonometry functions such as sin 33.5° or cos 23.8°, etc.
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Example 1

Solve the triangle with A 5 50°, C 5 33.5°, and b 5 76.

First, we use the fact that the angles in a triangle add up to 180° to find the value of

B: B 5 180° 2 50° 2 33.5° 5 96.5°.

Then, by the Law of Sines,
76

sin 96.5°
5

a
sin 50°

.

Thus, a 5 S 76
sin 96.5°D 3 sin 50° ' S 76

.9936D 3 .7660 ' 58.59.

Now, to find c, we use the Law of Sines again:
76

sin 96.5°
5

c
sin 33.5°

.

Thus, c 5 S 76
sin 96.5°D 3 sin 33.5° ' S 76

.9936D 3 .5519 ' 42.21.

Example 2

Find the measures of the three angles in the triangle with sides a 5 5, b 5 7, and

c 5 10.

To find angle A, use the formula a25 b21 c2 2 2bc cos A. We have

52 5 721 102 2 2~7!~10!cos A

25 5 49 1 100 2 140 cos A

2124 5 2140 cos A

cos A 5
124
140

' .8857.

Note that this is the first time that we have been asked to find the measure of a

particular angle with a given cosine; that is, we need to find the angle whose cosine is

.8857. This is particularly easy to do with a scientific calculator. Simply enter .8857,

and then press the key that looks like this: cos21. This tells the calculator to find the

angle whose cosine is .8857. When we do this, we find that A ' 27.66°.

To find angle B, use the formula b25 a21 c2 2 2ac cos B. We have

72 5 521 102 2 2~5!~10!cos B

49 5 25 1 100 2 100 cos B

276 5 2100 cos B

cos B 5
76

100
5 .7600.

From a table or a calculator, we find that B ' 40.53°.

Finally, by subtracting, we obtain C 5 111.81°.

Trigonometry enables you to solve problems that involve finding measures of unknown

lengths and angles.
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SCALARS AND VECTORS
It is possible that, on your test, you might be asked to solve a problem involving vectors. These

problems can be solved by using either the right triangle trigonometry already discussed or, if

necessary, the Laws of Sines and Cosines already discussed in this section. The section below

contains the information that you need to know about vectors.

Definitions
There are two kinds of physical quantities that are dealt with extensively in science and

mathematics. One quantity has magnitude only, and the other has magnitude and direction.

A quantity that has magnitude only is called a scalar quantity. The length of an object

expressed in a particular unit of length, mass, time, and density are all examples of scalars. A

quantity that has both magnitude and direction is called a vector. Forces, velocities, and

accelerations are examples of vectors.

It is customary to represent a vector by an arrow. The length of the arrow represents the

magnitude of the vector, and the direction in which the arrow is pointing represents the

direction. Thus, a force, for example, could be represented graphically by an arrow pointing in

the direction in which the force acts and having a length (in some convenient unit of measure)

equal to the magnitude of the force. The vector below, for example, represents a force of

magnitude three units, acting in a direction 45° above the horizontal.

Two vectors are said to be equal if they are parallel, have the same magnitude (length), and

point in the same direction. Thus, the two vectors V and U in the diagram below are equal. If

a vector has the same magnitude as U but points in the opposite direction, it is denoted as 2U.
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Operations on Vectors

To find the sum of two vectors A and B, we draw from the head of vector A a vector equal to

B. The sum of A and B is then defined as the vector drawn from the foot of A to the head of B.

This technique of vector addition can enable us to compute the net effect of two different

forces applied simultaneously to the same body.

Example

Two forces, one of magnitude 3=3 pointing to the east and one of magnitude 3

pointing to the north, act on a body at the same time. Determine the direction in

which the body will move and the magnitude of the force with which it will move.

Begin by drawing vectors A and B, representing the two forces. Redraw vector B on

the head of A. Then, draw in the vector C, which represents the sum of the two

vectors. The body will move in the direction in which this vector is pointing, with a

force equal to the magnitude of the vector.

0

Since vector A and vector B operate at right angles to each other, we can use the

Pythagorean theorem to determine the magnitude of the resultant vector.

~3=3!2 1 32 5 C2

27 1 9 5 C2

36 5 C2

6 5 C
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Further, by recalling the properties of the 30-60-90 triangle, we can see that the

resultant force is 30° to the horizontal. Thus, the body will move with a force of 6

units at an angle of 30° to the horizontal.

To subtract the vector U from the vector V, we first draw the vectors from a common

origin. Then, the vector extending from the head of U to the head of V and pointing to

the head of V is defined as the difference V 2 U.

Of course, if the triangle in the problem above had not been a right triangle, it

would have been necessary to use the Laws of Sines and Cosines to solve the

problem.
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EXERCISE: TRIANGLES

Directions: In the six problems below, determine the missing parts of triangle ABC
from the given information.

1. A 5 35°, B 5 25°, c 5 67.6

2. A 5 40°, a 5 20, b 5 15

3. A 5 63°, a 5 10, c 5 8.9

4. b 5 29, c 5 17, A 5 103°

5. a 5 7, b 5 24, c 5 26

6. A 5 18°, B 5 47°, C 5 115°
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ANSWERS AND EXPLANATIONS

1. We are given A 5 35°, B 5 25°, c 5 67.6. Begin by finding C by subtracting:

C 5 180° 2 A 2 B 5 180° 2 35° 2 25° 5 120°.

Next, by the Law of Sines:

a
sin 35°

5
67.6

sin 120°
or

a 5 S 67.6
sin 120°D 3 sin 35° ' S 67.6

.8660D 3 .5736 ' 44.77.

In the same way, we can find b.

b
sin 25°

5
67.6

sin 120°
or

b 5 S 67.6
sin 120°D 3 sin 25° ' S 67.6

.8660D 3 .4226 ' 32.99.

2. A 5 40°, a 5 20, b 5 15

Begin by using the Law of Sines to find B:

Sin B 5
~b sin A!

a
5

15 sin 40°
20

'
~15 3 .6428!

20
' .4821.

Then, we can use the calculator to determine B ' 28.82°.

Now, we can find C by subtracting:

C 5 180° 2 40° 2 28.82° 5 111.18°.

Finally, use the Law of Sines to find c:

c 5
~a sin C!

sin A
5

~20 sin 111.18°!
sin 40°

'
~20 3 .9324!

.6428
' 29.01.

3. A 5 63°, a 5 10, c 5 8.9.

Begin by using the Law of Sines to find C:

Sin C 5
~c sin A!

a
5

8.9 sin 63°
10

'
~8.9 3 .8910!

10
' .7930.

Then, we can use the calculator to determine C ' 52.47°.

Now, we can find B by subtracting:

B 5 180° 2 63° 2 52.47° 5 64.53°.

Finally, use the Law of Sines to find b:

b 5
~a sin B!

sin A
5

~10 sin 64.53°!
sin 63°

'
~10 3 .9028!

.8910
' 10.13

a
n
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e
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............................................................................................
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4. b 5 29, c 5 17, A 5 103°

First, we use the Law of Cosines to find a:

a2 5 2921 172 2 2(29)(17)cos 103° ' 1351.80.

Thus, a ' 36.77.

Similarly, we can find B from the Law of Cosines:

b25 a21 c2 2 2ac cos B.

2925 36.7721 172 2 2(36.77)(17)cos B.

Solving for cos B, we get cos B ' .6398.

Use a calculator to determine that B ' 50.22°.

Finally, C 5 180° 2 50.22° 2 103° 5 26.78°.

5. a 5 7, b 5 24, c 5 26

We need to use the Law of Cosines to find the missing angles. We’ll find angle A
first.

a2 5 b2 1 c2 2 2bc cos A

72 5 242 1 262 2 2(24)(26)cos A

cos A ' .9639. Using a calculator, we determine that A ' 15.43°.

Now, use the Law of Cosines in the same way to determine B:

b2 5 a2 1 c2 2 2ac cos B

242 5 72 1 262 2 2(7)(26)cos B

cos B ' .4093.

Using a calculator, we determine that B ' 65.84°.

Finally, C 5 180° 2 15.43° 2 65.84° 5 98.73°.

6. A 5 18°, B 5 47°, C 5 115°

We do not have enough information to solve this triangle. Recall that if we are given
only angles and no sides, there are an infinite number of similar triangle solutions.
Therefore, this problem will have no solution.
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GRAPHS OF TRIGONOMETRIC FUNCTIONS
In this section, we will take a look at the graphs of the sine, cosine, and tangent functions.

In order to help us draw the graph of y 5 sin u, let’s begin by looking at some of the properties

of the sine function. First, recall that the function is periodic with period 2p. This means that

once we draw the graph for values of u between 0 and 2p, the graph will simply repeat itself

in intervals of 2p. Further, the values for sin u are positive for u in the first and second

quadrants and negative for u in the third and fourth quadrants. Finally, the values of sin u lie

between 21 and 11. In fact, since sin 0 5 0, sin Sp

2D 5 1, sin p 5 0, sin S3p

2 D 5 21, and

sin 2p 5 0, the curve ranges from 0 to 1 to 0 to 21 to 0 and then repeats.

Below is the graph of the sine function. Note how it illustrates the above properties.

The graph of the cosine function has the same shape as that of the sine function. Like the sine

function, the cosine function is periodic with period 2p. This tells us that once we draw the

graph for values of u between 0 and 2p, the graph will simply repeat itself in intervals of 2p.

Further, the values for cos u are positive for u in the first and fourth quadrants and negative

for u in the second and third quadrants. Finally, the values of cos u lie between 21 and 11. In

fact, since cos 0 5 1, cos Sp

2D 5 0, cos p 5 21, cos S3p

2 D 5 0, and cos 2p 5 1, the curve ranges

from 1 to 0 to 21 to 0 to 1 and then repeats.

The graph of the cosine function is shown below.

The graph of the tangent function is different in appearance to that of the sine and cosine.

Once again, let’s examine some of its properties. First, the function is periodic with period p.

This tells us that once we draw the graph for values of u between 0 and p, the graph will

simply repeat itself in intervals of p. Next, the values for tan u are positive for u in the first
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and third quadrants and negative for u in the second and fourth quadrants. Finally, the value

of tan u can be any real number. In fact, tan 0 5 0, and then the value of the tangent function

becomes arbitrarily large as u approaches
p

2
. At

p

2
, tangent is undefined. This fact is indicated

by the dotted line through u 5
p

2
in the graph below. On the other side of this dotted line, the

tangent function starts out with arbitrarily large negative values, moves up to a value of 0 at

p, and then gets bigger again. At
3p

2
, tangent is once again undefined.

The graph of the tangent function is given below.

Next, consider the function y 5 2 sin u. We can obtain the graph of this function by doubling

each y value in the graph y 5 sin u. When we do, we obtain the graph shown below, which is

graphed on the same axis as y 5 sin u for comparison. Notice that the graph has the same

shape as the graph of y 5 sin u but ranges between 2 and 22.

In general, in the graph of either y 5 a sin u or y 5 a cos u, the number a is called the

amplitude and represents the maximum distance of any point on the graph from the x-axis.
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Thus, the graph of y 5 a sin u can be obtained by multiplying the y-coordinate of each point on

the graph of sin u by the number a. Similar comments apply for the cosine graph.

Example 1

Draw the graphs of y 5
1
2

cos u and y 5 3cos u in the interval 0 ≤ u ≤ 2p on the same

axis.

Finally, consider the graph of y 5 sin bu for b . 0. Remember that the graph of y 5 sin u has

a period of 2p. This means that, starting at 0, y 5 sin bu will repeat its values beginning at

bu 5 2p, which is to say, when u 5
2p

b
. We say that y 5 sin bu has a period of

2p

b
, which means

that the graph will repeat itself every
2p

b
units.

Graphs of sine curves and cosine curves with a period different from 2p have the same shape

as the regular sine and cosine curve but are “stretched” or “shrunken” in appearance.
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Example 2

Sketch the graph of y 5 cos 2u on the same axis as y 5 cos u.

First of all, note that y 5 cos 2u has a period of
2p

2
5 p. Thus,

In general, the graph of y 5 a sin bu or y 5 a cos bu has amplitude a and period
2p

b
.
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EXERCISE: GRAPHS OF THE TRIGONOMETRIC FUNCTIONS

Directions: Find the amplitude and period of the given sine or cosine function, and
draw the graph.

1. y 5 3 sin 2x

2. y 5 4 cos S x
2D

3. y 5 2cos x

4. y 5 22 sin x

5. y 5 23 cos(2x)

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. For y 5 3 sin 2x, the amplitude is 3 and the period is
2p

2
5 p.

2. For y 5 4 cos Sx
2D, the amplitude is 4 and the period is

2p

S1
2D

5 4p.

3. For y 5 2cos x, the amplitude is 1 and the period is 2p. Every y value has the
opposite sign of the y values of y 5 cos x.

4. For y 5 22 sin x, the amplitude is 2 and the period is 2p. Every y value has the
opposite sign of the y values of y 5 2 sin x.
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5. For y 5 23 cos(2x), the amplitude is 3 and the period is
2p

2
5 p. Every y value has

the opposite sign of the y values of y 5 3 cos(2x).
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n
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SUMMING IT UP

• There are a significant number of plane geometry questions on the Level 1 test.

• Coordinate geomgety is on the Level 2 test.
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Data Analysis,
Statistics, Probability,
and Advanced
Math Review

OVERVIEW
• Set theory

• Probability

• Permutations and combinations

• Statistics

• Exponents and logarithms

• Logic

• Systems of numbers

• Complex numbers

• Sequences

• Summing it up

SET THEORY
A knowledge of some basic set theory is required for both the Level 1 and

Level 2 tests. In addition, set theory will be needed to be able to solve the

probability and statistics questions that appear on both tests.

Definitions
A set is a collection of objects. The objects in a particular set are called the

members or the elements of the set. In mathematics, sets are usually

represented by capital letters, and their members are represented by lower

case letters. Braces, { and }, are usually used to enclose the members of a set.

Thus, the set A, which has members a, b, c, d, and e and no other members,

can be written as A 5 {a, b, c, d, e}. Note that the order in which the elements

of a set are listed is not important; thus, the set {1, 2, 3} and the set {2, 3, 1}

represent identical sets.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .c
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The symbol used to indicate that an element belongs to a particular set is {, and the symbol

that indicates that an element does not belong to a set is ∉. Thus, if B 5 {2, 4, 6, 8}, we can say

6 { B and 7 ∉ B. If a set is defined so that it does not contain any elements, it is called the

empty set, or the null set, and can be written as { } or B.

There are several different notational techniques that can be used to represent a set. The

simplest one is called enumeration, in which all of the elements of the set are listed within

braces. For example, if C is the set of all odd integers between 10 and 20, we can use

enumeration to represent the set as C 5 {11, 13, 15, 17, 19}. The other is called set-builder

notation. In this notation, a short vertical bar is used to stand for the phrase “such that.” For

example, the set of all integers less than 15 can be written as:

{ x | x , 15, x is an integer }

and is read, The set of all x, such that x is less than 15, and x is an integer.

A set that contains a finite number of elements is called a finite set. A set that is neither finite

nor empty is called an infinite set. When using the method of enumeration to describe a set,

we can use three dots to indicate “and so on.” Thus, the infinite set containing all positive

integers can be written as {1, 2, 3, 4, . . .}. The finite set containing all of the even integers

between 2 and 200 can be enumerated as {2, 4, 6, . . . , 200}.

Suppose that J is the set containing everyone who lives in New Jersey, and K is the set of all

people living in New Jersey who are older that 65. Then, clearly, all members of K are also

members of J, and we say K is a subset of J. This relationship is written symbolically as K ⊆ J.

In general, A is a subset of B if every element of A is also an element of B. For example, the set

A 5 {2, 4, 6} is a subset of the set B 5 {0, 2, 4, 6, 8, 10}. By convention, we agree that the null

set is a subset of every other set. Thus, we can write B ⊆ A, where A is any set. Also note that

if A and B contain exactly the same elements, then A ⊆ B and B ⊆ A. In such a case, we write

A 5 B. If A ⊆ B but A Þ B, we call A a proper subset of B. This is written A ⊂ B. Thus, if A is

a subset of B, and B contains at least one element that is not in A, then A is a proper subset

of B, and we write A ⊂ B.

In a particular discussion, the universal set represents the largest possible set; that is, it is the

set that contains all of the possible elements under consideration. All other sets in the

discussion must therefore be subsets of the universal set, which is represented by the letter U.

If N is a subset of U, then N8, which is called the complement of N, is the set of all elements

from the universal set that are not in N. For example, if, in a particular problem, U is the set

of all integers, and N is the set of negative integers, then N8 is the set of all non-negative

integers.
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Venn Diagrams, Union, and Intersection
Let U be a universal set and N a subset of U. Then, the drawing below, called a Venn diagram,

illustrates the relationship between U, N, and N8.

The union of two sets A and B, indicated A ∪ B, is the set of all elements that are in either A

or B. The intersection of two sets, indicated A ∩ B, is the set of all elements that are in both

A and B. Thus, if A 5 {2, 4, 6, 8, 10} and B 5 {1, 2, 3, 4}, we have A ∪ B 5 {1, 2, 3, 4, 6, 8, 10}

and A ∩ B 5 {2, 4}. If A ∩ B 5 B, then A and B are said to be disjoint.

The Venn diagrams below represent the operations of union and intersection.

Cartesian Products
In addition to the operations of union and intersection, there is one other common way of

combining two sets. Let A 5 {1, 2} and B 5 {3, 4, 5}. Then, the set of all possible ordered pairs

(a, b), with a{A and b{B, is called the Cartesian Product of A and B and is written A X B.

Thus, in this case,

A X B 5 {(1,3), (1,4), (1,5), (2,3), (2,4), (2,5)}
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EXERCISE: SETS

Directions: Solve the following problems.

1. Use set-builder notation to describe the set of all integers greater than 12 and less
than 48.

2. List all of the subsets of the set {a, b, c, d}.

3. If A 5 {2, 4, 6}, B 5 {1, 3, 5}, and C 5 {2, 3, 4}, find

A ∪ B, A ∪ C, A ∩ C, A ∩ B, A ∩ (B ∪ C).

4. If U 5 {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}, and W 5 {2, 6, 12, 18}, find W8.

5. If Q 5 {2, 6, 9} and R 5 {2, 4, 7}, find Q X R.

6. Draw a Venn diagram to represent the set (A ∩ B) ∩ C.
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ANSWERS AND EXPLANATIONS

1. {x | 12 , x , 48, x is an integer}.

2. B, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, c},
{b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},
{a, b, c, d}.

3. A ∪ B 5 {1, 2, 3, 4, 5, 6}, A ∪ C 5 {2, 3, 4, 6},
A ∩ C 5 {2, 4}, A ∩ B 5 B, A ∩ (B ∪ C) 5 {2, 4}.

4. W8 5 {4, 8, 10, 14, 16, 20}.

5. Q X R 5 {(2,2), (2,4), (2,7), (6,2), (6,4), (6,7), (9,2), (9,4), (9,7)}.

6.

a
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............................................................................................
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PROBABILITY
Both levels of the SAT Subject Test: Math may contain some basic probability questions. In

addition, students taking the Level 2 test must know how to count events by using

permutations and combinations. Thus, all students should review this section, and those

taking the Level 2 test should also study the following section on permutations and

combinations.

Definition
Probability is the branch of mathematics that gives you techniques for dealing with

uncertainties. Intuitively, probability can be thought of as a numerical measure of the

likelihood, or the chance, that an event will occur.

A probability value is always a number between 0 and 1. The nearer a probability value is to

0, the more unlikely the event is to occur; a probability value near 1 indicates that the event

is almost certain to occur. Other probability values between 0 and 1 represent varying degrees

of likelihood that an event will occur.

In the study of probability, an experiment is any process that yields one of a number of

well-defined outcomes. By this, we mean that on any single performance of an experiment,

one and only one of a number of possible outcomes will occur. Thus, tossing a coin is an

experiment with two possible outcomes: heads or tails. Rolling a die is an experiment with six

possible outcomes; playing a game of hockey is an experiment with three possible outcomes

(win, lose, or tie).

Computing Probabilities
In some experiments, all possible outcomes are equally likely. In such an experiment, with,

say, n possible outcomes, we assign a probability of
1
n

to each outcome. Thus, for example, in

the experiment of tossing a fair coin, for which there are two equally likely outcomes, we

would say that the probability of each outcome is
1
2
. In the experiment of tossing a fair die, for

which there are six equally likely outcomes, we would say that the probability of each outcome

is
1
6
.

How would you determine the probability of obtaining an even number when tossing a die?

Clearly, there are three distinct ways that an even number can be obtained: tossing a 2, a 4,

or a 6. The probability of each one of these three outcomes is
1
6
. The probability of obtaining an

even number is simply the sum of the probabilities of these three favorable outcomes; that is

to say, the probability of tossing an even number is equal to the probability of tossing a 2, plus

the probability of tossing a 4, plus the probability of tossing a 6, which is
1
6

1
1
6

1
1
6

5
3
6

5
1
2
.
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This result leads us to the fundamental formula for computing probabilities for events with

equally likely outcomes:

The probability of an event occurring 5

The number of favorable outcomes
The total number of possible outcomes

In the case of tossing a die and obtaining an even number, as we saw, there are six possible

outcomes, three of which are favorable, leading to a probability of
3
6

5
1
2
.

Example 1

What is the probability of drawing one card from a standard deck of 52 cards and

having it be a king? When you select a card from a deck, there are 52 possible

outcomes, 4 of which are favorable. Thus, the probability of drawing a king is
4
52

5
1

13
.

Example 2

Human eye color is controlled by a single pair of genes, one of which comes from the

mother and one of which comes from the father, called a genotype. Brown eye color,

B, is dominant over blue eye color ,. Therefore, in the genotype B,, which consists

of one brown gene B and one blue gene ,, the brown gene dominates. A person with

a B, genotype will have brown eyes.

If both parents have genotype B,, what is the probability that their child will have

blue eyes? To answer the question, we need to consider every possible eye color

genotype for the child. They are given in the table below:

B �

BB B�

�B ��

B

�

father

mother

The four possible genotypes for the child are equally likely, so we can use the previous formula

to compute the probability. Of the four possible outcomes, blue eyes can occur only with the ,,

genotype, so only one of the four possible outcomes is favorable to blue eyes. Thus, the

probability that the child has blue eyes is
1
4
.
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Two events are said to be independent if the occurrence of one does not affect the probability

of the occurrence of the other. For example, if a coin is tossed and a die is thrown, obtaining

heads on the coin and obtaining a 5 on the die are independent events. On the other hand, if

a coin is tossed three times, the probability of obtaining heads on the first toss and the

probability of obtaining tails on all three tosses are not independent. In particular, if heads is

obtained on the first toss, the probability of obtaining three tails becomes 0.

When two events are independent, the probability that they both happen is the product of

their individual probabilities. For example, the probability of obtaining heads when a coin is

tossed is
1
2
, and the probability of obtaining 5 when a die is thrown is

1
6
; thus, the probability

of both of these events happening is

S1
2DS1

6D 5
1

12
.

In a situation where two events occur one after the other, be sure to correctly determine the

number of favorable outcomes and the total number of possible outcomes.

Example 3

Consider a standard deck of 52 cards. What is the probability of drawing two kings

in a row, if the first card drawn is replaced in the deck before the second card is

drawn? What is the probability of drawing two kings in a row if the first card drawn

is not replaced in the deck?

In the first case, the probability of drawing a king from the deck on the first

attempt is
4

52
5

1
13

. If the selected card is replaced in the deck, the probability of

drawing a king on the second draw is also
1

13
, and, thus, the probability of drawing

two consecutive kings would be S 1
13DS 1

13D 5
1

169
. On the other hand, if the first

card drawn is a king and is not replaced, there are now only three kings in a deck

of 51 cards, and the probability of drawing the second king becomes
3

51
5

1
17

. The

overall probability, thus, would be S 1
13DS 1

17D 5
1

221
.
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EXERCISE: PROBABILITY

Directions: Solve the following problems.

1. A bag contains 7 blue marbles, three red marbles, and two white marbles. If one
marble is chosen at random from the bag, what is the probability that it will be red?
What is the probability that it will not be blue?

2. A woman’s change purse contains a quarter, two dimes, and two pennies. What is
the probability that a coin chosen at random will be worth at least ten cents?

3. A bag contains four white and three black marbles. One marble is selected, its color
is noted, and then it is returned to the bag. Then a second marble is selected. What
is the probability that both selected marbles were white?

4. Using the same set up as given in problem 3, what is the probability that both
selected marbles will be white if the first marble is not returned to the bag?

5. A man applying for his driver’s license estimates that his chances of passing the

written test are
2
3
, and that his chances of passing the driving test are

1
4
. What is

the probability that he passes both tests?

6. If two cards are selected at random from a standard deck of 52 cards, what is the
probability that they will both be diamonds?

7. A bag contains 9 marbles, 3 of which are red, 3 of which are blue, and 3 of which are
yellow. If three marbles are selected from the bag at random, what is the probability
that they are all of different colors?

8. If two standard dice are rolled, what is the probability that the sum of the digits on
the two dice is a prime number?

9. What is the probability that if you roll a standard die three times, you will get three
different numbers?

10. If you select three cards from a standard deck of 52 cards and they are all kings,
what is the probability that the next card you select will also be a king?
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ANSWERS AND EXPLANATIONS

1. There are 12 marbles in the bag. Since 3 of them are red, the probability of picking

a red marble is
3

12
5

1
4
. There are 5 marbles in the bag that are not blue, so the

probability of picking a marble that is not blue is
5

12
.

2. There are 5 coins in the purse, and 3 of them are worth at least ten cents. Thus, the

probability that a coin chosen at random will be worth at least ten cents is
3
5
.

3. There are 7 3 7 5 49 ways in which two marbles can be selected. Since there are four
ways to select a white marble on the first draw and four ways to select a marble on the
second draw, there are a total of 4 3 4 5 16 ways to select a white marble on two

draws. Thus, the probability of selecting white on both draws is
16
49

.

4. The two selections can be made in 7 3 6 5 42 ways. Two white marbles can be

selected in 4 3 3 5 12 ways. Thus, the desired probability is
12
42

5
2
7
.

5. Since these two events are independent, the probability of passing both is

S2
3D 3

1
4

5
1
6
.

6. The probability of drawing a diamond from the full deck is
13
52

5
1
4
. After the first

diamond has been removed, there are 51 cards in the deck, 12 of which are diamonds.

The probability of selecting a diamond from this reduced deck is
12
51

. The probability,

thus, of selecting two diamonds is
1
4

3
12
51

5
1

17
.

7. After the first marble is selected, the bag has 8 marbles left, 6 of which are of a
different color than that of the first marble selected. Thus, the probability that the

second marble is of a different color is
6
8
. If the second marble is different, there are

then 7 marbles in the bag, three of which are of the color not yet selected. The

probability of drawing a marble of the third color is
3
7
. Overall, then, the probability of

drawing three different colors is
6
8

3
3
7

5
18
56

5
9

28
.

8. If two dice are rolled, the possible outcomes for the sums of the two dice are 2 through
12. Of these, 2, 3, 5, 7, and 11 are prime. There is one way to get a sum of two, two
ways to get a sum of three, four ways to get a sum of five, six ways to get a sum of
seven, and two ways to get a sum of 11. Thus, the probability of rolling a prime sum is
15
36

5
5

12
.
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9. After you roll the die the first time, there is a five out of six chance that the next
roll will be different. Then, there is a 4 out of six chance that the third roll will be

different. Thus, the probability of rolling three different numbers is
5
6

3
4
6

5
5
9
.

10. After three cards are selected, there are 49 cards left in the deck, of which only one

is a king. Thus, the probability of drawing a king on the fourth draw is
1

49
.
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PERMUTATIONS AND COMBINATIONS
This section should be studied only by those taking the Level 2 Math test.

A Fundamental Counting Principle
Consider the following problem. A set A contains 3 elements, A 5 {2, 4, 6}. A set B contains 2

elements, B 5 {3, 7}. How many different sets exist containing one element from set A and one

element from set B?

In order to answer this question, simply note that for each of the three possible selections

from set A, there are two possible corresponding selections from set B. Thus, the sets that can

be formed are {2, 3}, {2, 7}, {4, 3}, {4, 7}, {6, 3}, and {6, 7}. This means that there are 2 3 3 5 6

sets that can be formed.

This result can be generalized in the following way: If one experiment can be performed in r

possible ways, and a second experiment can be performed in s possible ways, then there are a

total of rs possible ways to perform both experiments. This principle can be extended to any

number of sets and can be applied in many different situations, as the following examples

show.

Example 1

How many two-digit numbers can be formed from the digits 2, 4, 6, 8, and 9 if it is

permissible to use the same digit twice?

If it is permissible to use the same digit twice, there are 5 choices for the tens digit

and 5 choices for the units digit. The principle above, thus, tells us that there are

5 3 5 5 25 ways to form two-digit numbers.

Example 2

How many three-letter sequences can be formed from the letters b, c, d, f, g, and h?

There are six choices for the first letter of the sequence, six choices for the second

letter, and six choices for the third. Thus, there are 6 3 6 3 6 5 216 possible

sequences.

Permutations

A permutation is any arrangement of the elements of a set in definite order. For example,

consider the set C 5 {p, q, r}. There are six different orders in which the elements of this set

can be ordered:

pqr, prq, rpq, rqp, qrp, qpr

Thus, there are six permutations of the set C. Of course, it would have been possible to

determine that there were six permutations of the given set without listing them all. Simply
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note that the first letter listed can be any element of the set, so that there are three possible

choices for first element. After a letter has been selected to go first, there are two possible

selections that remain to go second. And, after the first two selections have been made, there

is only one remaining choice for the final selection. By multiplying the number of choices at

each stage, 3 3 2 3 1 5 6, we obtain the number of permutations.

The product 3 3 2 3 1 can be written in what is called factorial notation as 3!, which is read

three factorial. Similarly, 5! 5 5 3 4 3 3 3 2 3 1. And, in general, we have the definition

n! 5 n 3 (n21) 3 (n22) 3 . . . 3 3 3 2 3 1

The example above illustrates the following fact about permutations: the number of

permutations of a set containing n members is n!.

Now, consider the following problem. Let D 5 {a, b, c, d, e, f}. How would we count the number

of permutations of the six elements from this set taken three at a time? Once again, we would

reason as follows: there are six possible choices for the first element of the permutation, five

possible choices for the second element of the permutation, and four choices for the final

element. Thus, there are 6 3 5 3 4 5 120 permutations of six objects taken three at a time.

This example illustrates the following fact about permutations: The number of permutations

of n elements taken r at a time is given by

nPr 5 n(n21)(n22) ... [n 2 (r 2 1)]

Example

In how many ways can a president and a vice president be chosen from a club with

eight members?

We are looking for the number of permutations of 8 members taken 2 at a time.

nPr 5 n(n 2 1) 5 8 3 7 5 56
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Combinations

A combination is any arrangement of the elements of a set without regard to order. For

example, consider the set F 5 {a, b, c, d}. How many subsets containing three elements does

this set have? The subsets are {a, b, c}, {a, b, d}, {a, c, d}, and {b, c, d}. Thus, we say that the

number of combinations of four objects taken three at a time, which is written 4C3, is four.

In general, the formula for the number of combinations of n objects taken r at a time is given by

nCr 5
n!

r! ~n 2 r!!

Example

In how many ways can an advisory board of three members be chosen from a

committee of ten?

We need to find the number of combinations of 10 objects taken 3 at a time.

nCr 5
10!

~3!!~7!!
5

~10 3 9 3 8!

~3 3 2 3 1!
5 120
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EXERCISE: PERMUTATIONS AND COMBINATIONS

Directions: Solve the following problems.

1. Brian has five different shirts, two different pairs of pants, and three different ties.
How many different outfits can Brian wear?

2. In how many different orders can five boys stand on a line?

3. In how many different ways can a judge award first, second, and third places in a
contest with thirteen contestants?

4. A mathematics instructor plans to assign as homework three problems from a set of
ten problems. How many different homework assignments are possible?

5. A baseball card dealer has forty different cards that Brian would like to own. For his
birthday, Brian is allowed to pick any four of these cards. How many choices does he
have?
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ANSWERS AND EXPLANATIONS

1. By the fundamental counting principle, Brian can wear 5 3 2 3 3 5 30 different
outfits.

2. The number of different orders that five boys can stand on a line is given by

5! 5 5 3 4 3 3 3 2 3 1 5 120.

3. There are thirteen choices for first place. After that, second place can go to twelve
people, and then third place can go to eleven people. Thus, there are 13 3 12 3 11 5

1,716 ways to award the prize.

4. Here, we need to count the number of combinations of ten objects taken three at a
time. This number is given by

nCr 5
n!

r! ~n 2 r!!

with n 5 10 and r 5 3. Thus, we need to evaluate:

n!
r!~n 2 r!!

5
10!

3!~7!!
5

10 3 9 3 8
3 3 2 3 1

5 10 3 3 3 4 5 120

5. We need to count the number of combinations of forty objects taken four at a time.
This number is given by

nCr 5
n!

r!~n 2 r!!

with n 5 40 and r 5 4. Thus, we need to evaluate:

n!
r!~n 2 r!!

5
40!

4!~36!!

5
~40 3 39 3 38 3 37!

~4 3 3 3 2 3 1!

5 10 3 13 3 19 3 37
5 91,390
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STATISTICS
Statistics is the study of collecting, organizing, and analyzing data. Those taking both levels

of the test must know some statistics. Those taking Level 1 should study the first part of this

section: Measures of Location. Those taking Level 2 should also study the next section:

Measures of Variability.

Measures of Location
Measures of location describe the “centering” of a set of data; that is, they are used to

represent the central value of the data. There are three common measures of central location.

The one that is typically the most useful (and certainly the most common) is the arithmetic

mean, which is computed by adding up all of the individual data values and dividing by the

number of values.

Example 1

A researcher wishes to determine the average (arithmetic mean) amount of time a

particular prescription drug remains in the bloodstream of users. She examines five

people who have taken the drug and determines the amount of time the drug has

remained in each of their bloodstreams. In hours, these times are: 24.3, 24.6, 23.8,

24.0, and 24.3. What is the mean number of hours that the drug remains in the

bloodstream of these experimental participants?

To find the mean, we begin by adding up all of the measured values. In this case,

24.3 1 24.6 1 23.8 1 24.0 1 24.3 5 121. We then divide by the number of partici-

pants (five) and obtain
121
5

5 24.2 as the mean.

Example 2

Suppose the participant with the 23.8-hour measurement had actually been measured

incorrectly, and a measurement of 11.8 hours obtained instead. What would the mean

number of hours have been?

In this case, the sum of the data values is only 109, and the mean becomes 21.8.

This example exhibits the fact that the mean can be greatly thrown off by one incor-

rect measurement. Similarly, one measurement that is unusually large or unusually

small can have great impact upon the mean. A measure of location that is not im-

pacted as much by extreme values is called the median. The median of a group of

numbers is simply the value in the middle when the data values are arranged in

numerical order. This numerical measure is sometimes used in the place of the mean

when we wish to minimize the impact of extreme values.
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Example 3

What is the median value of the data from Example 1? What is the median value of

the modified data from Example 2?

Note that in both cases, the median is 24.3. Clearly, the median was not impacted by

the one unusually small observation in Example 2.

In the event that there is an even number of data values, we find the median by

computing the number halfway between the two values in the middle (that is, we find

the mean of the two middle values).

Another measure of location is called the mode. The mode is simply the most fre-

quently occurring value in a series of data. In the examples above, the mode is 24.3.

The mode is determined in an experiment when we wish to know which outcome has

happened the most often.

Measures of Variability
Measures of location provide only information about the “middle” value. They tell us nothing,

however, about the spread or the variability of the data. Yet sometimes knowing the

variability of a set of data is very important. To see why, examine the example below.

Consider an individual who has the choice of getting to work using either public

transportation or her own car. Obviously, one consideration of interest would be the amount of

travel time associated with these two different ways of getting to work. Suppose that over the

period of several months, the individual uses both modes of transportation the same number

of times and computes the mean for both. It turns out that both methods of transportation

average 30 minutes. At first glance, it might appear, therefore, that both alternatives offer the

same service. However, let’s take a look at the actual data, in minutes:

Travel time using a car: 28, 28, 29, 29, 30, 30, 31, 31, 32, 32

Travel time using public transportation: 24, 25, 26, 27, 28, 29, 30, 33, 36, 42

Even though the average travel time is the same (30 minutes), do the alternatives possess the

same degree of reliability? For most people, the variability exhibited for public transportation

would be of concern. To protect against arriving late, one would have to allow for 42 minutes

of travel time using public transportation, but with a car one would only have to allow a

maximum of 32 minutes. Also of concern are the wide extremes that must be expected when

using public transportation.

Thus, we can see that when we look at a set of data, we may wish to not only consider the

average value of the data but also the variability of the data.

The easiest way to measure the variability of the data is to determine the difference between

the greatest and the least values. This is called the range.
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Example

Determine the range of the data from Examples 1 and 2.

The range of the data from Example 1 is 24.6 2 23.8 5 0.8. The range of the data in

Example 2 is 24.6 2 11.8 5 12.8. Note how the one faulty measurement in Example 2

has changed the range. For this reason, it is usually desirable to use another more

reliable measure of variability, called the standard deviation.

The standard deviation is an extremely important measure of variability; however, it

is rather complicated to compute.

To understand the meaning of the standard deviation, suppose you have a set of data

that has a mean of 120 and a standard deviation of 10. As long as this data is

“normally distributed” (most reasonable sets of data are), we can conclude that

approximately 68 percent of the data values lie within one standard deviation of the

mean. This means, in this case, that 68 percent of the data values lie between

120 2 10 5 110 and 120 1 10 5 130. Similarly, about 95 percent of the data values

will lie within two standard deviations from the mean; that is, in this case, between

100 and 140. Finally, about 99.7 percent (which is to say, virtually all) of the data will

lie within three standard deviations from the mean. In this case, this means that

almost all of the data values will fall between 90 and 150.

Correlation
Very often, researchers need to determine whether any relationship exists between two

variables that they are measuring. For example, they may wish to determine whether an

increase in one variable implies that a second variable is likely to have increased as well, or

whether an increase in one variable implies that another variable is likely to have decreased.

The correlation coefficient is a single number that can be used to measure the degree of the

relationship between two variables.

The value of a correlation coefficient can range between 21 and 11. A correlation of 11

indicates a perfect positive correlation; the two variables under consideration increase and

decrease together. A correlation of 21 is a perfect negative correlation; when one variable

increases, the other decreases, and vice versa. If the correlation is 0, there is no relationship

between the behavior of the variables.

Consider a correlation coefficient that is a positive fraction. Such a correlation represents a

positive relationship; as one variable increases, the other will tend to increase. The closer that

correlation coefficient is to 1, the stronger the relationship will be. Now, consider a correlation

coefficient that is a negative fraction. Such a correlation represents a negative relationship; as

one variable increases, the other will tend to decrease. The closer the correlation coefficient is

to 21, the stronger this inverse relationship will be.
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As an example, consider the relationship between height and weight in human beings. Since

weight tends to increase as height increases, you might expect that the correlation coefficient

for the variables of height and weight would be near 11. On the other hand, consider the

relationship between maximum pulse rate and age. In general, maximum pulse rate

decreases with age, so you might expect that the correlation coefficient for these two variables

would be near 21.

One common mistake in the interpretation of correlation coefficients that you should avoid is

the assumption that a high coefficient indicates a cause-and-effect relationship. This is not

always the case. An example that is frequently given in statistics classes is the fact that there

is a high correlation between gum chewing and crime in the United States. That is to say, as

the number of gum chewers went up, there was a similar increase in the number of crimes

committed. Obviously, this does not mean that there is any cause and effect between chewing

gum and committing a crime. The fact is, simply, that as the population of the United States

increased, both gum chewing and crime increased.

The following graphs are three scatterplots depicting the relationships between two variables.

In the first, the plotted points almost lie on a straight line going up to the right. This is

indicative of a strong positive correlation (a correlation near 11). The second scatterplot

depicts a strong negative correlation (a correlation near 21), and the final scatterplot depicts

two variables that are unrelated and probably have a correlation that is close to 0.
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EXERCISE: STATISTICS

Directions: Students taking Level 2 should try to answer all questions; those taking
Level 1 can answer only questions 1–6.

1. During the twelve months of 1998, an executive charged 4, 1, 5, 6, 3, 5, 1, 0, 5, 6, 4,
and 3 business luncheons at the Wardlaw Club. What was the mean monthly
number of luncheons charged by the executive?

2. Brian got grades of 92, 89, and 86 on his first three math tests. What grade must he
get on his final test to have an overall average of 90?

3. In order to determine the expected mileage for a particular car, an automobile
manufacturer conducts a factory test on five of these cars. The results, in miles per
gallon, are 25.3, 23.6, 24.8, 23.0, and 24.3. What is the mean mileage? What is the
median mileage?

4. In problem 3 above, suppose the car with the 23.6 miles per gallon had a faulty fuel
injection system and obtained a mileage of 12.8 miles per gallon instead. What
would have been the mean mileage? What would have been the median mileage?

5. In a recent survey, fifteen people were asked for their favorite automobile color. The
results were: red, blue, white, white, black, red, red, blue, gray, blue, black, green,
white, black, and red. What was the modal choice?

6. An elevator is designed to carry a maximum weight of 3,000 pounds. Is it overloaded
if it carries 17 passengers with a mean weight of 140 pounds?

7. The annual incomes of five families living on Larchmont Road are $32,000, $35,000,
$37,500, $39,000, and $320,000. What is the range of the annual incomes?

8. The average length of time required to complete a jury questionnaire is 40 minutes,
with a standard deviation of 5 minutes. What is the probability that it will take a
prospective juror between 35 and 45 minutes to complete the questionnaire?

9. Using the information in problem 8, what is the probability that it will take a
prospective juror between 30 and 50 minutes to complete the questionnaire?

10. The scores on a standardized admissions test are normally distributed with a mean
of 500 and a standard deviation of 100. What is the probability that a randomly
selected student will score between 400 and 600 on the test?
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ANSWERS AND EXPLANATIONS

1. The mean number of luncheons charged was
~4 1 1 1 5 1 6 1 3 1 5 1 1 1 0 1 5 1 6 1 4 1 3!

12
5

43
12

5 3.58.

2. Let G 5 the grade on the final test. Then,
~92 1 89 1 86 1 G!

4
5 90. Multiply by 4.

~92 1 89 1 86 1 G! 5 360
267 1 G 5 360

G 5 93.
Brian must get a 93 on the final test.

3. The mean mileage is
~25.3 1 23.6 1 24.8 1 23.0 1 24.3!

5
5

121
5

5 24.2 miles per

gallon. The median mileage is 24.3 miles per gallon.

4. The mean mileage would have been
~25.3 1 12.8 1 24.8 1 23.0 1 24.3!

5
5

110.2
5

5

22.04 miles per gallon. The median mileage would have been 24.3 miles per gallon,
which is the same as it was in problem 3.

5. The modal choice is red, which was chosen by four people.

6. Since the mean is the total of the data divided by the number of pieces of data, that

is mean 5
total

number
, we have (mean)(number) 5 total. Thus, the weight of the people

on the elevator totals (17)(140) 5 2,380. It is therefore not overloaded.

7. The range is $320,000 2 $32,000 5 $288,000. It can be seen that the range is not a
particularly good measure of variability, since four of the five values are within
$7,000 of each other.

8. About 68%

9. About 95%

10. About 68%
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EXPONENTS AND LOGARITHMS
This section contains topics from advanced algebra. As such, these topics in this section are of

importance to those taking the Level 2 test. Students taking the Level 1 test can move on to

the next section.

Definitions and Properties
When we discussed exponents in the arithmetic review section, all of the exponents we looked

at were positive integers. However, meaning can also be given to negative and fractional

exponents.

Negative exponents are defined by the definition

a2n 5
1
an .

Thus, for example, 522 5
1
52, and 729 5

1
79 .

By definition, we say that a0 5 1. In other words, any number raised to the 0 power is defined

to equal 1. We have therefore given meaning to all integral exponents. If a 5 0, a0 has no

meaning.

There are five rules for computing with exponents. In general, if k and m are integers, and a

and b are any numbers:

Rule 1: ak 3 am 5 ak 1 m

Rule 2:
ak

am 5 ak 2 m

Rule 3: (ak)m 5 akm

Rule 4: (ab)m 5 am 3 bm

Rule 5: Sa
bDm

5
am

bm

Examples

Rule 1: 22 3 23 5 4 3 8 5 32 and 22 3 23 5 25 5 32.

Rule 2:
35

37 5
243

2,187
5

1
9

5
1
32 5 322 and

35

37 5 3(5 2 7) 5 322.

Rule 3: (32)3 5 93 5 729 and (32)3 5 36 5 729.

Rule 4: (3 3 4)2 5 122 5 144 and (3 3 4)2 5 32 3 42 5 9 3 16 5 144.

Rule 5: S6
2D4

5 34 5 81 and S6
2D4

5
64

24 5
1,296

16
5 81.
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Scientific Notation

Any positive number can be written as the product of a number between 1 and 10 and some

power of 10. A number written this way is said to be written in scientific notation.

To express a number in scientific notation, begin by repositioning the decimal point so that

the number becomes a number between 1 and 10. In other words, place the decimal point so

that there is one digit to its left. Then, the appropriate power of 10 can be determined by

counting the number of places that the decimal point has been moved. The examples below

will clarify this concept.

Example 1

Write the following numbers in scientific notation:

(A) 640,000

In writing this number as 6.4, the decimal point is moved five places to the left. Thus,

640,000 5 6.4 3 105.

(B) 2,730,000

To rewrite this number as 2.730, the decimal point needs to be moved six places to the

left. Thus, 2,730,000 5 2.73 3 106.

(C) .00085

To rewrite this number as 8.5, the decimal point must be moved four places to the

right. Thus, .00085 5 8.5 3 1024.

(D) .000000562

To rewrite this number as 5.62, the decimal point needs to be moved seven places to

the right. Thus, .000000562 5 5.62 3 1027.

Example 2

Write the following numbers without scientific notation:

(A) 3.69 3 103

Since 103 5 1,000, we see that 3.69 3 103 5 3.69 3 1,000 5 3,690.

(B) 6.7 3 1024

Since 1024 5 .0001, 6.7 3 1024 5 6.7 3 .0001 5 .00067.
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Fractional Exponents
The definitions of exponents can be extended to include fractional exponents. In particular,

roots of numbers can be indicated by fractions with a numerator of 1. For example, =2 can

be written as 2
1
2. Similarly, =

3 7 5 7
1
3. Using rules 1–5 above, we can also make sense of any

negative fractional exponents.

Examples

(A) 8
21
2 5

1

=8
.

(B) 7
25

2 5 ~725!
1

2 5 S 1

75D
1

2
5 S 1

16,807D
1

2
5

1

=16,807
' .0077

Note that from Rule 4, we can determine that ~a 3 b!
1
2 5 a

1
2 3 b

1
2. Written in radical

notation, this expression becomes =a 3 b 5 =a 3 =b. This statement justifies the

technique we have used for the simplification of square roots.

Exponential Equations
An exponential equation is an equation whose variable appears in a exponent. Such equations

can be solved by algebraic means if it is possible to express both sides of the equation as

powers of the same base.

Example 1

Solve 52x 2 1 5 25.

Rewrite the equation as 52x 2 1 5 52. Then it must be true that 2x 2 1 5 2. This

means that x 5
3
2
.

Example 2

Solve 9x 1 3 5 272x.

Rewrite the left side of the equation as (32)x 1 3 5 32x 1 6. Rewrite the right side of the

equation as (33)2x 5 36x. Then, it must be true that 2x 1 6 5 6x. This means that

x 5
3
2
.

Exponential equations in which the bases cannot both be rewritten as the same

number can be solved by using logarithms.
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The Meaning of Logarithms
The logarithm of a number is the power to which a given base must be raised to produce the

number. For example, the logarithm of 25 to the base 5 is 2, since 5 must be raised to the

second power to produce the number 25. The statement “the logarithm of 25 to the base 5 is

2” is written as log525 5 2.

Note that every time we write a statement about exponents, we can write an equivalent

statement about logarithms. For example, log327 5 3 since 33 5 27, and log84 5
2
3
, since

8
2
3 5 4.

An important by-product of the definition of logarithms is that we cannot determine values for

logax if x is either zero or a negative number. For example, if log20 5 b, then 2b 5 0, but there

is no exponent satisfying this property. Similarly, if log2(28) 5 b, then 2b 5 28, and there is

no exponent satisfying this property.

While logarithms can be written to any base, logarithms to the base 10 are used so frequently

that they are called common logarithms, and the symbol “log” is used to stand for “log10.”

Examples

1. Write logarithmic equivalents to the following statements about exponents:

(A) 25 5 32

The statement 25 5 32 is equivalent to log232 5 5.

(B) 120 5 1

The statement 120 5 1 is equivalent to log121 5 0.

2. Use the definition of logarithm to evaluate the following:

(A) log636

log636 5 2, since 62 5 36.

(B) log4S 1
16D 5 22, since 422 5

1
16

.

Properties of Logarithms
Since logarithms are exponents, they follow the rules of exponents previously discussed. For

example, when exponents to the same base are multiplied and their exponents are added, we

have the rule: logaxy 5 logax 1 logay. The three most frequently used rules of logarithms are:

Rule 1: logaxy 5 logax 1 logay

Rule 2: logaSx
yD 5 logax 2 logay

Rule 3: logaxb 5 blogax
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Examples

Rule 1: log314 5 log3(7 • 2) 5 log37 1 log32

Rule 2: logS13
4 D 5 log 13 2 log 4

Rule 3: log7=5 5 log7~5
1
2! 5 S1

2Dlog75

By combining these rules, we can see, for example,

that log S5b
7 D 5 log 5 1 log b 2 log 7.

Solving Exponential Equations by Using Logarithms

Exponential equations, in which neither side can be written as exponents to the same power,

can be solved by using logarithms.

Example

Solve 32x 5 4x21.

Begin by taking the logarithm of both sides. We could take the logarithm with respect

to any base; in this example, to keep things simple, we will take the logarithm to the

base 10.

log 32x 5 log 4x 2 1

2xlog 3 5 ~x 2 1!log 4

2xlog 3 5 xlog 4 2 log 4

2xlog 3 2 xlog4 5 2log 4

x~2log 3 2 log 4! 5 2log 4

x5
2log 4

~2log 3 2 log 4!

We now need to obtain values for log 3 and log 4. These can be obtained from either a

table of logarithms or a scientific calculator. We obtain log 3 5 0.4771 and log 4 5

0.6021. Thus,

x 5 2
~0.6021!

~~2~0.4771!! 2 0.6021!
5

20.6021
0.3521

5 21.7100

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

Chapter 8: Data Analysis, Statistics,
Probability, and Advanced Math Review

285

www.petersons.com



EXERCISE: EXPONENTS AND LOGARITHMS

Directions: Write an equivalent exponential form for each radical expression.

1. =11

2. =
3 13

Directions: Write an equivalent radical expression for each exponential expression.

3. 8
1
5

4. ~x2!
1
3

Directions: Evaluate the given expressions.

5. 27
1
3

6. 125
2
3

7. Express the following numbers using scientific notation:

(A) 1,234.56
(B) 0.0876

8. Write the following numbers without scientific notation:

(A) 1.234 3 105

(B) 5.45 3 1023

9. Express the following equations in logarithmic form:

(A) 32 5 9

(B) 722 5
1

49

10. Express the following equations in exponential form:

(A) log636 5 2

(B) log10S 1
10D 5 21

286 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



11. Find the value of the following logarithms:

(A) log28
(B) log121

12. Express as the sum or difference of logarithms of simpler quantities:

(A) log12

(B) log Sab
c D

13. Solve the following equation for x: 125 5 52x21.

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. 11
1
2

2. 13
1
3

3. =
5 8

4. =
3 x2

5. 27
1
3 5 =

3 27 5 3

6. 125
2
3 5 ~=

3 125!2 5 52 5 25

7. (A) 1,234.56 5 1.23456 3 103

(B) 0.0876 5 8.76 3 1022

8. (A) 1.234 3 105 5 123,400
(B) 5.45 3 1023 5 0.00545

9. (A) 32 5 9 is equivalent to log39 5 2.

(B) 722 5
1

49
is equivalent to log7S 1

49D 5 22

10. (A) log636 5 2 is equivalent to 62 5 36

(B) log10 S 1
10D 5 21 is equivalent to 1021 5

1
10

11. (A) log28 5 3 (The power that 2 must be raised to in order to equal 8 is 3.)
(B) log121 5 0 (The power that 12 must be raised to in order to equal 1 is 0.)

12. (A) log12 5 log(22 3 3) 5 log(22) 1 log3 5 2log 2 1 log 3

(B) log Sab
c D 5 log(ab) 2 log c 5 log a 1 log b 2log c

13. 125 5 52x21. Rewrite 125 as 53. Then,

53 5 52x 2 1. Thus, it must be true that
3 5 2x 2 1 or

2x 5 4, so that
x 5 2.
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LOGIC
This topic should be reviewed by all test takers. Logic is a field of mathematics in which

algebraic techniques are used to establish the truth or falsity of statements.

A statement or assertion is any expression that can be labeled as either true or false. Letters

such as p, q, r, s, and t are used to represent statements. Compound statements can be formed

by connecting two or more statements.

Examples

1. “My dog is a Boston terrier,” “My house is a mess,” and “My name is Howard,” are

statements since they are either true or false.

2. “How old are you?” and “Where do you live?” are not statements since they are

neither true nor false.

3. “My cat is named Nora, and my dog is named Krauser,” is a compound statement

consisting of the two substatements, “My cat is named Nora,” and “My dog is named

Krauser.”

4. “He is a natural musician, or he practices a lot,” is a compound statement consist-

ing of the two substatements, “He is a natural musician,” and “He practices a lot.”

The truth or falsity of a statement is called its truth value (or its logical value). The truth or

falsity of a compound statement can be found by determining the truth value of the

statements that comprise it and then examining the way in which the statements are

connected. We will now consider some of the fundamental ways to connect statements.

Connectives
If two statements are combined by the word and, the resulting compound statement is called

the conjunction of the two original statements. If p and q are statements, the conjunction of p

and q is written p ` q. In order to determine whether a particular conjunction is true, we can

create what is called a truth table.

The truth table for conjunction is:

p q p ` q

T T T

T F F

F T F

F F F

This first line of this table tells us, for example, that if statement p is true and statement q is

true, then p ` q is true. On the other hand, the second line tells us that if p is true but q is

false, then p ` q is false. Note that the table tells us that the only way p ` q is true is if both

p and q are true.
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Example 1

Consider the following four compound statements:

1. The capital of the United States is Washington, D.C., and Christmas is on Decem-

ber 25.

2. The capital of the United States is Washington, D.C., and Christmas is on January

25.

3. The capital of the United States is Buffalo, NY, and Christmas is on December 25.

4. The capital of the United States is Buffalo, NY, and Christmas is on January 25.

Of these four statements, only the first one, which consists of two true substatements,

is true.

If two statements are combined by the word or, the resulting compound statement is called

the disjunction of the two original statements. If p and q are two statements, we indicate the

disjunction of p and q with the symbol p ~ q.

The truth table for disjunction is:

p q p ~ q

T T T

T F T

F T T

F F F

Thus, a disjunction is false only when both substatements are false. Note, therefore, that, in

logic, the word or is used in the sense of either or both.

Example 2

1. The capital of the United States is Washington, D.C., or Christmas is on

December 25.

2. The capital of the United States is Washington, D.C., or Christmas is on

January 25.

3. The capital of the United States is Buffalo, NY, or Christmas is on December 25.

4. The capital of the United States is Buffalo, NY, or Christmas is on January 25.

Of these four statements, only the last one, which consists of two false substatements,

is false.
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Given any statement p, another statement can be created by inserting the word not in p. Such

a statement is called the negation or contradiction of p, is symbolized as ;p, and is read not p.

The truth table for negation is:

p ;p

T F

F T

Thus, if p is true, then ;p is false and vice versa.

For statements p and q, p → q represents the statement if p, then q. Such statements are

called implications or conditional statements.

The truth table for → is:

p q p → q

T T T

T F F

F T T

F F T

The statement p → q is also read p implies q. Another compound statement is the

biconditional statement, which is written p ⇔ q and read p if and only if q. p ⇔ q is true if

and only if p and q have the same truth values. Thus, the truth table is:

p q p ⇔ q

T T T

T F F

F T F

F F T

Truth Tables, Tautologies, and Contradictions

By using various combinations of the connectives `, ~, ;, →, and ⇔, we can create compound

statements that are much more complicated than those we have considered so far. The truth

or falsity of a compound statement can be determined from the truth values of its

substatements. A truth table is a simple way to determine the truth or falsity of a compound

statement. For example, consider the compound statement p ~ (q ` ;q). A truth table for this

statement would look like:

p q ;q q ` ;q p ~ (q ` ;q)

T T F F T

T F T F T

F T F F F

F F T F F
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Note that in the table above, the first two columns contain all possible combinations of truth

and falsity for p and q. The third and fourth columns simply help us keep track of the truth or

falsity of the components of the compound statement, and the final column lists the truth

values for the given compound statement. Note that, for example, if p and q are both true,

then p ~ (q ` ;q) is also true.

Any compound statement that is true for any possible combination of truth values of the

statements that form it is called a tautology. In the same way, a compound statement is called

a contradiction if it is false for all possible truth values of the statements that form it.

Example

Construct a truth table to verify that p ~ ; (p ` q) is a tautology.

p q p ` q ;(p ` q) p ~ ;(p ` q)

T T T F T

T F F T T

F T F T T

F F F T T

Since p ~ ; (p ` q) is true regardless of the truth or falsity of p and q, it is a
tautology.

Two statements are said to be logically equivalent if they have the same truth table. For

example, look once again at the truth table for p ~ (q ` ;q) in the previous example. Notice

that it has the same values as p. Thus, p and p ~ (q ` ;q) are logically equivalent.

Arguments, Hypotheses, and Conclusions
An argument is a claim that a number of statements, called hypotheses or premises, imply

another statement, called the conclusion. An argument is said to be valid if the conclusion is

true whenever all of the hypotheses are true. A fallacy is an argument that is not valid. If the

hypotheses are written as p1, p2, . . . , pn, and the conclusion is q, then the arguments are

written as p1, p2, . . . , pn ∴ q.
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Example

Prove that the argument p ⇔ q, q ∴ p is valid.

Begin by making a truth table containing p, q, and p ⇔ q.

p q p ⇔ q

T T T

T F F

F T F

F F T

Note that q and p ⇔ q are both true only on the first line of the table. On this line,
p is also true. Thus, whenever q and p ⇔ q are both true, p is true also. This means
that the argument is valid.

Converse, Inverse, and Contrapositive

Once again, let us consider the conditional statement p → q. The statement q → p is called the

converse of p → q. Similarly, ;p → ;q is called the inverse of p → q, and ;q → ;p is called the

contrapositive of p → q.

Example

Show that the contrapositive ;q → ;p is logically equivalent to the conditional p → q.

Create the truth tables for the conditional and contrapositive:

p q ;p ;q p → q ;q → ;p

T T F F T T

T F F T F F

F T T F T T

F F T T T T

Note that the truth tables for the conditional and contrapositive are the same.
Therefore, they are logically equivalent.
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EXERCISE: LOGIC

Directions: Solve the following problems.

1. Let p be the statement, “I am at work,” and let q be the statement “It is snowing.”
Write in words the meaning of each of the following compound statements:

(A) p ` q
(B) p ~ q
(C) p ` ;q
(D) ; ;q
(E) q → p

2. Let r be the statement, “I have a cold,” and let s be the statement, “I am at home.”
Write each of the following using the connective notation discussed in this section.

(A) I have a cold, and I am at home.
(B) I have a cold, and I am not at home.
(C) I do not have a cold.
(D) I do not have a cold, or I have a cold and am at home.
(E) It is false that I do not have a cold and am at home.

3. Construct the truth table for ;(;p ~ q).

4. Demonstrate that ; (;p ` ;q) is logically equivalent to p ~ q.

5. Show that “If I go home, then it rained” is logically equivalent to “If it did not rain,
then I did not go home.”

294 PART III: SAT Subject Test: Math Review
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

www.petersons.com



ANSWERS AND EXPLANATIONS

1. (A) I am at work, and it is snowing.
(B) I am at work, or it is snowing.
(C) I am at work, and it is not snowing.
(D) It is false that it is not snowing.
(E) If it is snowing, then I am at work.

2. (A) r ` s
(B) r ` ;s
(C) ;r
(D) ;r ~ (r ` s)
(E) ; (;r ` s)

3. p q ;p ;p ~ q ;(;p ~ q)

T T F T F

T F F F T

F T T T F

F F T T F

4. First make truth tables for ; (;p ` ;q) and p ~ q:

p q p ~ q ;p ;q ;p ` ;q ;(;p ` ;q)

T T T F F F T

T F T F T F T

F T T T F F T

F F F T T T F

Note that the third column is the same as the last column. This establishes that the
two statements are logically equivalent.

5. Let p represent the statement, “I go home,” and let q represent the statement, “It
rained.” Then, “If I go home, then it rained,” can be represented as p → q. The
statement “If it did not rain, then I did not go home,” can be represented as
;q → ; p, which is the contrapositive of the given conditional statement. It was
shown in a previous problem that the conditional and the contrapositive are logically
equivalent.

a
n
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............................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Chapter 8: Data Analysis, Statistics,

Probability, and Advanced Math Review
295

www.petersons.com



SYSTEMS OF NUMBERS
This section contains another series of topics that will come up only on the Level 2 test. Those

taking that test should pay particular attention to the topic of complex numbers and the way

in which they relate to quadratic equations, as complex numbers may turn up in some algebra

problems.

DEFINITIONS

Recall that within the real number system, numbers of various kinds can be identified. The

numbers that are used for counting {1, 2, 3, 4, , ...} are called the natural numbers or positive

integers. The set of positive integers, together with 0, is called the set of whole numbers. The

positive integers, together with 0 and the negative integers {21, 22, 23, 24, 25, ...}, make up

the set of integers.

A real number is said to be a rational number if it can be written as the ratio of two integers,

where the denominator is not 0. Thus, for example, numbers such as 216, 2⁄3, 25⁄6, 0, 25, 125⁄8

are rational numbers.

Any real number that cannot be expressed as the ratio of two integers is called an irrational

number. Numbers such as =3, 2=5, and p are irrational. Finally, the set of rational

numbers, together with the set of irrational numbers, is called the set of real numbers.

ODD AND EVEN NUMBERS

Any integer that is divisible by 2 is called an even integer. Any integer that is not divisible by

2 is called an odd integer. When working with odd and even integers, remember the following

properties:

Addition: Subtraction: Multiplication:

even 1 even 5 even even 2 even 5 even even 3 even 5 even
odd 1 odd 5 even odd 2 odd 5 even odd 3 odd 5 odd
odd 1 even 5 odd even 2 odd 5 odd even 3 odd 5 even

odd 2 even 5 odd

There are no set rules for division. For example, an even number divided by an even number

may be either odd or even.

Prime and Composite Numbers
A whole number N is divisible by a whole number M if, when N is divided by M, there is no

remainder (that is, it goes in evenly). As an example, since 28 can be evenly divided by 7, we

say that 28 is divisible by 7. Further, 7 is said to be a factor or a divisor of 28, and 28 is said

to be a multiple of 7. It should be obvious that each whole number has an infinite number of

multiples but only a finite number of divisors. For example, the number 15 has multiples 15,

30, 45, 60, 75, 90, ..., but its only divisors are 1, 3, 5, and 15.
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A whole number that has exactly two divisors, itself and 1, is called a prime number. A whole

number that has more than two divisors is called a composite number. Note that 1 and 0 are

considered to be neither prime nor composite numbers. Thus, the first seven prime numbers

are 2, 3, 5, 7, 11, 13, and 17. On the other hand, the numbers 4, 6, 8, 9, 10, 12, 14, and 15 are

composite.

Every composite number can be written as a product of prime numbers in a unique way. For

example, the composite number 60 is equal to 2 3 2 3 3 3 5. This particular factorization of

60 is called its prime factorization.

There are several procedures that can be used to prime factor a composite number. Perhaps

the easiest technique is simply to make a “factor tree.” To begin, write down the number you

wish to prime factor. Then, find any pair of numbers whose product is the given number, and

write this pair of numbers at the end of two branches leading down from the number.

Continue this process until every number at the end of each branch is a prime number. The

prime factorization is the product of all of the numbers at the ends of the branches.

This process is shown below for the number 315:

Thus, 315 5 3 3 3 3 5 3 7

Absolute Value

The absolute value of a number is the value of the number without regard to its sign. The

absolute value of a number is indicated by placing vertical lines on either side of the number.

Thus, for example, |5| 5 5, and |27| 5 7.

Example

Calculate the value of |23| 2 |8| 1 |25| |22|

|23| 2 |8| 1 |25| |22| 5 3 2 8 1 (5)(2) 5 3 2 8 1 10 5 5
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The Binary Number System
The number system that we use to represent the numbers we write is called a decimal system,

since it represents numbers in terms of powers of 10. For example, 1,987 5 1(10)3 1 9(10)2 1

8(10) 1 7.

Thus, 1,987 represents a number containing 7 “ones,” 8 “tens,” 9 “hundreds,” and 1

“thousand.”

Modern computers, instead, make use of the binary system. In this system, numbers are

expressed in terms of powers of 2, and only two digits, usually 0 and 1, are required. In this

system, the rightmost digit of a number represents the number of “ones” that the number

contains, the next digit represents the number of “twos” that the number contains, the next

digit represents the number of “fours,” then “eights,” and so on.

For example, the decimal system number 13 can be written in terms of powers of 2 as: 13 5

1(2)3 1 1(2)2 1 0(2) 1 1 and is therefore written in the binary system as 1,1012, where the

subscript 2 denotes the use of binary digits. The leftmost digit of the figure 1,1012 can be

thought of as telling us that the decimal number 13 contains one 8. The next digit of 1,1012

tells us that the figure contains one 4. Similarly, it contains no 2s and contains one 1.

To write a decimal number in binary, begin by finding the greatest power of 2 that is less than

the number. Then, subtract this power of 2 from the original number, and find the greatest

power of 2 that is less than the remainder. Continue this process until you end up with a

remainder of 1 or 0.

For example, to express the decimal number 27 in binary, begin by determining the greatest

power of 2 less than 27. Since the powers of 2 are 1, 2, 4, 8, 16, 32, 64, . . . , the greatest power

of 2 less than 27 is 16. Put another way, there is one 16 in the number 27. Now, 27 2 16 5 11,

and there is one 8 in 11. Next, look at the number 11 2 8 5 3. There are no 4s in 3, but there

is one 2, and a remainder of 1. Thus, 27 can be written in binary as 110112. Again, think of

1,10112 as representing a number that consists of one 16, one 8, no 4s, one 2, and a remainder

of 1.

It is very easy to express a binary number in decimal notation. Consider, for example, the

number 101,1102. The leftmost digit of this number occupies the “32’s place,” and, thus, the

number contains one 32. It also contains no 16s, one 8, one 4, one 2, and no ones. Thus,

101,1102 5 32 1 8 1 4 1 2 5 46.
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EXERCISE: SYSTEMS OF NUMBERS

Directions: Solve the following problems.

1. If k represents an integer, which of the following must be even integers?

2k, 2k 1 6,
8k
4

, 3k 1 5, 2k 2 1

2. If n represents an odd integer, which of the following must be even integers?

2n, 3n, 3n 1 1, 3n 2 5, 4n 1 1

3. What is the value of |5| 2 |27| 2 |24| |12|?

4. (A) Express the number 47 as a binary number.
(B) Express the binary number 110,1112 in the decimal system.

5. What is the prime factorization of 120?

e
xe

rc
ise

s
............................................................................................
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ANSWERS AND EXPLANATIONS

1. If k represents an integer, then 2k is even, since 2 times any integer is even. Fur-

ther, 2k 1 6 is also even;
8k
4

5 2k, so
8k
4

is even. Next, 3k may be even or odd, so

3k 1 5 may be even or odd. Finally, 2k 2 1 is odd, since 1 less than an even number

is odd. Thus, of the numbers given, 2k, 2k 1 6, and
8k
4

must be even.

2. If n represents an odd integer, then 2n represents an even number times an odd
number and is therefore even; 3n is the product of two odds and is, thus, odd;
3n 1 1 is the sum of two odds and is, therefore, even; 3n 2 5 is the difference of
odds and is, thus, even; 4n 1 1 is the sum of an even and an odd and is, thus, odd.
Overall, then, 2n, 3n 1 1, and 3n 2 5 are even.

3. |5| 2 |27| 2 |24| |12| 5 5 2 (17) 2 (4)(12) 5 5 2 7 2 48 5 250

4. (A) 47 contains one 32. 47 2 32 5 15. 15 contains no 16s but contains one 8.
15 2 8 5 7. 7 contains one 4. 7 2 4 5 3. 3 contains one 2, with a remainder of
one. Therefore, 47 5 101,1112.

(B) 110,1112 5 32 1 16 1 4 1 2 1 1 5 55

5. 2 3 2 3 2 3 3 3 5
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COMPLEX NUMBERS
Definitions
Up to this point, the real number system has been sufficient for us to be able to solve all of the

algebraic equations that we have seen. However, a simple quadratic equation such as

x2 1 1 5 0

has no solution in the real number system. In order to be able to solve such equations,

mathematicians have introduced the number i, with the property that

i2 1 1 5 0

or

i2 5 21

Thus, i would be the solution to x2 1 1 5 0.

Since i2 5 21, we can write i 5 =21 and say that i is equal to “the square root of 21.” The

number i is called the imaginary unit.

Note that when you raise i to successive powers, you end up with values repeating in cycles of

four, in the pattern i, 21, 2i, 1. That is,

i1 5 i

i2 5 21

i3 5 ~21!i 5 2i

i4 5 ~21!~21! 5 1

i5 5 ~i4!i 5 ~1!i 5 i

i6 5 ~i4!i2 5 ~1!i2 5 21

i7 5 ~i4!i3 5 ~1!i3 5 2i

i8 5 ~i4!i4 5 ~1!~1! 5 1, etc.

Also note that, for any real number n,

=2n 5 =~21!n 5 =~21!=n 5 i=n

Example

Simplify =225 1 =220.

=225 1 =220 5 i=25 1 i=20 5 5i 1 2i=5

A number of the form bi, where b is any real number, is called an imaginary number. Any

number of the form a 1 bi is called a complex number. For any complex number a 1 bi, the

number a 2 bi is called the complex conjugate.
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Operations with Complex Numbers
The following examples show how we perform the fundamental arithmetic operations on

complex numbers.

Example 1

Perform the indicated operations:

(A) (3 1 2i) 1 (2 1 7i)
(B) (3 1 2i) 2 (2 1 7i)
(C) (3 1 2i)(2 1 7i)

(D) 3 1 2i
2 1 7i

Solutions

(A) (3 1 2i) 1 (2 1 7i) 5 3 1 2i 1 2 1 7i
5 (3 1 2) 1 (2i 1 7i)
5 5 1 9i

(B) (3 1 2i) 2 (2 1 7i) 5 3 1 2i 2 2 2 7i
5 (3 2 2) 1 (2i 2 7i)
5 1 2 5i

(C) (3 1 2i)(2 1 7i). Note that complex numbers are multiplied in exactly the same
fashion as binomials. Thus,

(3 1 2i)(2 1 7i) 5 6 1 3(7i) 1 2(2i) 1 (2i)(7i)
5 6 1 21i 1 4i 1 14i2

5 6 1 21i 1 4i 114(21)
5 6 1 21i 1 4i 2 14
5 28 1 25i

(D)
3 1 2i
2 1 7i

. The procedure for dividing complex numbers requires that both the

numerator and the denominator of the quotient be multiplied by the conjugate
of the number in the denominator.

3 1 2i
2 1 7i

5
3 1 2i
2 1 7i

3
2 2 7i
2 2 7i

5
~3 1 2i!~2 2 7i!
~2 1 7i!~2 2 7i!

5
6 2 21i 1 4i 1 14

4 1 49

5
20 2 17i

53
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Frequently, when solving quadratic equations via the quadratic formula, you will end up with

complex solutions.

Example 2

Solve the equation x2 1 3x 1 5 5 0.

Using the quadratic formula, a 5 1, b 5 3, and c 5 5.

Solution

x 5
2b 6 =b2 2 4ac

2a

5
23 6 =322 4~1!~5!

2~1!

5
23 6 =9 2 20

2

5
23 6 =211

2

5
23 6 i=11

2

Thus, the solutions are
23 1 i=11

2
and

23 2 i=11
2

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................

Chapter 8: Data Analysis, Statistics,
Probability, and Advanced Math Review

303

www.petersons.com



EXERCISE: COMPLEX NUMBERS

Directions: Solve the following problems.

1. Simplify the following expressions:

(A) 7i2

(B) 26i8

(C) 8i7

2. Perform the indicated operations:

(A) (5 1 3i) 1 (3 2 2i)
(B) (8 2 2i) 2 (22 2 6i)

3. Perform the indicated operations:

(A) (5 1 3i)(3 2 2i)

(B) ~5 1 3i!
~3 2 2i!

4. Find the sum of 5 1 3i and its conjugate.

5. Solve for x: x2 1 x 1 4 5 0.
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ANSWERS AND EXPLANATIONS

1. (A) 7i2 5 7(21) 5 27
(B) 26i8 5 26(1) 5 26
(C) 8i7 5 8(2i) 5 28i

2. (A) (5 1 3i) 1 (3 2 2i) 5 5 1 3i 1 3 2 2i 5 8 1 i
(B) (8 2 2i) 2 (22 2 6i) 5 8 2 2i 1 2 1 6i 5 10 1 4i

3. (A) (5 1 3i)(3 2 2i) 5 15 210i 1 9i 2 (2i)(3i)
5 15 210i 1 9i 1 6
5 21 2 i

(B) 5 1 3i
3 2 2i

5
~5 1 3i!~3 1 2i!
~3 2 2i!~3 1 2i!

5
15 1 10i 1 9i 2 6

9 1 4

5
9 1 19i

13

4. The conjugate of 5 1 3i is 5 2 3i. The sum of the two numbers is simply 10.

5. x2 1 x 1 4 5 0. We must use the quadratic formula to solve this equation.

a 5 1, b 5 1, and c 5 4.

x 5
2b 6 =b2 2 4ac

2a

5
21 6 =12 2 4~1!~4!

2~1!

5
21 6 =1 2 16

2

5
21 6 =215

2

5
21 6 i =15

2

a
n
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SEQUENCES
Both levels of the SAT Subject Test: Math contain questions on arithmetic and geometric

sequences. In addition, the Level 2 test may also contain a question or two on limits.

Definitions
A collection of numbers of the form

a1, a2, a3, ..., an

is called a finite sequence. As the subscripts indicate, a1 is the first term of the sequence, a2 is

the second term of the sequence, and an is the last term of the sequence. In general, we say

that ak is the kth term of the sequence.

A sequence that has no last term is called an infinite sequence. An infinite sequence is

indicated by writing

a1, a2, a3, ..., ak...,

where the three dots at the end indicate that there is a number an for every positive integer n.

An equation that gives each term of a sequence as a function of one or more of the preceding

terms is called a recursion formula. When a sequence of numbers is defined by such a formula,

we say that the sequence is defined recursively.

Example 1

If the first term of a sequence is 3, and each term thereafter is 5 more than the

preceding term, find a recursion formula for each term of the sequence, and find the

first five terms of the sequence.

We are given that a1 5 3, and that, for each k ≥ 1

ak11 5 ak 1 5

Using the equation above with k 5 1, 2, 3, etc., we compute that a2 5 a1 1 5 5 3 1 5 5 8,

a3 5 8 1 5 5 13, etc. Thus, the first five terms of the sequence are:

3, 8, 13, 18, 23.

There are two very important types of recursively defined sequences. The first is

called an arithmetic sequence.

An arithmetic sequence is one defined by the recursion formula

ak 1 1 5 ak 1 d.

The constant d is referred to as the common difference. It can be shown that the nth

term of the arithmetic sequence with common difference d is given by

an 5 a1 1 (n 2 1)d.
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Example 2

Find the eighth term of the arithmetic sequence whose first three terms are 21, 12,

and 3.

First, determine that the common difference is 29; that is, each term is 9 less than

the preceding term. Then, with a1 5 21 and n 5 8, we have

a8 5 21 1 (8 2 1)(29) 5 21 2 63 5 242.

One other important formula for arithmetic sequences is the formula that will enable

you to compute the sum of the first n terms. Typically, the sum of the first n terms of

an arithmetic sequence is denoted as Sn, and then, if the common difference is once

again d, we have

Sn 5
n
2

F2a1 1 ~n 2 1!dG 5
n
2

~a1 1 an!.

Example 3

Find the sum of the first ten terms of an arithmetic sequence if the first term is 29

and the common difference is 6.

S10 5 (10/2)[2(29) 1 (10 21)6] 5 (5)[218 1 (9)(6)]

5 (5)[218 1 54] 5 180.

The other important type of sequence is called a geometric sequence. A geometric

sequence is defined by the recursion formula

ak11 5 r ak.

The constant r is called the common ratio. It is easy to see that in a geometric se-

quence, each term after the first is obtained by multiplying the preceding term by r.

That is, if the first term is a1, the sequence looks like

a1 , a1r, a1r2, a1r3, ...

Just as in the case of the arithmetic sequence, there is a formula for the nth term of a

geometric sequence and a formula for the sum of the first n terms of a geometric

sequence. First of all, it is easy to see that the nth term of a geometric sequence with

common ratio r ° 0 is given by

an 5 rn 2 1a1.

Then, if Sn stands for the sum of the first n terms of a geometric sequence with

common ratio r ° 1, we have

Sn 5 a1
1 2 rn

1 2 r
.
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Example 4

Find the sum of the first five terms of the geometric sequence whose first term is 6

and whose common ratio is
1
3
.

We have

S5 5 6
1 2 S1

3D5

1 2
1
3

5 6
1 2 S1

3D5

1 2
1
3

3
3
3

5 6
3 2 S1

3D4

3 2 1

5 3F3 2 S1
3D4G

5 9 2
1

27

5 8
26
27

.

Limits of Infinite Series
Consider an infinite sequence. It may initially appear impossible to find the sum of all of the

terms of such a sequence, since there are an infinite number of terms. However, sometimes it

happens that as k gets greater and greater, the sum of the first k terms, Sk, gets closer and

closer to some definite finite value S. Whenever this happens, we define this value S to be the

sum of the infinite series and say that Sk converges to S. This is sometimes written as Sk → S,

or as
lim

k→00 Sk 5 S. In either case, we say that the limit of Sk as k approaches infinity is S.
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Example

Consider the infinite geometric sequence with first term 1 and common ratio
1
2
. Find

the sum of this sequence.

Let’s begin by finding an expression for the sum of the first n terms of the sequence.

Using the formula

Sn 5 a1
1 2 rn

1 2 r
,

we obtain

Sn 5 a1
1 2 rn

1 2 r

5 1
1 2 S1

2Dn

1 2 S1
2D

5

1 2 S1
2Dn

1
2

5 2 2 2S1
2Dn

5 2 2 S1
2Dn 2 1

.

Now, clearly, as n gets greater and greater, the second term in this expression gets

closer and closer to 0. Therefore, it appears as if the limit of Sn as n approaches

infinity is 2 2 0 5 2.

Note: If the ratio has an absolute value less than 1, the formula for an infinite

geometric sequence is S5
a

1 2 r
. Also if |r| ≥ 1, there is no solution to the sum of the

infinite geometric sequence.
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EXERCISE: SEQUENCES

Directions: Those taking Level 1 should attempt the first eight questions. Those
taking Level 2 should answer all 10 questions.

1. Find the first five terms of the sequence specified by the recursion formula
ak 1 1 5 ak 1 3, if a1 5 7.

2. Find the tenth term of the sequence defined in problem 1.

3. Find the sum of the first 10 terms of the sequence from problem 1.

4. Find the first five terms of the sequence specified by the recursion formula ak 1 1 5

3ak, if a1 5 2.

5. Find the tenth term of the sequence defined in problem 4.

6. Find the sum of the first 10 terms of the sequence from problem 4.

7. Find the sum of all of the odd integers between 200 and 400.

8. Find the sum of all of the integers between 2 and 322 that are divisible by 3.

9.
Consider the infinite geometric sequence with first term 5 and common ratio

1
2
. Find

the sum S of the terms of this sequence, if it exists.

10. Find the first three terms of the infinite geometric sequence with sum 81 and

common ratio
1
3
.
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ANSWERS AND EXPLANATIONS

1. This arithmetic sequence has first term 7 and common difference 3. Thus, the first
five terms are 7, 10, 13, 16, and 19.

2. To find the tenth term of the sequence, use the formula an 5 a1 1 (n 2 1)d.

We have a10 5 7 1 (9)(3) 5 7 1 27 5 34.

3. Use the formula Sn 5
n
2

F2a1 1 ~n 2 1!dG 5
n
2

~a1 1 an!.

We have S10 5 S10
2 D~7 1 34! 5 ~5!~41! 5 205.

4. This sequence is geometric with common ratio 3 and first term 2. Thus, the first five
terms are 2, 6, 18, 54, and 162.

5. To find the tenth term of the sequence, use the formula an 5 rn 2 1a1.

We obtain a10 5 (39)(2) 5 (19,683)(2) 5 39,366.

6.
To find the sum of the first ten terms, use the formula Sn 5 a1

1 2 rn

1 2 r
. We obtain

S10 5 2
1 2 310

1 2 3
5 2

59,048
2

5 59,048.

7. The sequence of odd integers between 200 and 400 begins with 201, ends with 399,
has a common difference of 2, and contains 100 terms. To find the sum, use the
formula

Sn 5
n
2

[2a1 1 (n 2 1)d] 5
n
2

(a1 1 an). We obtain

S100 5
100
2

~201 1 399! 5 50~600! 5 30,000.

8. This sequence begins with 3, ends with 321, and contains 107 terms. (There are 100
numbers divisible by 3 between 2 and 301 and 7 more terms divisible by 3 between

301 and 322.) Using the formula Sn 5
n
2

[2a1 1 (n 2 1)d] 5
n
2

(a1 1 an), we obtain

S107 5
107
2

(3 1 321) 5
107
2

(324) 1 107(162) 5 17,334.

a
n

sw
e

rs
............................................................................................
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9. The formula for the sum of a geometric sequence is Sn 5 a1
1 2 rn

1 2 r
. Substituting the

values for a1 and r, we get Sn 5 5
1 2 S1

2Dn

1 2
1
2

5 5
1 2 S1

2Dn

1
2

5 10 F1 2 S1
2DnG 5 10 2 10

S1
2Dn

. Now, as n gets arbitrarily great, S1
2Dn

grows arbitrarily close to zero, and,

therefore, 10S1
2Dn

gets arbitrarily close to 0. Therefore, S is equal to 10.

10. In order to solve this problem, we once again will need the formula Sn 5 a1
1 2 rn

1 2 r
.

We are told that the common ratio is
1
3
, and that as n gets arbitrarily great, Sn

approaches 81. First of all, then,

Sn 5 a1
1 2 rn

1 2 r
5 a1

1 2 S1
3Dn

1 2
1
3

5 a1

1 2 S1
3Dn

2
3

5
3a1

2 F1 2 S1
3DnG

5
3a1

2
2

3a1

2 S1
3Dn

.

Now, as n approaches infinity, Sn approaches 81 and the term
3a1

2 S1
3Dn

will approach

0. Overall, then, as n approaches infinity, we obtain 81 5
3a1

2
. From this, we see that

a
1

5 54. The second term is
54
3

5 18, and the third term is
18
3

5 6.
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SUMMING IT UP

• The trick when working with tables is to make sure you select the correct data needed to

solve the problem.

• Take your time reading each table.

• Don’t be distracted by strange symbols.

............................................................................................
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Practice Test 3:
Level 1

While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 1 exam differs in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

The instructions on the answer sheet of the actual test will tell you to fill out

the top portion of the answer sheet exactly as shown.

1. Print MATHEMATICS LEVEL 1 on the line to the right under the

words Subject Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 3 in the row labeled V.

—Fill in oval 2 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval A in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 Þ ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y Þ ÞOB ÞOC ÞOD ÞOE

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 1

During the actual test, when everyone has completed filling in this portion of

the answer sheet, the supervisor will tell you to turn the page and begin the

Mathematics Level 1 examination. The answer sheet has 100 numbered ovals

on the sheet, but there are only 50 multiple-choice questions on the test, so be

sure to use only ovals 1 to 50 to record your answers.
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REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this

test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant

height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3

Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f (x) is a real number, unless otherwise specified.
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ANSWER SHEET PRACTICE TEST 3: LEVEL 1
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

51. OA OB OC OD OE

52. OA OB OC OD OE

53. OA OB OC OD OE

54. OA OB OC OD OE

55. OA OB OC OD OE

56. OA OB OC OD OE

57. OA OB OC OD OE

58. OA OB OC OD OE

59. OA OB OC OD OE

60. OA OB OC OD OE

61. OA OB OC OD OE

62. OA OB OC OD OE

63. OA OB OC OD OE

64. OA OB OC OD OE

65. OA OB OC OD OE

66. OA OB OC OD OE

67. OA OB OC OD OE

68. OA OB OC OD OE

69. OA OB OC OD OE

70. OA OB OC OD OE

71. OA OB OC OD OE

72. OA OB OC OD OE

73. OA OB OC OD OE

74. OA OB OC OD OE

75. OA OB OC OD OE

76. OA OB OC OD OE

77. OA OB OC OD OE

78. OA OB OC OD OE

79. OA OB OC OD OE

80. OA OB OC OD OE

81. OA OB OC OD OE

82. OA OB OC OD OE

83. OA OB OC OD OE

84. OA OB OC OD OE

85. OA OB OC OD OE

86. OA OB OC OD OE

87. OA OB OC OD OE

88. OA OB OC OD OE

89. OA OB OC OD OE

90. OA OB OC OD OE

91. OA OB OC OD OE

92. OA OB OC OD OE

93. OA OB OC OD OE

94. OA OB OC OD OE

95. OA OB OC OD OE

96. OA OB OC OD OE

97. OA OB OC OD OE

98. OA OB OC OD OE

99. OA OB OC OD OE

100. OA OB OC OD OE

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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MATHEMATICS LEVEL 1

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. If 5x 1 3x 5 2x 1 7x 2 5, x 5

(A) 25
(B) 0
(C) 5

(D)
5
17

(E) 2
5
17

2. If t 5 2, (t 2 4)(t 1 3) 5

(A) 22
(B) 210
(C) 5
(D) 10
(E) 3

3. For all x Þ 1,
3
2

~x 2 1!2

5

(A)
3~x 2 1!2

2

(B)
6

~x 2 1!2

(C)
~x 2 1!2

6

(D)
2~x 2 1!2

3
(E) 6(x 2 1)2

4. (x 1 y 2 2)(x 1 y 1 2) 5

(A) x2 1 y2 1 4
(B) (x 1 y)2 2 4(x 1 y) 2 4
(C) (x 1 y)2 2 4(x 1 y) 1 4
(D) x2 1 y2 2 4
(E) (x 1 y)2 2 4

5. If 3x2 5 5, (9x2)2 5

(A) 75
(B) 15
(C) 125
(D) 225
(E) 25

6. In the square ABCD below, each side
has a length of 5.

The coordinates of vertex C are

(A) (6, 1)
(B) (1, 6)
(C) (6, 6)
(D) (5, 5)
(E) (1, 5)

7. The point of intersection of the graph
3x 2 2y 1 6 5 0 with the y-axis is

(A) (0, 23)
(B) (0, 3)
(C) (0, 6)
(D) (0, 26)
(E) (0, 22)
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8. For three bags, A, B, and C, bag A
contains one half the number of
apples as bag B, and bag B contains
one third the number of apples as
bag C. If bag A has 30 apples, how
many does bag C have?

(A) 5
(B) 20
(C) 180
(D) 45
(E) 90

9. The cube of the square root of a
number is 27. The number is

(A) =3
(B) 18
(C) 81
(D) 3
(E) 9

10. In the following figure, lines A and B
are parallel and are intersected by
line C.

The measure of angle m is

(A) 120°
(B) 60°
(C) 300°
(D) 420°
(E) 240°

11. If x 1 y 5 5 and x 1 2y 5 7, then
x 5

(A) 3
(B) 2
(C) 0
(D) 5
(E) 4

12. If 2x 1 y 1 3x 5 2y, x 1 y 5

(A) 5x 1 y
(B) 5x
(C) 4x
(D) 7x
(E) 6x

13. If f(x) 5 2x 2 1, f(2.2) 5

(A) 1
(B) 3.4
(C) 2x 2 2.2
(D) 4.4
(E) 2.2

14. If sinu 5 0.6, cosu 5

(A) 0.4
(B) 0.64
(C) 0.8
(D) 0.5
(E) 1

15. If 23 • 22 5 2k, the value of k 5

(A) 5
(B) 6
(C) 3
(D) 2
(E) 1

16. What is the value of f (2x 2 3), if

f ~x! 5
1
x2 and x Þ 0?

(A) 1
2x2 2 3

(B) 2x 2 3
(C) 2x2 2 3

(D)
1

~2x 2 3!2

(E)
1

2x 2 3

17. If your daily income increases from
$60 to $72, what is the percentage of
increase?

(A) 12%
(B) 16%
(C) 84%
(D) 120%
(E) 20%
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18. If ?x 2 3? . 2, which of the following
is true?

(A) 25 , x , 1
(B) x 5 1
(C) x , 1 or x . 5
(D) x 5 5
(E) 1 , x , 5

19. A rectangular box of size 100 3 50 3 20
cubic cm has to be wrapped. If
wrapping paper costs $1.20 per
square meter, what will it cost to
wrap the box?

(A) $1.20
(B) $2.40
(C) $2.04
(D) $1.92
(E) $0.96

20. If 5 peaches sell for $7.50, how much
will 8 peaches sell for?

(A) $1.50
(B) $16
(C) $12
(D) $15
(E) $10

21. If a mixture of 2 compounds, A and
B, contains 30% A and 70% B, how
many mg of A are present in 30 mg
of the compound?

(A) 9 mg
(B) 21 mg
(C) 5 mg
(D) 15 mg
(E) 25 mg

22. If a line A is parallel to line
y 5 3x 2 6 and it cuts the y-axis at
point (0, 4), then the equation of the
line is

(A) y 5 3x 2 4
(B) y 5 4x
(C) y 5 3x 1 4

(D) y 5
2x
3

1 4

(E) y 5 3x

23. If the polygon below is a square with
sides that are 6 each, then the length
of segment BD is

(A) 72
(B) 36
(C) 12
(D) 6=2
(E) 6

24. In triangle ABC, AB 5 AC and
m∠ABC 5 55°. What is the measure
of ∠BAC?

(A) 55°
(B) 70°
(C) 110°
(D) 60°
(E) 35°
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25. A regular hexagon is made up of 6
equilateral triangles. Segment OA is
3 cm long. The perimeter of the
hexagon is

(A) 9 cm
(B) 15 cm
(C) 18 cm
(D) 27 cm
(E) 36 cm

26. A road on a hill is elevated at an
angle of 30°. If a man drives 5
meters on the road, how high does he
go above the starting point?

(A) 2.5 m
(B) 5 m
(C) 4.3 m
(D) 1.73 m
(E) 3.25 m

27. If the midpoint of a horizontal line
segment with a length of 8 is (3, 22),
then the coordinates of its endpoints
are

(A) (1, 22) and (9, 22)
(B) (3, 26) and (3, 2)
(C) (3, 0) and (3, 8)
(D) (21, 22) and (7, 22)
(E) (0, 22) and (8, 22)

28. What is the length of chord AB of the
circle centered at the origin in the
following figure?

(A) 8
(B) 1.414
(C) 4
(D) 32
(E) 5.656

29. In the following figure, the length of
arc ACB is

(A) 31.4
(B) 0.393
(C) 3.142
(D) 3.93
(E) 5
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30. The solid in the figure below is the
shaded part of a cone with a height
of 10 cm obtained by cutting its top
parallel to the base, 10 cm from its
tip. The volume of the solid is

(A) 188.52 cm3

(B) 23.57 cm3

(C) 164.93 cm3

(D) 145.29 cm3

(E) 152.68cm3

31. The area of an isosceles right
triangle inscribed in the circle with
center at O and radius 5=2 is

(A) 100
(B) 50
(C) 10=2
(D) 25=2
(E) 50=2

32. Î2
3

can also be written as

(A)
2

=3

(B)
=2

3

(C)
4
9

(D)
=3

3

(E)
=6

3

33. A three-character combination lock is
made of digits and letters chosen
from the following three sets:

A 5 {0, 1, 2,...9}, B 5 {A, B, C,...Z},
and C 5 {0, 1, 2,...9}.

If the combination is such that each
of the three positions can be one digit
or letter from A, B, and C respec-
tively, how many unique combina-
tions are possible?

(A) 126
(B) 36
(C) 2,600
(D) 520
(E) 270

34. If an ant completely traverses a
circular path in 12 seconds, how
many degrees does it turn by in 2
seconds?

(A) 30°
(B) 60°
(C) 15°
(D) 90°
(E) 120°
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35. In the following figure, what is the
value of x if u 5 35°?

(A) 9.83
(B) 8.29
(C) 7.63
(D) 8.40
(E) 10.12

36. The acceleration of a car is a function
of the time elapsed since it started to
accelerate. If t represents the time
lapsed since the car started to
accelerate and a(t) represents the
acceleration of the car, given by
a(t) 5 16t2 1 100t 1 75, what is the
acceleration of the car 5 seconds after
it started to accelerate?

(A) 900
(B) 975
(C) 1,050
(D) 1,195
(E) 850

37. (sinu 1 cosu)2 is the same as

(A) sin2u 1 cos2u

(B) 1
(C) 1 1 2sinu cos u

(D) 1 2 2 sinu cos u

(E) sin2u 1 1

38. In the figure below, triangles ABC
and CED are similar. What is the

value of
x
y
?

(A)
3
7

(B)
4
7

(C)
4
55

(D)
3
4

(E)
4
3

39. For function f, where f(x) 5 (1 1 2x)2

is defined for 21 ≤ x ≤ 2, what is the
range of f?

(A) 0 ≤ f(x) ≤ 5
(B) 21 ≤ f(x) ≤ 2
(C) 1 ≤ f(x) ≤ 25
(D) 0 ≤ f(x) ≤ 25
(E) 1 ≤ f(x) ≤ 5

40. Town A is located at point (3, 5) on
the map and town B is at point
(8, 11). What is the shortest distance
between the two towns?

(A) =61
(B) 61
(C) =11
(D) 11
(E) =13
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41. A certain bacteria is growing at a
rate of 4 percent each day. If the
culture of bacteria has 5,000 bacteria
today, how many bacteria will be
present 10 days from now?

(A) 7,500
(B) 7,400
(C) 7,300
(D) 7,200
(E) 7,100

42. In the figure below, p 5 70° and
90 , q° , 150. Then, the value of (r
1 s) can be described as

(A) 0 ≤ r 1 s ≤ 290
(B) 290 ≤ r 1 s ≤ 360
(C) 0 ≤ r 1 s ≤ 70
(D) 140 ≤ r 1 s ≤ 200
(E) 90 ≤ r 1 s ≤ 150

43. Consider n buckets arranged in a
row. We put one marble in the first
one. Every successive bucket gets
twice the number of marbles as the
previous bucket. How many marbles
will the nth bucket contain?

(A) 2n
(B) 1 1 2(n 2 1)
(C) 2(n 2 1)
(D) 2n

(E) 2n 2 1

44. In the right circular cylinder shown
below, O and X are the centers of the
bases and AB is a diameter of one of
the bases. If the perimeter of DAXB
is 36 and the radius of base of the
cylinder is 5, the height of the
cylinder is

O

(A) 12
(B) 13.66
(C) 14.66
(D) 11.37
(E) 10.85

45. If f(x) 5 x2 1 2x 2 1 and
g(t) 5 t 1 1, f(g(t)) 5

(A) (x2 1 2x 2 1) 1 (t 1 1)
(B) (x2 1 2x 2 1)(t 1 1)
(C) t2 1 4t 1 2
(D) (x2 1 2x 2 1) 11
(E) t2 1 2t 2 1

46. One ball is drawn from a bag
containing 3 white, 4 red, and 5 blue
balls. What is the probability that it
is a white or red ball?

(A)
12
144

(B)
7

144

(C)
3
12

(D)
7
12

(E)
4
12

p
ra

c
tic

e
te

st
............................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Practice Test 3: Level 1 327

www.petersons.com



47. The equations of asymptotes to the

hyperbola
x2

36
2

y2

25
5 1 are

(A) y 5
25
36

x and y 5
225
36

x

(B) y 5
5
6

x and y 5
25
6

x

(C) y 5
36
25

x and y 5
236
25

x

(D) y 5
6
5

x and y 5
26
5

x

(E) y 5
1
25

x and y 5
1

36
x

48. In a group of 10 people who have
salaries ranging from $75,000 to
$200,000, the salary of the person
earning the maximum is increased
from $200,000 to $225,000. What is
true about the current mean and
median as compared to before the
salary increase?

(A) The mean and median remain
the same.

(B) The mean increases but the
median stays the same.

(C) The mean stays the same but
the median increases.

(D) Both the mean and the median
increase.

(E) None of the above.

49. What is the value (sin2u 1 cos2u 2 4)2

if sinu 5 0.63?

(A) 3
(B) 9
(C) 6.78
(D) 10.17
(E) 8.39

50. (a2)3 1 (b2)(b3) 5

(A) a5 1 b5

(B) a6 1 b6

(C) a5 1 b6

(D) a6 1 b5

(E) a6b5
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ANSWER KEY AND EXPLANATIONS

1. C
2. B
3. A
4. E
5. D
6. C
7. B
8. C
9. E

10. B

11. A
12. E
13. B
14. C
15. A
16. D
17. E
18. C
19. D
20. C

21. A
22. C
23. D
24. B
25. C
26. A
27. D
28. E
29. D
30. C

31. B
32. E
33. C
34. B
35. D
36. B
37. C
38. D
39. D
40. A

41. B
42. D
43. E
44. A
45. C
46. D
47. B
48. B
49. B
50. D

1. The correct answer is (C). 5x 1 3x 5 2x 1 7x 2 5

5x 1 3x 2 2x 2 7x 5 25
2x 5 5

x 5 5

2. The correct answer is (B). We have been given that t 5 2

(t 2 4)(t 1 3) 5 (2 2 4)(2 1 3) 5 210

3.
The correct answer is (A). We have

3
2

~x 2 1!2

.

Dividing 3 by
2

~x 2 1!2 is the same as multiplying it by
~x 2 1!2

2
, which is the inverse of

2
~x 2 1!2

Thus, we get

3
2

~x 2 1!2

5 ~3!S~x 2 1!2

2 D 5
3~x 2 1!2

2

4. The correct answer is (E). To solve this problem, we make use of the formula of
“Difference of Squares.” We have

~x 1 y 2 2!~x 1 y 1 2!

5 ~~x 1 y! 2 2!~~x 1 y! 1 2!

5 ~x 1 y!2 2 ~2!2

5 ~x 1 y!2 2 4

5. The correct answer is (D). In this problem, we note that 9x2 can be written as 3(3x2).
Thus, our original problem becomes

(9x2)2 5 (3(3x2))2 5 (3(5))2 5 225
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6. The correct answer is (C). Looking at the figure below, we see that the coordinates of
point D are (6, 1) and those of B are (1, 6). This gives us the coordinates of point C as
(6, 6).

7. The correct answer is (B). To calculate the point of intersection of a curve with the
y-axis, we note that the point of intersection has its x-coordinate 5 0. Using this
information, we plug in x 5 0 in the equation of the curve. Thus, we have

3x 2 2y 1 6 5 0
⇒ 3~0! 2 2y 1 6 5 0

⇒ y 5 3

8. The correct answer is (C). Let the number of apples in bag C be n. Then, bag B

contains
n
3

and bag A contains
Sn

3D
2

apples. We have been given that bag A contains

30 apples. Therefore,
Sn

3D
2

5
n
6

5 30, which tells us that the value of n 5 180.

9. The correct answer is (E). Let the number be x. Then, ~=x!3 5 27. Solving for x, we

have x 5 ~27
1
3!2 5 9.

10. The correct answer is (B). In this problem, we use the property of “alternate angles”
for a pair of parallel lines, which states that alternate angles formed by a line
intersecting a pair of parallel lines are congruent. Thus, m∠m 5 60°.

11. The correct answer is (A). We can solve this problem in two ways. One way is to solve
the pair of equations simultaneously. Subtracting the first equation from the second
equation gives us y 5 2. Plugging back that value of y in the first equation, we get
x 5 5 2 y 5 5 2 2 5 3. The other way is to see that x 1 2y 5 7 can be written as
(x 1 y) 1 y 5 7.

Now, we know that x 1 y 5 5. Therefore, we have (5) 1 y 5 7 ⇒ y 5 2. We can get the
value of x, as in the above case.
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12. The correct answer is (E). We have been given that 2x 1 y 1 3x 5 2y. We need to cal-
culate the value of x 1 y. Now,

2x 1 y 1 3x 5 2y
⇒ 5x 1 y 5 2y

⇒ 5x 5 y
⇒ 5x 1 x 5 y 1 x

⇒ x 1 y 5 6x

13. The correct answer is (B). f(x) 5 2x 2 1. To get the value of f(2.2), we plug in x 5 2.2
for x in the above function. Thus, f(2.2) 5 2(2.2) 2 1 5 3.4.

14. The correct answer is (C). We are given the value of sinu. To obtain the value of cosu,
we use the trigonometric identity sin2u 1 cos2u 5 1.

This gives us cos2u 5 (1 2 sin2u) ⇒ cosu 5 =~1 2 sin2u!.

Thus, cosu 5 =1 2 ~0.6!2 5 0.8.

15. The correct answer is (A). In this problem, we note that the left side of the equation,
23 • 22, is the same as 23 1 2, which is equal to 25. Thus, we have 25 5 2k. Equating the
exponents, we have k 5 5.

16.
The correct answer is (D). We have been given a function f(x), such that f(x) 5

1

x2. To

find f(2x 2 3), we plug in (2x 2 3) for x in the given function. Thus, f~2x 2 3! 5

1

~2x 2 3!2.

17. The correct answer is (E). The percentage increase in income is given by the increase
in income over the original income times 100. Thus, if $60 is the original income and
$72 is the new income, the net increase in income is ($72 2 60) 5 $12.

Therefore, the percentage increase in income is S12
60D100 5 20%.

18. The correct answer is (C). If ?f(x)? 5 k, that means either f(x) 5 k or 2f(x) 5 k. Thus,
for the given problem, we have

?(x 2 3)? . 2

⇒ ~x 2 3! . 2 or 2~x 2 3! . 2
⇒ x . 5 or 2x 1 3 . 2
⇒ x . 5 or 2x . 21
⇒ x . 5 or x , 1
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19. The correct answer is (D). To calculate the cost of wrapping the box, we need to first
find the total amount of wrapping paper needed to wrap the box. That will be the same
as the surface area of the box. The surface area of the box is twice the sum of the area
of the three rectangles that make up the box. The dimensions of the rectangles are 100
3 50, 100 3 20, and 50 3 20, all in cm. Thus, the surface area of the box is

2~100 3 50! 1 2~100 3 20! 1 2~50 3 20!

5 16,000 cm.sq.
5 1.6 meter sq.

The cost of wrapping would be the cost per sq. meter of wrapping times the area to be
wrapped in sq. meters. Therefore, the cost of wrapping 5 (1.2)(1.6) 5 $1.92.

20. The correct answer is (C). Let $x be the price of each peach. Then the price of
5 peaches is $5x, which is given to us as $7.50. Equating the two values, we have:
5x 5 7.50, which gives us x 5 1.50. Hence, the price of 8 peaches will be 8x 5 8(1.5) 5

$12.00.

21. The correct answer is (A). A mixture of two compounds, A and B, contains 30% A.
Therefore, in a mixture that weighs 30 mg, the quantity of compound A will be 30% of
30 mg, which is equal to 0.3(30) 5 9 mg.

22. The correct answer is (C). We need to find the equation of line A, given that it is
parallel to the line y 5 3x 2 6, and it cuts the y-axis at point (0, 4). Now, if line A is
parallel to a given line, it has the same slope as the line, which is 3 (comparing the
equation of the line with y 5 mx 1 b, where m 5 slope of the line and b is the
y-intercept). The line A cuts the y-axis at point (0, 4), which means its y-intercept is 4.
Thus, the equation of line A is y 5 3x 1 4.

23. The correct answer is (D). In this problem, we observe that triangle BCD is a
right-angled triangle, with BD as the hypotenuse.

Using the Pythagorean theorem, we have

(BD)2 5 (BC)2 1 (CD)2 5 (6)2 1 (6)2 5 72

⇒ (BD) 5 =72 5 6=2

24. The correct answer is (B). Here, we use the property of triangles, which says that the
sum of all the measures of the internal angles in a triangle is 180°. Also, since AB 5 AC,
we know that m∠ABC 5 m∠ACB 5 55°. Then, we have m∠ABC 1 m∠ACB 1 m∠BAC
5 180° ⇒ m∠BAC 5 180 2 55 2 55 5 70°.
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25. The correct answer is (C). Since the regular hexagon is made up of 6 equilateral
triangles, (AB) 5 (BC) 5 (CD) 5 (DE) 5 (EF) 5 (FA) 5 (OA) 5 3 cm.

The perimeter of the hexagon 5 l(AB) 1 l(BC) 1 l(CD) 1 l(DE) 1 l(EF) 1 l(FA) 5 18 cm.

26. The correct answer is (A). We draw the following figure for this problem.

Here, triangle OAB is a right-angled triangle, with OA as the hypotenuse. The height
that the person goes to after driving 5 meters along the elevated driveway is AB, which
can be obtained by using the definition of sine of an angle.

sin 30 5
AB
OA

⇒ 0.5 5
AB
5

⇒ AB 5 0.5~5! 5 2.5 m

27. The correct answer is (D). Since the line segment is horizontal, the y-coordinate of its
end points are going to be the same as that of the midpoint. Let (a, 22) and (b, 22) be
the end points of the line segment.

One way to obtain the values of a and b would be to observe that since the length of the

line segment is 8 and (3, 22) is the midpoint, a 5 (3 2
8
2
) and b 5 (3 1

8
2
).

Thus, we have the two end points as (21, 22) and (7, 22).

The other way to get the values of a and b would be to form a pair of equations and solve
them simultaneously for a and b.

Since (3, 22) is the midpoint of (a, 22) and (b, 22) and the length of the line segment is
8 units, we have the following two relations between a and b

a 1 b
2

5 3, and b 2 a 5 8

Solving them simultaneously, we get a 5 21 and b 5 7.
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28. The correct answer is (E). In the given circle, triangle OAB forms a right-angled
triangle with AB as the hypotenuse. Since the radius of the circle is 4 units,
OA 5 OB 5 4.

Using the Pythagorean theorem, we have

~AB!2 5 ~OA!2 1 ~OB!2 5 16 1 16 5 32

⇒ ~AB! 5 =32 5 5.656 units

29. The correct answer is (D). If r is the radius of a circle and x is the angle subtended by
an arc of the circle at the center, the length of that arc, L, is given as

L 5
x

360
~2pr!

Thus, for a circle with radius 5, the length of an arc that subtends an angle of 45° at the

center is L 5
45

360
~2p!~5! 5 3.93 units.

30. The correct answer is (C). The volume of the given solid can be obtained by
calculating the volume of the cone with a base radius of 3 and a height of 20 and
subtracting from it the volume of the cone base radius of 1.5 and a height of 10.

The volume of a cone base radius r and height h is given as V 5
1
3
pr2h. Therefore, the

required volume is V 5 (Volume of the bigger cone) 2 (Volume of the smaller cone).

V 5
1
3
p~3!2~20! 2

1
3
p~1.5!2~10! 5 164.93
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31. The correct answer is (B). The area of triangle ABC is
1
2
(AC)(BC). We need to get the

lengths of sides AB and BC of the triangle. It is given that triangle ABC is a
right-angled triangle with AB as a diameter of the circle. That implies that AC 5 BC
and that AB is the hypotenuse of the triangle.

Now, (AB) 5 10=2, since the radius 5 5=2. Using the Pythagorean theorem, we have

~AB!2 5 ~AC!2 1 ~BC!2 5 2~AC!2

⇒ ~10=2!2 5 2~AC!2

⇒ ~AC! 5 10 5 ~BC!

Therefore, the area of the triangle is
1
2
(AC)(BC) 5 50 units.

32. The correct answer is (E).

Î2

3
5

=2

=3
5 S=2

=3
DS=3

=3
D 5

=~2!~3!

=~3!~3!
5

=6

3
.

33. The correct answer is (C). We have a total of 10 options for the first position, 26
options for the second position, and 10 options for the third position of the combination.

For each of the 10 options of the first position, we have 26 unique options for the second
position, and for each of those options, we have 10 unique options for the third position.

Thus, the total number of unique combinations possible are (10)(26)(10) 5 2,600.

34. The correct answer is (B). An ant traverses a circular path in 12 seconds; that is, it
covers a complete 360° in 12 seconds. Therefore, in 2 seconds it will cover a total of
2
12

~360! 5 60°.

35. The correct answer is (D). Here, we use the definition of a tangent of an angle. We
have

tan35 5
x

12
⇒ x 5 12~tan35! 5 12~0.7! 5 8.40

36. The correct answer is (B). In this problem, we have been given a(t) 5 16t2 1 100t 1 75.
We need to find the value of a(5), which is the acceleration after 5 seconds. Thus,

a(5) 5 16(5)2 1 100(5) 1 75 5 975

37. The correct answer is (C). We first multiply out the given expression and then use
the trigonometric identity sin2u 1 cos2u 5 1 to simplify our expression. Thus, we have

(sinu 1 cosu)2 5 sin2u 1 2sinucosu 1 cos2u 5 1 1 2 sinucosu.
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38. The correct answer is (D). We have been given that triangles ABC and CED are
similar. By the property of similar triangles, we have

AB
CE

5
BC
ED

5
AC
CD

⇒
x
y

5
3
4
.

39. The correct answer is (D). Since f(x) 5 (1 1 2x)2 is a square function, the least value

it can take is a zero, it does take this value at x 5 2
1
2
. Also, for x 5 2, the function takes

the value f(2) 5 (1 1 2 • 2)2 5 25.

40. The correct answer is (A). The shortest distance between the two towns can be found
using the distance formula, which gives the shortest distance between two points (a1,
b1) and (a2, b2) as

D 5 =~a2 2 a1!
2 1 ~b2 2 b1!

2.

Thus, the distance between the two towns having coordinates (3, 5) and (8, 11) using the
distance formula is

D 5 =~8 2 3!2 1 ~11 2 5!2 5 =61.

41. The correct answer is (B). This problem can be solved using the formula of
exponential growth, which is A 5 P~1 1 r!t, where A 5 the final amount, P 5 the initial
amount, r 5 the rate of growth, and t 5 the total time.

Thus, for our problem, we have

A 5 5,000~1 1 0.04!10 5 7,401 ' 7,400.

42. The correct answer is (D). The sum of all the measures of the internal angles of a
quadrilateral is 360°. This gives us p 1 q 1 r 1 s 5 360.

Now, if (r 1 s) 5 360 2 (p 1 q) or p 5 70 and 90 , q , 150.

If q 5 90, then (r 1 s) 5 360 2 (70 1 90) 5 200, and

If q 5 150, then (r 1 s) 5 360 2 (70 1 150) 5 140.

Thus, we see that the value of (r 1 s) lies between 140 and 200.

43. The correct answer is (E). The first bucket gets 1 marble. The second bucket gets
twice of the first one, which is 22 2 1 marbles. The third bucket gets 2(2) marbles, which
is 23 2 1 marbles. The fourth bucket gets 8 marbles, which is the same as 24 2 1. Thus, we
observe that the nth bucket will get 2n 2 1 marbles.
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44. The correct answer is (A). In this problem, by symmetry, we have AX 5 BX, which
means that triangle AXB is an isosceles triangle. Thus, if the perimeter of the triangle
is 36 and AB 5 10 (since AB is the diameter of the circle of radius 5), then we have
AX 1 BX 1 AB 5 36, which gives us AX 5 BX 5 13.

Now, to find the height of the cylinder, we observe that triangle OXB is a right-angled
triangle. Using the Pythagorean theorem, we have OX 5 12.

Thus, the height of the cylinder is 12.

45. The correct answer is (C). To find f(g(t)), we simply plug in g(t) 5 t 1 1 for x in
the function f(x) 5 x2 1 2x 2 1. Thus, f(g(t)) 5 f(t 1 1) 5 (t 1 1)2 1 2(t 1 1) 2 1 5

t2 1 4t 1 2.

46. The correct answer is (D). There are a total of (3 1 4 1 5) 5 12 balls. Of these, there
are a total of (3 1 4) 5 7 white or red balls. Thus, the probability of drawing a red or

white ball is
7

12
.

47. The correct answer is (B). The equations of asymptotes to a hyperbola
x2

a2 2
y2

b2 5 1

are y 5
b
a

x and y 5 2
b
a

x.

Thus, the equations of asymptotes to the hyperbola
x2

36
2

y2

25
5 1 are y 5

5
6

x and y 5 2
5
6

x.

48. The correct answer is (B). The mean of a set of numbers is defined as the average
value of the set, whereas the median of a set of numbers is defined as the value of the
number in the middle of the set. If any one number in the set is changed, the value of
the mean changes, but the median need not.

In this case, since the number with the greatest value is increased, the mean changes,
but the median remains the same.

49. The correct answer is (B). Since sin2u 1 cos2u 5 1, the problem simplifies to (1 2 4)2

5 9. Here, we notice that the value of sinu 5 0.63 has been given to mislead us.

50. The correct answer is (D). Using the property of exponents, we have (a2)3 1 (b2)(b3)
5 a2(3) 1 b2 1 3 5 a6 1 b5.
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Practice Test 4:
Level 1

While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 1 exam differs in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

The instructions on the answer sheet of the actual test will tell you to fill out

the top portion of the answer sheet exactly as shown.

1. Print MATHEMATICS LEVEL 1 on the line to the right under the

words Subject Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 3 in the row labeled V.

—Fill in oval 2 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval A in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 Þ ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y Þ ÞOB ÞOC ÞOD ÞOE

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 1

During the actual test, when everyone has completed filling in this portion of

the answer sheet, the supervisor will tell you to turn the page and begin the

Mathematics Level 1 examination. The answer sheet has 100 numbered ovals

on the sheet, but there are only 50 multiple-choice questions on the test, so be

sure to use only ovals 1 to 50 to record your answers.
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REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this

test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3

Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f (x) is a real number, unless otherwise specified.
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ANSWER SHEET PRACTICE TEST 4: LEVEL 1
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

51. OA OB OC OD OE

52. OA OB OC OD OE

53. OA OB OC OD OE

54. OA OB OC OD OE

55. OA OB OC OD OE

56. OA OB OC OD OE

57. OA OB OC OD OE

58. OA OB OC OD OE

59. OA OB OC OD OE

60. OA OB OC OD OE

61. OA OB OC OD OE

62. OA OB OC OD OE

63. OA OB OC OD OE

64. OA OB OC OD OE

65. OA OB OC OD OE

66. OA OB OC OD OE

67. OA OB OC OD OE

68. OA OB OC OD OE

69. OA OB OC OD OE

70. OA OB OC OD OE

71. OA OB OC OD OE

72. OA OB OC OD OE

73. OA OB OC OD OE

74. OA OB OC OD OE

75. OA OB OC OD OE

76. OA OB OC OD OE

77. OA OB OC OD OE

78. OA OB OC OD OE

79. OA OB OC OD OE

80. OA OB OC OD OE

81. OA OB OC OD OE

82. OA OB OC OD OE

83. OA OB OC OD OE

84. OA OB OC OD OE

85. OA OB OC OD OE

86. OA OB OC OD OE

87. OA OB OC OD OE

88. OA OB OC OD OE

89. OA OB OC OD OE

90. OA OB OC OD OE

91. OA OB OC OD OE

92. OA OB OC OD OE

93. OA OB OC OD OE

94. OA OB OC OD OE

95. OA OB OC OD OE

96. OA OB OC OD OE

97. OA OB OC OD OE

98. OA OB OC OD OE

99. OA OB OC OD OE

100. OA OB OC OD OE

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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MATHEMATICS LEVEL 1

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. Solve the system of equations x 1 y 5 2
and 2x 2 3y 5 1.

(A) S7
5
,
3
5D

(B) (3, 7)
(C) (5, 23)
(D) (7, 3)

(E) S3
5
,
7
5D

2. If f(x) 5 2x, which of the following is
true?

(A) f(2a) 5 2f(a)
(B) f(2a) 5 f(a)
(C) f(ab) 5 f(a)f(b)

(D) fSa
bD 5

f~a!

f~b!

(E) Both choices (A) and (C)

3. A triangle has a base of 8 units and a
height of 6 units. A second triangle
with a base of 4 units and a height of
3 units overlaps the first triangle as
shown below. What is the difference
in area between the two nonoverlap-
ping regions of the two triangles?

(A) 24 square units
(B) 6 square units
(C) 18 square units
(D) 12 square units
(E) Cannot be determined with the

given information.

4. If the vertex of a parabola f(x) is at
(1, 1), where is the vertex of
f(x 2 1) 2 2?

(A) (0, 21)
(B) (0, 3)
(C) (2, 3)
(D) (2, 21)
(E) (1, 1)
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5. The expression
a21 1 b21

a21 is equiva-

lent to

(A) b21

(B)
a 1 b

a

(C)
a 1 b

b

(D)
b

~a 1 b!

(E)
a

~a 1 b!

6. If the discriminant of a quadratic
equation equals 24, the equation has
how many real roots?

(A) 0
(B) 1
(C) 2
(D) 3
(E) 22

7. Given the figure below, find the value
of x.

(A) 22
(B) 22 and 2
(C) 2
(D) 8
(E) None of the above

8. If (a 1 3i)(2 1 i) 5 7 1 11i, what is
the value of a?

(A) 2
(B) 5
(C) 3
(D) 25
(E) 22

9. How many ways can a 10-question
true-and-false exam be answered if
no questions are left blank?

(A) 512
(B) 100
(C) 1,024
(D) 10
(E) 3,628,800

10. What is the y-intercept of
3y 2 2x 1 6 5 0?

(A) (0, 3)
(B) (0, 6)
(C) (0, 2)
(D) (2, 0)
(E) (0, 22)

11. The area of a circle whose radius
extends from (22, 5) to (5, 1) is

(A) 11p

(B) 25p

(C) 45p

(D) 65p

(E) 9p

12. If f(x) 5 2x 1 b and f(22) 5 3,
b equals

(A) 7
(B) 21
(C) 1
(D) 28
(E) 27

13. If x3 2 2x2 1 ax 1 9 is exactly
divisble by x 1 3, a equals

(A) 210
(B) 212
(C) 7
(D) 16
(E) 10

14. The slope of the line 3x 2 2y 5 6 is

(A) 3
(B) 23

(C)
3
2

(D)
23
2

(E)
2
3
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15. A swimming pool is 40 feet long and
4 feet deep at one end. If it is 8 feet
deep at the other end, find the total
distance in feet along the bottom.

(A) 40
(B) 40.20
(C) 44
(D) 40.79
(E) 40.15

16. Which of the following functions is
one to one?

(A) f (x) 5 x2 1 1
(B) f (x) 5 3
(C) f (x) 5 =x
(D) f (x) 5 x4

(E) f (x) sin x

17. The solution set to x2 2 6 , x is

(A) (22, 3)
(B) all real numbers except the

interval (22, 3)
(C) all real numbers except the

interval (23, 2)
(D) (23, 2)
(E) (2, 3)

18. If Joe can paint a house in 6 hours
and Jim can paint a house that is
exactly the same size in 5 hours, how
many hours does it take if both work
together?

(A) 5.5
(B) 5
(C) 3.27
(D) 2.52
(E) 2.73

19. The four points A(3, 3), B(7, 3),
C(5, 5), and D(9, 5) are the vertices
of a parallelogram. The points A8, B8,
C8, and D8 are found by multiplying
each of the x coordinates of A, B, C,
and D, respectively, by 21. Find the
difference between the areas of
parallelogram ABCD and parallelo-
gram A8B8C8D8.

(A) 15
(B) 6
(C) 4
(D) 10
(E) 0

20. Given rectangle ABCD in the figure
below with AB 5 12, BC 5 9, EB 5

BF 5 3, find the area of triangle
DEF.

(A)
45
2

(B) 27
(C) 35

(D)
83
2

(E) 51

21. The expression
=2 1 1

=2 21
is equiva-

lent to

(A) 3
(B) 21
(C) 5 1 =2
(D) 3 1 2=2
(E) 1
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22. Which statement illustrates the
commutative property of multi-
plication?

(A) a(b 1 c) 5 (b 1 c)a
(B) (ab)c 5 a(bc)
(C) a (0) 5 0
(D) a(b 1 c) 5 ab 1 ac
(E) a (1) 5 a

23. What is the range of cos x?

(A) All real numbers
(B) (2`, `)
(C) (21, 1)
(D) [21, 1]
(E) (0, `)

24. If f(x) 5 x3 1 1, then f21(9) is

(A) 730
(B) 2

(C) =
3 3

(D) =
3 10

(E) 1

25. Two circles, one inside the other, are
centered at the same point and are
5 units apart. What is the difference
between the circumferences of the
circles?

(A)
5p

2
(B) 5p

(C) 10p

(D) 15p

(E) Cannot be determined from the
given information

26. If x 5 2a, then 2a 1 3 equals

(A) x 1 3
(B) x3

(C) 6x
(D) 8x
(E) 3x

27. If sin x 5
3
5

and cos x , 0, then find

tan x.

(A) 2
4
3

(B)
3
4

(C) 2
3
4

(D)
4
3

(E)
4
5

28. Convert the binary number 101,101
to a base 10 number.

(A) 45
(B) 18
(C) 46
(D) 22
(E) 90

29. Given 7 dots, no 3 of which are on a
straight line, how many line seg-
ments need to be drawn to connect
every pair of dots with a straight
line?

(A) 21
(B) 42
(C) 24
(D) 32
(E) 28

30. Find x for the triangle in the figure
below.

(A) 25
(B) 35
(C) 20
(D) 30
(E) 15
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31. How many triangles are in the figure
below?

(A) 7
(B) 9
(C) 17
(D) 19
(E) 15

32. The equation of the line that passes
through the point (23, 1) and is
perpendicular to 2y 2 x 5 8 is

(A) 4y 2 2x 5 21
(B) 2y 5 x 1 5
(C) y 5 2x 1 7
(D) y 1 2x 1 5 5 0
(E) y 2 7 5 22x

33. The reciprocal of i is

(A) i
(B) 1
(C) 21

(D) =21
(E) 2i

34. What is the cosine of 60 degrees?

(A)
=3

2

(B)
3
2

(C)
1
2

(D) 2
1
2

(E) 2
=3

2

35. If f(x) 5 2x 1 1 and g(x) 5 x 2 1,

then what is the domain of S f
gD~x!?

(A) All real numbers

(B) All real numbers except S21
2
,
1
2D

(C) All real numbers except (21, 1)
(D) All real numbers except 1
(E) All real numbers except (21, 1)

36. If the mode of a list of numbers is 10
and we add distinct numbers 7, 13,
18 to the list, then what number is
guaranteed to be a mode of the new
list?

(A) 11
(B) 18
(C) 7
(D) 13
(E) 10

37. The figure below shows three of the
faces of a cube. If the six faces of the
cube are numbered consecutively,
what could the sum of the numbers
on all six faces be?

I. 240
II. 237

III. 243

(A) I only
(B) II only
(C) III only
(D) I or II
(E) II or III
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38. What is x in degrees where x is given
in the figure below?

n p

m

l

(A) 60
(B) 45
(C) 30
(D) 20
(E) 25

39. If the width of a rectangle is one
fourth the length and the perimeter
is 70 cm, what is the area?

(A) 140 square cm
(B) 196 square cm
(C) 392 square cm
(D) 784 square cm
(E) 70 square cm

40. If two positive consecutive integers
have a product of 342, then what are
the integers?

(A) 18 and 19
(B) 19 and 20
(C) 17 and 18
(D) 2 and 171
(E) 9 and 19

41. Given that the foci of the ellipse are
the points (3, 0) and (23, 0), then
find a where 16x2 1 (ay)2 5 (4a)2.

(A) 5
(B) 25
(C) 4
(D) 24
(E) 3

42. Two competing stores next to one
another carry the same brand of
shoes with the same list price of $100
but at two different discount
schemes. Shoe Store A offers a 20%
discount year-round for shoes more
than 60 dollars, but on this particu-
lar day it offers an additional
discount of 10% off their already
discounted price. Shoe Store B
simply offers a discount of 30% on
that same day in order to stay
competitive. By what percentage of
list price do the two options differ?

(A) 2
(B) 0
(C) 1
(D) 10
(E) 3

43. Given the graphs of f(x) and g(x)
below, what is (f + g)(2)?

(A) 3
(B) 5
(C) 2
(D) 6
(E) 22
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44. A total of 8 students took a test, and
their average score was 77. If the
average score of 4 of the students
was 73, what was the average score
for the remaining 4 students?

(A) 81
(B) 80
(C) 79
(D) 78
(E) 77

45. In the right triangle below, PQ is
twice QR. What is the length of QR?

(A) 1252

(B) 5=5

(C) =5

(D) 625

(E) =25

46. Find the difference between the
areas of the two right triangles ABC
and BCD in the figure below, where
BC 5 12, BD 5 20, and AD 5 6.

(A) 36
(B) 60
(C) 96
(D) 132
(E) 72

47. In the figure below, ABC is an
equilateral triangle with KLPQ and
MLPN as two isosceles trapezoids.
What is the ratio of the area covered
by both trapezoids to the area of the
triangle ABC, if AK 5 KL 5 LB 5

AB
3

?

(A) 1:4
(B) 2:5
(C) 2:3
(D) 2:9
(E) 1:3
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48. The surveyor needs to calculate the
length of a pond. He drew the
diagram below and made measure-
ments as indicated. What is the
length of the pond?

(A) 100
(B) 96
(C) 90
(D) 120
(E) 140

49. Given the figure below, find y.

(A) 0
(B) 2
(C) 1
(D) 8
(E) 7

50. If u 5 arccosSu
vD, then tan u is

(A) =u2 2 v2

u

(B)
u
v

(C) =v2 2 u2

u

(D)
v
u

(E) =v2 2 u2
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ANSWER KEY AND EXPLANATIONS

1. A
2. A
3. C
4. D
5. C
6. A
7. C
8. B
9. C

10. E

11. D
12. A
13. B
14. C
15. B
16. C
17. A
18. E
19. E
20. B

21. D
22. A
23. D
24. B
25. C
26. D
27. C
28. A
29. A
30. D

31. C
32. D
33. E
34. C
35. D
36. E
37. E
38. C
39. B
40. A

41. A
42. A
43. C
44. A
45. B
46. A
47. C
48. D
49. C
50. C

1. The correct answer is (A). Solving the equation x 1 y 5 2 for x and substituting it

into 2x 2 3y 5 1, becomes 2(2 2 y) 23y 5 1. Solving we get y 5
3
5

and so x 5
7
5
.

2. The correct answer is (A). We see that f(2a) 5 2(2a) 5 22a 5 2f(a), and so f(2a) is
equal to 2f(a) but f(2a) is not equal to f(a). Also, f(ab) 5 2ab, which is not equal to

f(a)f(b) 5 2a(2b) 5 4ab. Similarly fSa
bD 5 2Sa

bD, which is not equal to
f~a!

f~b!
5

2a
2b

5
a
b

.

3. The correct answer is (C). Let A1 be the area of the 8-by-6 triangle, A2 be the area of
the 4-by-3 triangle, and A be the area of the overlap. The difference between the two
nonoverlapping areas is

Ad 5 ~A1 2 A! 2 ~A2 2 A!

5 A1 2 A 2 A2 1 A
5 A1 2 A2

5
~8~6!!

2
2

~4~3!!

2
5 24 2 6
5 18.

Notice the area overlap does not matter.

4. The correct answer is (D). The graph of f(x 2 1) 2 2 is just the graph of f(x) shifted
to the right 1 unit and down 2 units, so the vertex of f(x 2 1) 2 2 is just the vertex of f(x)
shifted to the right 1 unit and down 2 units. Thus, the vertex of f(x 2 1) 2 2 is (2, 21).

5. The correct answer is (C). Looking at the numerator, we see that it simplifies to a21

1 b21 5
1
a

1
1
b

5
a 1 b

ab
. So, the whole fraction simplifies to

a21 1 b21

a21 5

a 1 b
ab
1
a

5
a~a 1 b!

ab
5

a 1 b
b

.

6. The correct answer is (A). If the discriminant equals 24, then there are two complex
roots. There are no real roots.
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7. The correct answer is (C). Using the Pythagorean theorem, we have x2 1 x2 5 8. So,
2x2 5 8, which says that x2 5 4. Thus, x 5 62. Since x . 0, x 5 2.

8. The correct answer is (B). (a 1 3i)(2 1 i) 5 2a 1 6i 1 ai 1 3i2 5 (2a 2 3) 1 (6 1 a)i.
Since this is equal to 7 1 11i, 2a 2 3 5 7 and 6 1 a 5 11. Hence, a 5 5.

9. The correct answer is (C). For each question, there are 2 choices and 10 questions.
So, there are 2(2)(2)(2)(2)(2)(2)(2)(2)(2) 5 210 5 1,024 total choices.

10.
The correct answer is (E). Writing the equation in standard form, y 5 S2

3Dx 2 2 we

see the y-intercept is (0, 22).

11. The correct answer is (D). The distance from (22, 5) to (5, 1) is r 5

=~22 2 5!2 1 ~5 2 1!2 5 =65. So, A 5 p~=65!2 5 65p.

12. The correct answer is (A). f(22) 5 3 implies that 3 5 2(22) 1 b. So, b 5 7.

13. The correct answer is (B). If x 1 3 is a factor, then 23 is a root. So (23)3 2 2(23)2 1

a(23) 1 9 5 0. Or, 236 23a 5 0, yielding a 5 212.

14. The correct answer is (C). Writing the equation of the line in slope-intercept form, we

have y 5 S3
2Dx 2 3. So the slope is

3
2
.

15. The correct answer is (B).

40

The diagram shows the picture that needs to be drawn. We need to find d. We see that
d is equal to

d 5 =402 1 42 5 40.20.

16. The correct answer is (C). All pass the vertical line test, but choices (A), (B), and (D)
do not pass the horizontal line test. Only choice (C) does. So choice (C) is the only
one-to-one function.

17. The correct answer is (A). x2 2 6 , x is equivalent to x2 2 x 2 6 , 0 and x2 2 x 2 6
5 (x 2 3)(x 1 2) , 0, so thinking of the graph of the quadratic x2 2 x 2 6, which opens
up with x-intercepts of x 5 3 and x 5 22, we see that x2 2 x 2 6 is less than 0 when x
is in the interval (22, 3).

18. The correct answer is (E). Joe can complete 1 house in 6 hours, which can be

rewritten as
1
6

house per hour, and for Jim, we have
1
5

house per hour. The equation for

both of them together can be written as
1
6

1
1
5

5
1
x
.

So, x 5
6~5!

6 1 5
5 2.73 hours.

19. The correct answer is (E). By multiplying the x-coordinates by 21 we see that the
parallelogram A8B8C8D8 is just the mirror image of parallelogram ABCD about the
y-axis. So there is no difference in the areas.
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20. The correct answer is (B). The areas of the triangles BFE, FCD, and DAE are
9
2
, 36,

and
81
2

, respectively. The area of DEF is just the area of rectangle ABCD minus the sum

of the three areas of the above triangles. So, the area of DEF is just 12(9) 2

S9
2

1 36 1
81
2 D 5 108 2 81 5 27.

21. The correct answer is (D). Multiply both numerator and denominator by the
conjugate of =2 2 1, which is =2 1 1. So,

=2 1 1

=2 2 1
=2 1 1

=2 1 1
5

3 1 2=2
1

5 3 1 2=2.

22. The correct answer is (A). The commutative property of multiplication says that you
can switch the order of multiplication of two numbers. Given a as one number and b 1

c as the other number, we have that a(b 1 c) 5 (b 1 c)a, which is choice (A). Now choice
(B) is associativity, choice (C) is the property of multiplication by 0, choice (D) is the
distributive property, and choice (E) is the identity for multiplication.

23. The correct answer is (D). We have the identity from trigonometry that says that
21 ≤ cos x ≤ 1, so we see that [21, 1] is the range.

24. The correct answer is (B). f21(9) says that f(x) 5 9, which says that x3 1 1 5 9.
Solving this we get x 5 2.

25. The correct answer is (C). If r is the radius of the inside circle, r 1 5 is the radius of
the outer circle. Their circumfrences are 2pr and 2p(r 1 5), and the difference is
2pr 1 10p 2 2pr or 10p.

26. The correct answer is (D). 2a 1 3 5 2a 3 23 5 x 3 8 5 8x.

27. The correct answer is (C). Since sin x . 0 and cos x , 0, we know that x is an angle

in the second quadrant. Label a triangle with angle x and sin x 5
3
5
. Use the

Pythagorean theorem to calculate the other side, which happens to be 4 (remember to

label on the triangle 24), and read off that tan x 5 2
3
4
.

28. The correct answer is (A).
101,101 5 1 • 25 1 0 • 24 1 1 • 23 1 1 • 22 1 0 • 21 1 1 • 20 5 32 1 8 1 4 1 1 5 45.

29. The correct answer is (A). We want the number of combinations of 2 points from 7

points 5 7C2 5
7 • 6
2 • 1

5 21

30. The correct answer is (D). The sum of the angles of a triangle is 180 degrees. So,
4x 1 60 5 180. Solving this yields x 5 30.

31. The correct answer is (C). The line segements cut the figure into 7 undivided pieces.
Four triangels use a single piece, 6 triangels use two pieces, 3 triangles use three pieces,
3 triangles use four pieces, and 1 triangle uses all seven pieces. 4 1 6 1 3 1 3 1 1 5 17.

32. The correct answer is (D). The slope of the line that is perpendicular to 2y 2 x 5 8
is 22. Using the point-slope formula, we have y 2 1 5 22(x 1 3), which yields
y 5 22x 2 5 or the equation in choice (D).

33. The correct answer is (E).
1
i

5
1
i

3
i
i

5 2i.
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34. The correct answer is (C). Thinking about the special angle, we get that cosine of

60 degrees is
1
2
.

35. The correct answer is (D). S f
gD~x! 5

2x 1 1
x 2 1

. So the domain of this function is all real

numbers, except where the denominator is equal to 0, which is at 1.

36. The correct answer is (E). If we add distinct numbers (different numbers from all the
others), this does not change the mode since the mode is the number that is present the
most times in the given list of numbers. It is possible that besides 10, any of 7, 13, and
18 could also be a mode.

37. The correct answer is (E). We know by looking at the numbers on the cube that five
numbers are definitely on the cube. That is, the numbers 38, 39, 40, 41, and 42 are
present on the cube. We do not know if the sixth number is 37 or 43. So the two possible
sums are choice (E).

38. The correct answer is (C). Starting at the 30-degree angle, we know by vertical
angles that m∠1 is 30°. This says that by alternate interior angles that angle m∠2 is
30, which by vertical angles m∠3 is 30°. Finally, by alternate interior angles, x 5 30.

39.
The correct answer is (B). We set up the two equations, 2w 1 2l 5 70 and w 5

l
4

l,

where l is the length and w is the width. Now, substituting w 5
l
4

l into the other

equation we get l 5 28 and so w 5 7. Hence, the area is 28(7) 5 196 square cm.

40. The correct answer is (A). Set up the equation n(n 1 1) 5 342. So, n(n 1 1) 2 342 5

n2 1 n 2 342 5 (n 1 19)(n 2 18) 5 0 when n 5 18 (n cannot be equal to 219), so the two
integers are 18 and 19.

41. The correct answer is (A). First, rewrite the equation into
x2

a2 1
y2

16
5 1. We know

from the given information about the foci that c 5 3 and from the above equation that
b 5 4. Also, a2 5 b2 1 c2, so a 5 5.

42. The correct answer is (A). Store A’s first discount of 20 percent gives a reduced price
of 80 dollars and then 10 percent on top of that gives a discount price of 72 dollars. Store
B offers 30 percent on the 100 dollars, which gives a discount price of 70 dollars. So, the
difference is 2 dollars or 2 percent.

43. The correct answer is (C). Using the graphs (f o g)(2) 5 f(g(2)) 5 f(3) 5 2.

44. The correct answer is (A). If a1, a2, a3, . . . , a8 are the eight scores on the
test, we know that the average for all eight is given by the equation
~a1 1 a2 1 a3 1 a4 1 a5 1 a6 1 a7 1 a8!

8
5 77 and say the first four have an average of

~a1 1 a2 1 a3 1 a4!

4
5 73.

So, these two equations can be written as

a1 1 a2 1 a3 1 a4 1 a5 1 a6 1 a7 1 a8 5 8(77) 5 616, and a1 1 a2 1 a3 1 a4 5 4(73) 5 292.

So, a5 1 a6 1 a7 1 a8 5 616 2 292 5 324, and the average is
324
4

5 81.
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45. The correct answer is (B). Let length of QR 5 x. Then the length of PQ 5 2x. Using
the Pythagorean theorem we have

x2 1 ~2x!2 5 252

x2 1 4x2 5 625
5x2 5 625

x2 5 125

x 5 =125 5 =25 3 5 5 5=5

46. The correct answer is (A). There are two things to notice. The difference is the area

of ABD and the altitude of ABD is just BC. So the area of the difference is
6~12!

2
5 36.

47. The correct answer is (C). Just count the number of equilateral triangles in each
trapezoid, which is 3. So, there are 6 total equilateral triangles in the trapezoids and
9 total. So, the ratio is 2:3.

48. The correct answer is (D). Set up similar triangles. Then set up the ratios of sides to get
80 is to 20 as x is to 30. We see that since these triangles have to be similar that x is 120.

49. The correct answer is (C). Since the line segments are tangent to the circle, x 1 2 5

9, which says that x 5 7, and x 1 y 5 7 1 y 5 8, which says y 5 1.

50. The correct answer is (C). If arccos Su
vD 5 u then cosu 5

u
v

. So, label a triangle with

angle u and cosu 5
u
v

. Find the opposite side of angle u, which is =v2 2 u2. Now, just

read off the triangle tanu to be choice (C).
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Practice Test 5:
Level 2

While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 2 exam differs in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

The instructions on the answer sheet of the actual test will tell you to fill out

the top portion of the answer sheet exactly as shown.

1. Print MATHEMATICS LEVEL 2 on the line to the right under the

words Subject Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 5 in the row labeled V.

—Fill in oval 3 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval E in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 ÞO3 ÞO4 Þ ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y ÞOA ÞOB ÞOC ÞOD Þ

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 2

During the actual test, when everyone has completed filling in this portion of

the answer sheet, the supervisor will tell you to turn the page and begin the

Mathematics Level 2 examination. The answer sheet has 100 numbered ovals

on the sheet, but there are only 50 multiple-choice questions on the test, so be

sure to use only ovals 1 to 50 to record your answers.
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REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this

test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3

Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f (x) is a real number, unless otherwise specified.
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ANSWER SHEET PRACTICE TEST 5: LEVEL 2
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

51. OA OB OC OD OE

52. OA OB OC OD OE

53. OA OB OC OD OE

54. OA OB OC OD OE

55. OA OB OC OD OE

56. OA OB OC OD OE

57. OA OB OC OD OE

58. OA OB OC OD OE

59. OA OB OC OD OE

60. OA OB OC OD OE

61. OA OB OC OD OE

62. OA OB OC OD OE

63. OA OB OC OD OE

64. OA OB OC OD OE

65. OA OB OC OD OE

66. OA OB OC OD OE

67. OA OB OC OD OE

68. OA OB OC OD OE

69. OA OB OC OD OE

70. OA OB OC OD OE

71. OA OB OC OD OE

72. OA OB OC OD OE

73. OA OB OC OD OE

74. OA OB OC OD OE

75. OA OB OC OD OE

76. OA OB OC OD OE

77. OA OB OC OD OE

78. OA OB OC OD OE

79. OA OB OC OD OE

80. OA OB OC OD OE

81. OA OB OC OD OE

82. OA OB OC OD OE

83. OA OB OC OD OE

84. OA OB OC OD OE

85. OA OB OC OD OE

86. OA OB OC OD OE

87. OA OB OC OD OE

88. OA OB OC OD OE

89. OA OB OC OD OE

90. OA OB OC OD OE

91. OA OB OC OD OE

92. OA OB OC OD OE

93. OA OB OC OD OE

94. OA OB OC OD OE

95. OA OB OC OD OE

96. OA OB OC OD OE

97. OA OB OC OD OE

98. OA OB OC OD OE

99. OA OB OC OD OE

100. OA OB OC OD OE

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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MATHEMATICS LEVEL 2

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. If S2 2
x
3D5 S1 2

x
2D, then S1 1

x
6D 5

(A) 22
(B) 0

(C)
2
3

(D)
1
3

(E) 2
1
6

2. (2 2 5i) 1 (4 1 3i) 5

(A) 4i
(B) 4
(C) 6 2 2i
(D) 6i 2 2
(E) 0

3.
1
x

1
1
y

1
1
z

5

(A)
xy 1 yz 1 xz

xyz

(B)
xy 1 1

xyz

(C)
xyz

x 1 y 1 z

(D)
3

x 1 y 1 z

(E)
3

xyz

4. ~a2!3 1
b3 • b2

b24 5

(A) a5 1 b
(B) a6 1 b10

(C) a5 1 b10

(D) a6 1 b9

(E) a6 • b5

5. If =3x 5 3.89, then x 5

(A) 2.25
(B) 5.04
(C) 3.89
(D) 6.51
(E) 1.73

6. In three angles A, B, and C of a
triangle, the measure of angle A
exceeds the measure of angle B by
15 degrees and is twice the measure
of angle C. The measures of angles
A, B, and C are:

(A) m∠A 5 68, m∠B 5 63, and
m∠C 5 49

(B) m∠A 5 65, m∠B 5 50, and
m∠C 5 65

(C) m∠A 5 78, m∠B 5 63, and
m∠C 5 39

(D) m∠A 5 39, m∠B 5 78, and
m∠C 5 63

(E) m∠A 5 63, m∠B 5 39, and
m∠C 5 78

7. Two men start walking in opposite
directions along a straight line at 4
mi/hr and 5 mi/hr, respectively. What
will be the distance between them in
x hours?

(A) 9 mi
(B) x mi
(C) 9x mi
(D) 1 mi
(E) 20x mi

8. The value of ~25 1 2=24! 1

~1 2 =29! 5

(A) 25
(B) 23
(C) 24 1 i2

(D) 4 2 i
(E) 24 1 i
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9. What is the present age of John’s son
if 2 years ago it was one-third of
John’s age. Take John’s present age
to be x years.

(A)
x 2 2

3
1 2

(B)
x
3

1 2

(C)
x
3

(D)
x 2 2

3

(E)
x
3

2 2

10. If 16.67% of a number is 12, the
number is

(A) 2
(B) 36
(C) 6
(D) 72

(E)
1
6

11. If f(x) 5 x2 2 5x 1 4, then f(x 1 a) 2

f(a) 5

(A) a2 2 5a 1 4
(B) x2 1 2ax 2 5x
(C) (x2 2 5x 1 4) 2 (a2 2 5a 1 4)
(D) x2 2 5x 1 4
(E) 0

12. Two square tiles are placed such that
they touch each other all along one
side. They have areas of 36 sq.in.
each. The length of a wire bounding
the two tiles will be

(A) 36 in.
(B) 18 in.
(C) 72 in.
(D) 48 in.
(E) 24 in.

13. A cylindrical tank has a height of 12
and a radius of 3. How many cans of
height 4 and radius 2 will be needed
to fill the bigger tank fully?

(A) 5
(B) 6
(C) 7
(D) 8
(E) 9

14. The domain of the function y 5

x 2 3
~x 2 2!~x 1 4!

is

(A) x ° 3
(B) x ° 2 and x Þ 24
(C) x ≥ 2 2
(D) x ≤ 4
(E) 22 , x , 4

15. A box is formed by cutting squares of
side x from all four corners of the
rectangular plate and folding along
the dotted line, as shown below.

The volume of the box is

(A) (32 2 2x)(20 2 2x)x
(B) (32 2 x)(20 2 x)2x
(C) 640 2 4x2

(D) (32 2 x)(20 2 x)x
(E) (32)(20)(2x)

16. The graph of the function y 5 x2 1 x
2 12 cuts the x-axis at the points

(A) (3, 0) and (24, 0)
(B) (0, 0) and (3, 0)
(C) (23, 0) and (4, 0)
(D) (0, 0) and (24, 0)
(E) (0, 0) and (12, 0)
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17. By how many degrees does the minute
hand of a clock turn in 20 minutes?

(A) 90°
(B) 150°
(C) 120°
(D) 180°
(E) 100°

18. In the figure below, the coordinates
of point P are

(A) (3.46, 3.46)
(B) (3.46, 2)
(C) (2, 2)
(D) (2, 3.46)
(E) (3, 1.73)

19. In triangle OAB, OA 5 AB, and the
height of the triangle is 8.

The slope of segment OA is

(A) 0.375
(B) 0.5
(C) 2.67
(D) 1
(E) Cannot be determined by the

given information.

20. The graph of y 5 f(x) is shown below.
The graph of y 5 ?f(x)? would be

(A)

(B)

(C)

(D)

(E)
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21. The equation of the line passing
through the point (0, 22) and
perpendicular to the line 3x 1 5y 5

15 is

(A) 3x 2 5y 5 10
(B) 3x 1 5y 5 210
(C) 5x 1 3y 5 26
(D) 5x 2 3y 5 26
(E) 5x 2 3y 5 6

22. In the figure below, the cube has
sides of length 3 each.

The distance between points A and
B is

(A) 3=3
(B) 3
(C) 3 1 =3
(D) 9
(E) =3

23. What is the circumference of a circle
passing through all the vertices of
the right triangle ABC in the figure
below?

(A) 78.55
(B) 31.42
(C) 10
(D) 100
(E) 24

24. If sin2u 2 cos2u 5 0.5, then sin4u 2

cos4u 5

(A) 0.5
(B) 1.5
(C) 0.25
(D) =0.5
(E) 0
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25. A man throws a stone up an incline
of gradient 1 from the base of the
incline. The stone follows a path
given by the equation y2 5 4x. What
are the coordinates of the point at
which the stone hits the incline?
Assume the man to be at the origin
of the coordinate system.

(A) (4, 0)
(B) (4, 4)
(C) (0, 4)
(D) (3, 3)
(E) (5, 5)

26. A triangle is cut into three regions of
equal height by two lines that are
parallel to the base. If the height of
the triangle is h and the other
dimensions are as shown below, what
is the area of the middle region?

(A) 0.5h
(B) 3h
(C) 18h
(D) 1.5h
(E) 9h

27. In the parallelogram below, if m∠A 5

120°, then the measures of angles
B, C, and D are

(A) 60°, 120°, and 60°
(B) 120°, 60°, and 60°
(C) 120°, 120°, and 240°
(D) 60°, 60°, and 120°
(E) 180°, 120°, and 180°

28. Consider a point P(2, 3, 4). If we are
allowed to travel only parallel to the
three coordinate axes, what is the
distance we have to cover to get to
point P from the origin?

(A) =29
(B) 9
(C) 7
(D) 5
(E) 3

29. What is the area of the shaded
region in the figure below?

(A) 12.57
(B) 8
(C) 4.57
(D) 7.89
(E) 6.32
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30. If an angle u measured counter-
clockwise from the positive x-axis
terminates in the third quadrant,
which of the following is true?

(A) sinu is positive, and cosu is
negative.

(B) sinu is positive, and cosu is
positive.

(C) sinu is negative, and cosu is
positive.

(D) sinu is negative, and cosu is
negative.

(E) None of the above.

31. If cscu 5 1.414, then cosu 5

(A) 0.50
(B) 0.87
(C) 0.71
(D) 0.33
(E) 0.68

32. In the figure below, if cosu 5 0.8 and
the length of segment BC 5 8, what
is the perimeter of the triangle?

(A) 26
(B) 16
(C) 24
(D) 30
(E) 32

33. When the sun is 20° above the
horizon, how long is the shadow that
is cast by a tree 150 feet tall?

(A) 374 feet
(B) 391 feet
(C) 412 feet
(D) 405 feet
(E) 402 feet

34. Which of the following equations
represents the curve in the figure
below?

( , )0
1
2

2
3
ππ

3
( , )0

1
2
−

(A) y 5 sinx

(B) y 5 2sin
x
3

(C) y 5 0.5sin3x

(D) y 5 0.5sin
x
3

(E) y 5 20.5sin3x

35. =1 2 sin2u

sinu
is the same as

(A) cosu

(B) secu

(C) tanu

(D) cscu

(E) cotu

36. In triangle ABC below, AB 5 10 and
BC 5 8, while m∠A 5 40°. The
measure of ∠ACB is

(A) 50°
(B) 53°
(C) 60°
(D) 48°
(E) 65°
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37. If triangles ABC and CDE are
similar and other dimensions are as
shown below, what is the length of
segment AE?

(A) 18.03
(B) 17.05
(C) 16.86
(D) 19.85
(E) 18.28

38. The resale value of a car t years after
purchase is given by the function
S(t) 5 S0e20.2t, where S0 is the initial
price of the car. If the car is pur-
chased at $20,000, its resale value
after five years will be

(A) $6,000
(B) $6,750
(C) $7,000
(D) $7,125
(E) $7,358

39. The mean of fifteen integers is 102.
On adding another integer, the mean
reduces to 100. What is the new
integer added?

(A) 90
(B) 85
(C) 70
(D) 65
(E) 60

40. If (3.5)x 5 (4.2)y, then
x
y

5

(A) 1.15
(B) 1.25
(C) 1.35
(D) 1.45
(E) 1.55

41. If arcsin(sin x) 5
p

6
, and 0 ≤ x ≤

p

2
,

then x could be

(A) 0

(B)
1
2

(C)
p

6

(D)
p

3

(E)
p

2

42. The probability that the roll of an
unbiased cubical die produces a 4 or
a 6 is

(A)
1
6

(B)
1
3

(C)
4
6

(D)
6
6

(E)
10
6
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43. In the figure below, the coordinates
of the center, P, of the circle are

(A) (3, 2)
(B) (3, 8)
(C) (3, 6)
(D) (3, 4)
(E) (3, 5)

44. The value of ln e3 is

(A) 2.718
(B) 3.123
(C) 3
(D) 2.93
(E) 3.287

45. The seventh term of an arithmetic
progression is 41 and the thirteenth
term is 77. What is the twentieth
term of the progression?

(A) 117
(B) 118
(C) 120
(D) 121
(E) 119

46. How many possible five-digit zip
codes can be formed from the set of
digits {0, 1, 2 . . . 9} such that no
code begins with a zero?

(A) 100,000
(B) 90,000
(C) 256
(D) 128
(E) 1,024

47. If the population of a city is increas-
ing by 3 percent every year, and the
current population is 300,000, what
was the population five years ago?

(A) 258,783
(B) 250,000
(C) 265,956
(D) 311,569
(E) 303,214

48. If a, b, and x are nonzero real

numbers, and if x4a3b5 5
6x3a5b2

b24 ,

then x 5

(A) 6
(B) 6a8b11

(C) 6a2b
(D) 6ab
(E) a2b

49. The next three terms in the sequence
of the geometric progression 236, 12,

24,
4
3
, . . . are

(A) 2
4
9
,

4
27

, 2
4

81

(B)
4
9
, 2

4
27

,
4

81

(C) 2
1
3
,
1
9
, 2

1
27

(D)
1
3
, 2

1
9
,

1
27

(E)
1
3
, 0, 2

1
3

50. What is the domain of the function
defined by

f~x! 5 Hx2, x , 3
2x 1 1, x ≥ 3

(A) 0 , x , 3
(B) x , 3
(C) x ≥ 3
(D) x ≤ 0
(E) All real numbers.
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ANSWER KEY AND EXPLANATIONS

1. B
2. C
3. A
4. D
5. B
6. C
7. C
8. E
9. A

10. D

11. B
12. A
13. C
14. B
15. A
16. A
17. C
18. B
19. C
20. D

21. E
22. A
23. B
24. A
25. B
26. D
27. A
28. B
29. C
30. D

31. C
32. C
33. C
34. C
35. E
36. B
37. A
38. E
39. C
40. A

41. C
42. B
43. B
44. C
45. E
46. B
47. A
48. C
49. A
50. E

1. The correct answer is (B). We start with taking all terms containing x on one side
and equating them with the constant terms. Thus, we have

1 2
x
3

5 1 2
x
2

⇒
x
2

2
x
3

5 1 2 2

⇒
3x 2 2x

6
5 21

⇒
x
6

5 21

⇒ 1 1
x
6

5 0

2. The correct answer is (C). In this problem, we add the constant terms together and
the terms involving the complex number together. This gives us (2 2 5i) 1 (4 1 3i) 5

(2 1 4) 1 (25i 1 3i) 5 6 2 2i.

3. The correct answer is (A). We take the common denominator in this problem by
multiplying and dividing the entire expression by (xyz). Thus we have

1
x

1
1
y

1
1
z

5
1
xSxyz

xyzD 1
1
ySxyz

xyzD 1
1
zSxyz

xyzD 5
yz
xyz

1
xz
xyz

1
xy
xyz

5
xy 1 yz 1 xz

xyz

4. The correct answer is (D). We use the rules of exponents in this example to simplify
the original problem, as follows

~a2!3 1
b3 • b2

b24 5 a2~3! 1 b3 1 2 2 ~24! 5 a6 1 b9
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5. The correct answer is (B). To find the value of x, we simplify the problem such that
we can equate x to all the other constant terms.

=3x 5 3.89

⇒ =3~=x! 5 3.89

⇒ =x 5
3.89

=3

⇒ x 5 S3.89

=3D
2

⇒ x 5 5.04

6. The correct answer is (C). In this problem, we use the property of triangles, which
states that the sum of the measures of the internal angles in a triangle is equal to 180.
Thus, m∠A 1 m∠B 1 m∠C 5 180. But m∠A 5 m∠B 1 15, and the measure of angle C

is half of the measure of A—that is, m∠C 5
m∠A

2
. Thus, we have

m∠A 1 ~m∠A 2 15! 1 Sm∠A
2 D 5 180

⇒
5m∠A

2
5 195

⇒ m∠A 5 78

⇒ m∠B 5 78 2 15 5 63, and m∠C 5
78
2

5 39

7. The correct answer is (C). In x hours, A will have traveled 4x miles, and B will have
traveled 5x miles. Since they both are traveling in opposite directions, the total dis-
tance between them will be the sum of the distance traveled in x hours, which is equal
to (4x 1 5x) 5 9x miles.

8. The correct answer is (E). For this problem, we recall that i2 5 21. Thus, the given
problem becomes

~25 1 2=4~21!! 1 ~1 2 =9~21!! 5 ~25 1 2=4i2! 1 ~1 2 =9i2!

5 ~25 1 4i! 1 ~1 2 3i!
5 24 1 i

9. The correct answer is (A). If John’s present age is x years, his age two years ago

would be (x 2 2) years. His son’s age two years ago was
1
3

of his age. So, two years ago,

John’s son’s age was
x 2 2

3
. This means that John’s son’s present age would be

x 2 2
3

1 2.

10. The correct answer is (D). Let x be the number whose 16.67% is 12. This means
16.67x

100
5 12. Solving for x, we get x 5 72.

11. The correct answer is (B). It is given that f(x) 5 x2 2 5x 1 4. To find f(x 1 a) 2 f(a),
we plug in (x 1 a) and a for x in the original function. Thus, we have f~x 1 a! 2 f~a! 5

F~x 1 a!2 2 5~x 1 a! 1 4G 2 Fa2 2 5~a! 1 4G 5 x2 1 2ax 2 5x.
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12. The correct answer is (A). The two square tiles put together as shown in the figure
below, form a rectangle with length equal to the sum of the sides of the two squares and
the width equal to that of a side of the squares. To find the length of a wire that can bind
the two square tiles, we need to find the perimeter of the rectangle.

If the squares have areas of 36 each, they have sides of length 6 each. That means that
the rectangle in question has length 12 and width 6. The perimeter of this rectangle is
2(12 1 6) 5 36.

13. The correct answer is (C). For this problem, we first find the volume of the tank to be
filled and the cans used to fill the tank. Then dividing the volume of the tank to be filled
by that of the cans used to fill the tank, we will get the number of cans needed to fill the
tank fully. The volume of a cylinder is given as V 5 pr2h, where r and h are the radius
and height of the cylinder, respectively.

Thus, the volume of the tank is Vt 5 p(3)2(12) 5 339.29 and the volume of the cans used

to fill the tank is Vc 5 p(2)2(4) 5 50.27. Therefore, the number of cans needed 5
Vt

Vc
5

339.29
50.27

5 6.75.

Since we cannot have 6.75 cans, we round it off to the next higher figure, giving us
7 cans as the answer.

14. The correct answer is (B). To find the domain of the function, f~x! 5
x 2 3

~x 2 2!~x 1 4!
,

we observe that the function is not defined only if the denominator becomes equal to
zero. That will happen only if (x 2 2) 5 0 or (x 1 4) 5 0. This gives us x 5 2 or x 5 24
as values not allowed. The function is defined for all other values of x.

15. The correct answer is (A). After cutting squares of side x from each corner and
folding along the dotted lines, we end up with a box whose height is x and whose base
has dimensions (32 2 2x) and (20 2 2x), since 2x is cut off from the length and width,
respectively, of the rectangular sheet. This makes the volume of the box
(32 2 2x)(20 2 2x)(x).

16. The correct answer is (A). To find the point at which a curve cuts the x-axis, we use
the fact that any point on the x-axis has a y-coordinate equal to zero. Thus, plugging in
y 5 0 in the equation of a given curve and solving for x, we can obtain the x-coordinate
of the point at which the curve cuts the x-axis. Thus, we have

0 5 x2 1 x 2 12

⇒ ~x 1 4!~x 2 3! 5 0
⇒ x 5 24

or x 5 3

Hence, the two points at which the given function cuts the x-axis are (24, 0) and (3, 0).
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17. The correct answer is (C). In 60 minutes, the minute hand of a clock does one

complete revolution or rotates by 360°. Therefore, in 20 minutes, it will move by S20
60D

~360! 5 120°.

18. The correct answer is (B). For this problem, we just use the formulae of “polar
coordinates” of a circle. For any point P(x, y) on the circle, we have x 5 r(cosu) and
y 5 r(sinu), where r 5 the radius of the circle and u 5 the angle made by P with the
positive direction of the x-axis. For r 5 4 and u 5 30°, we have x 5 4(cos30) 5 3.46 and
y 5 4(sin30) 5 2. Therefore, the coordinates of point P are (3.46, 2).

19. The correct answer is (C). In triangle OAB, since OA 5 AB, we know that the
perpendicular bisector of segment OB will pass through point A. This gives us the
x-coordinate of point A as 3. The y-coordinate of point A has to be 8, since that is also the
height of the triangle. Now, we need to find the slope of the line passing through A(3, 8)

and O(0, 0), which is
8 2 0
3 2 0

5 2.67.

20. The correct answer is (D). The absolute value of a function is the set of all absolute
values (without the sign) that the function takes. That means if f(x) 5 2k then ?f(x)? 5 k.
For the given curve, all the negative values (part of the curve below the x-axis) become
positive, resulting in the curve in choice (D).

21. The correct answer is (E). The slopes, m1 and m2, of two lines perpendicular to one
another are related such that (m1)(m2) 5 21.

The slope of line 3x 1 5y 5 15 is m1 5
23
5

. Therefore, the slope of a line that is

perpendicular to it will be m2 5
21
23
5

5
5
3
. The equation of this line, if it passes through

the point (0, 22), will be y 5
5
3

x 2 2 (using the form y 5 mx 1 b), which is equivalent to

5x 2 3y 5 6.

22. The correct answer is (A). For the given cube of side 3 units, the coordinates of
point B would be (4, 4, 22). The distance between two points (x1, y1, z1) and (x2, y2, z2)
is given as

D 5 =~x2 2 x1!
2 1 ~y2 2 y1!

2 1 ~z2 2 z1!
2.

Using this formula, the distance between points A(1, 1, 1) and B(4, 4, 22) will be

D 5 =~4 2 1!2 1 ~4 2 1!2 1 ~22 2 1!2 5 =9 1 9 1 9 5 3=3.

23. The correct answer is (B). For this problem, we make use of the property of circles,
which states that any point on the circumference of a circle forms a right-angled
triangle with a diameter of the circle such that the diameter is the hypotenuse of the
right triangle. Thus, for the given triangle, the hypotenuse, AC, forms a diameter of the
circle that passes through the points A, B, and C. The length of side AC of the triangle
is determined by the Pythagorean theorem as 5 10, which means that the diameter of
the circle 5 10. The circumference of this circle 5 p(d) 5 p(10) 5 31.42.

24. The correct answer is (A). We have been given that (sin2u 2 cos2u) 5 0.5. Now,
(sin4u 2 cos4u) 5 (sin2u 1 cos2u)(sin2u 2 (cos2u) 5 (1)(0.5) 5 0.5.
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25. The correct answer is (B). The incline has a gradient (or slope) of 1, which means
that the equation of the line is y 5 x. Finding the coordinates of the point where the
stone hits the incline is the same as finding the point of intersection of the two curves
y 5 x and y2 5 4x.

Solving the two equations simultaneously, we have x 5 0 or x 5 4. Since the value x 5 0
does not apply in this case, we have x 5 4, which gives us y 5 4. Thus, the point at
which the stone hits the incline is (4, 4).

26. The correct answer is (D). The region of concern forms a trapezoid of height Sh
3D and

with bases 3 and 6. The area of this trapezoid is
3 1 6

2 Sh
3D 5 1.5h.

27. The correct answer is (A). Using the property of internal angles of a parallelogram,
we have the sum of the measures of adjacent angles 5 180° and the opposite angles
congruent to each other. This gives us m∠C 5 m∠A, (m∠A 1 m∠B) 5 180°, and
m∠B 5 m∠D.

Using the above relations, we have m∠B 5 60°, m∠C 5 120°, and m∠D 5 60°.

28. The correct answer is (B). Since we are allowed to travel only parallel (or along) the
three coordinate axes to reach to a point (2, 3, 4) in space, we have to travel 2 units
along the x-axis, then 3 units parallel to the y-axis, and finally 4 units parallel the
z-axis. Thus, we will have to travel a total of (2 1 3 1 4) 5 9 units.

29. The correct answer is (C). To get the area of the shaded region, we first obtain the
area of the part of the circle in that quadrant and subtract from it the area of the
triangle OAB. The area of the part of the circle in the second quadrant

5
1
4

~area of the circle!

5
1
4
~p!~4!2

5 12.57

The area of the triangle OAB 5
1
2
(4)(4) 5 8. Therefore, the net area 5 (12.57) 2 8 5 4.57

30. The correct answer is (D). In the third quadrant, the tangent of an angle is positive,
while the sine and cosine of the angle are negative.

31. The correct answer is (C). If cscu 5 1.414, then sinu 5
1

cscu
5

1
1.414

. Using the

trigonometric identity, sin2u 1 cos2u 5 1, we have cosu 5 =1 2 sin2u 5

Î1 2 S 1

1.414D
2

5 0.71.

32. The correct answer is (C). By definition, cosu 5
BC
AC

. If cosu 5 0.8 and (BC) 5 8, then

0.8 5
8

AC
⇒ ~AC! 5 10.

To find the length of AB, we use the Pythagorean theorem, giving us
~AB! 5 =~10!2 2 ~8!2 5 6. Therefore, the perimeter of the triangle is 5 8 1 10 1 6 5

24 units.
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33. The correct answer is (C). We refer to the following figure to solve this problem. If

x is the length of the shadow cast by the tree, then tan 20 5
150

x
⇒ x 5

150
tan 20

5 412 ft.

34. The correct answer is (C). From the figure in the problem, we observe that the given

curve has a maximum value of
1
2

and starts to repeat itself after x 5
2p

3
. This means

that it has an amplitude of
1
2

and period of x 5
1
3
~2p!. This gives the equation of the sine

curve as y 5
1
2

sinSx
1
3
D 5

1
2

sin~3x!.

35. The correct answer is (E).
=1 2 sin2u

sinu
5

=cos2u

sinu
5

cosu

sinu
5 cotu.

36. The correct answer is (B). In this problem, we make use of the Sine Rule of

Triangles, which is as follows:
sinA
~BC!

5
sinB
~AC!

5
sinC
~AB!

.

Thus,
sin40

8
5

sinC
10

⇒ sinC 5
10~sin40!

8
5 0.8 ⇒ C 5 sin21(0.8) 5 53°. Therefore,

m∠ACB 5 53°.

37. The correct answer is (A). In this problem, triangles ABC and CDE are similar. This
gives us:

~AB!

~CD!
5

~BC!

~DE!
5

~AC!

~CE!
⇒

~AB!

9
5

4
6

⇒ ~AB! 5 6.

Now, AE 5 AC 1 CE. To get the lengths of AC and CE, we use the Pythagorean
theorem. Thus, (AC) 5 =42 1 62 5 =52 5 7.21 and (CE) 5 =92 1 62 5 =117 5

10.82. Therefore, (AE) 5 10.82 1 7.21 5 18.03.

38. The correct answer is (E). The function S(t) 5 S0e20.2t represents the sale price of the
car t years after purchase, with S0 representing the initial price of the car. To find the
resale value of the car in five years, given that the car was initially priced at $20,000,
we plug in the values of t and S0 and obtain the corresponding value of S(t). Thus, we
have S(5) 5 (20,000)e20.2(5) 5 7,358. Therefore, the resale value of the car five years
after purchase will be $7,358.

39. The correct answer is (C). Let the new added integer be x. Now, if the mean of the 15

numbers before we added the new integer was 102, then we have:
S
15

5 102 ⇒ S 5 1530,

where S is the sum of the fifteen integers. Now, we know that the mean changes to 100

after adding x to the list of the fifteen integers. This gives us
S 1 x

16
5 100 ⇒ (S 1 x) 5

1,600 ⇒ x 5 1,600 2 S 5 70.
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40. The correct answer is (A). (3.5)x 5 (4.2)y. Taking natural logs on both sides and using
the property ln xk 5 kln x, we have

ln(3.5)x 5 ln(4.2)y

⇒ x ln~3.5! 5 y ln~4.2!

⇒
x
y

5
ln~4.2!

ln~3.5!
5 1.15.

41. The correct answer is (C). By definition, arcsin(sinu) 5 u. Therefore, if arcsin(sinu) 5

p

6
, then u 5

p

6
.

42. The correct answer is (B). A roll of an unbiased die has equal probability to produce
any of the six possible outcomes (1, 2, 3, 4, 5, or 6). Thus, the probability that a 4 or a 6

turns up will be
2
6

or
1
3
.

43. The correct answer is (B). In this problem, we see that the center of the circle, P(x, y),
lies on the curve y 5 2x. Hence the point P must satisfy the equation of the curve. Now,
the x-coordinate of point P is 3. To obtain the y-coordinate, we plug in 3 for x in the
equation of the curve. Thus, y 5 23 5 8. Therefore, the point P has coordinates (3, 8).

44. The correct answer is (C) Here again, using the property ln xk 5 k ln x of log
functions and keeping in mind that ln e 5 1, we have ln e3 5 3ln e 5 3(1) 53.

45. The correct answer is (E). Let a be the first term and x be the common difference of
the arithmetic progression. Then, by definition, the seventh term will be (a 1 6x) and
the thirteenth term will be (a 1 12x). We have been given that the seventh term is 41
and the thirteenth term is 77. Thus, we have

a 1 6x 5 41, and
a 1 12x 5 77.

Solving the above two equations simultaneously, we get a 5 5 and x 5 6. Therefore, the
twentieth term will be a 1 19x 5 5 1 19(6) 5 119.

46. The correct answer is (B). Since no zip codes can begin with a zero, we have nine
digits to choose from for the first of the five-digit code. Also, since there is no restriction
on repeating the digits, the remaining four digits of the five-digit code can each take 10
values. Therefore, we have a total of 9(10)(10)(10)(10) 5 9(10)4 5 90,000 options.

47. The correct answer is (A). This problem can be solved using the formula of
exponential growth, which is A 5 P~1 1 r!t, where A 5 the amount present finally, P 5

the initial amount, r 5 the rate of growth, and t 5 the total time. Thus, for our problem,
we have 300,000 5 P(1 1 0.03)5 5 ⇒ P 5 258,783.
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48. The correct answer is (C). In this problem, we first group all terms in x, a, and b

together and then use the properties up • uq 5 up 1 q and
up

uq 5 up 2 q to simplify the

problem. Thus, we have

x4a3b5 5
6x3a5b2

b24

⇒
x4

x3 5
6a5b2

b24a3b5

⇒ x4 2 3 5 6a5 2 3b2 2 5 2 ~-4!

⇒ x 5 6a2b.

49. The correct answer is (A). The given geometric progression is: 236, 12, 24,
4
3
, . . .

Here,
12

236
5

24
12

5
21
3

. Thus, the constant multiple of the progression is
21
3

. Therefore,

the next three terms in the progression will be

4
3S21

3 D,
4
3S21

3 D2

,
4
3S21

3 D3

5
24
9

,
4

27
,
24
81

.

50. The correct answer is (E). We observe that the function

f~x! 5 Hx2, x , 3
2x 1 1, x ≥ 3 J

is defined for all possible values of x.
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Practice Test 6:
Level 2

While you have taken many standardized tests and know to blacken

completely the ovals on the answer sheets and to erase completely any errors,

the instructions for the SAT Subject Test: Mathematics Level 2 exam differ in

three important ways from the directions for other standardized tests you

have taken. You need to indicate on the answer key which test you are taking.

The instructions on the answer sheet of the actual test will tell you to fill out

the top portion of the answer sheet exactly as shown.

1. Print MATHEMATICS LEVEL 2 on the line to the right under the

words Subject Test (print).

2. In the shaded box labeled Test Code fill in four ovals:

—Fill in oval 5 in the row labeled V.

—Fill in oval 3 in the row labeled W.

—Fill in oval 5 in the row labeled X.

—Fill in oval E in the row labeled Y.

—Leave the ovals in row Q blank.

Test Code

V ÞO1 ÞO2 ÞO3 ÞO4 Þ ÞO6 ÞO7 ÞO8 ÞO9

W ÞO1 ÞO2 Þ ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

X ÞO1 ÞO2 ÞO3 ÞO4 Þ Y ÞOA ÞOB ÞOC ÞOD Þ

Q ÞO1 ÞO2 ÞO3 ÞO4 ÞO5 ÞO6 ÞO7 ÞO8 ÞO9

Subject Test (print)

MATHEMATICS LEVEL 2

During the actual test, when everyone has completed filling in this portion of

the answer sheet, the supervisor will tell you to turn the page and begin the

Mathematics Level 2 examination. The answer sheet has 100 numbered ovals

on the sheet, but there are only 50 multiple-choice questions on the test, so be

sure to use only ovals 1 to 50 to record your answers.
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REFERENCE INFORMATION
The following information is for your reference in answering some of the questions on this

test.

Volume of a right circular cone with radius r and height h:

V 5
1
3
pr2h

Lateral area of a right circular cone with circumference of the base c and slant height l:

S 5
1
2

cl

Surface area of a sphere with radius r:

S 5 4pr2

Volume of a pyramid with base area B and height h:

V 5
1
3

Bh

Volume of a sphere with radius r:

V 5
4
3pr3

Notes
You will need a calculator to answer some (but not all) of the questions. You must

decide whether or not to use a calculator for each question. You must use at least a

scientific calculator; you are permitted to use graphing or programmable calculators.

Degree measure is the only angle measure used on this test. Be sure your calculator

is set in degree mode.

The figures that accompany questions on the test are designed to give you informa-

tion that is useful in solving problems. They are drawn as accurately as possible

EXCEPT when stated that a figure is not drawn to scale. Unless otherwise indi-

cated, all figures lie in planes.

The domain of any function f is assumed to be the set of all real numbers x for which

f (x) is a real number, unless otherwise specified.
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ANSWER SHEET PRACTICE TEST 6: LEVEL 2
1. OA OB OC OD OE

2. OA OB OC OD OE

3. OA OB OC OD OE

4. OA OB OC OD OE

5. OA OB OC OD OE

6. OA OB OC OD OE

7. OA OB OC OD OE

8. OA OB OC OD OE

9. OA OB OC OD OE

10. OA OB OC OD OE

11. OA OB OC OD OE

12. OA OB OC OD OE

13. OA OB OC OD OE

14. OA OB OC OD OE

15. OA OB OC OD OE

16. OA OB OC OD OE

17. OA OB OC OD OE

18. OA OB OC OD OE

19. OA OB OC OD OE

20. OA OB OC OD OE

21. OA OB OC OD OE

22. OA OB OC OD OE

23. OA OB OC OD OE

24. OA OB OC OD OE

25. OA OB OC OD OE

26. OA OB OC OD OE

27. OA OB OC OD OE

28. OA OB OC OD OE

29. OA OB OC OD OE

30. OA OB OC OD OE

31. OA OB OC OD OE

32. OA OB OC OD OE

33. OA OB OC OD OE

34. OA OB OC OD OE

35. OA OB OC OD OE

36. OA OB OC OD OE

37. OA OB OC OD OE

38. OA OB OC OD OE

39. OA OB OC OD OE

40. OA OB OC OD OE

41. OA OB OC OD OE

42. OA OB OC OD OE

43. OA OB OC OD OE

44. OA OB OC OD OE

45. OA OB OC OD OE

46. OA OB OC OD OE

47. OA OB OC OD OE

48. OA OB OC OD OE

49. OA OB OC OD OE

50. OA OB OC OD OE

51. OA OB OC OD OE

52. OA OB OC OD OE

53. OA OB OC OD OE

54. OA OB OC OD OE

55. OA OB OC OD OE

56. OA OB OC OD OE

57. OA OB OC OD OE

58. OA OB OC OD OE

59. OA OB OC OD OE

60. OA OB OC OD OE

61. OA OB OC OD OE

62. OA OB OC OD OE

63. OA OB OC OD OE

64. OA OB OC OD OE

65. OA OB OC OD OE

66. OA OB OC OD OE

67. OA OB OC OD OE

68. OA OB OC OD OE

69. OA OB OC OD OE

70. OA OB OC OD OE

71. OA OB OC OD OE

72. OA OB OC OD OE

73. OA OB OC OD OE

74. OA OB OC OD OE

75. OA OB OC OD OE

76. OA OB OC OD OE

77. OA OB OC OD OE

78. OA OB OC OD OE

79. OA OB OC OD OE

80. OA OB OC OD OE

81. OA OB OC OD OE

82. OA OB OC OD OE

83. OA OB OC OD OE

84. OA OB OC OD OE

85. OA OB OC OD OE

86. OA OB OC OD OE

87. OA OB OC OD OE

88. OA OB OC OD OE

89. OA OB OC OD OE

90. OA OB OC OD OE

91. OA OB OC OD OE

92. OA OB OC OD OE

93. OA OB OC OD OE

94. OA OB OC OD OE

95. OA OB OC OD OE

96. OA OB OC OD OE

97. OA OB OC OD OE

98. OA OB OC OD OE

99. OA OB OC OD OE

100. OA OB OC OD OE

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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MATHEMATICS LEVEL 2

Directions: For each of the following problems, identify the BEST answer of the
choices given. If the exact numerical value is not one of the choices, select the answer
that is closest to this value. Then fill in the corresponding oval on the answer sheet.

1. Which number is NOT in the domain

of y 5
x 1 2
x 1 3

?

(A) 2
(B) 22
(C) 23
(D) 3
(E) 0

2. What trigonometric function(s) is
(are) positive in the third quadrant?

(A) sin x
(B) cos x
(C) sin x and cos x
(D) tan x and cot x
(E) sin x and csc x

3. If the vertex of a function f(x) is at
(1, 1), where is the vertex of the
function f(x 2 2) 1 1?

(A) (2, 3)
(B) (3, 2)
(C) (2, 21)
(D) (21, 0)
(E) (21, 2)

4. You have 7 marbles—2 black, 3
white, and 2 red, but otherwise not
distinguishable. How many different
ways can the 7 marbles be ordered?

(A) 5,040
(B) 84
(C) 140
(D) 210
(E) 280

5. A church bell chimes 8 times at 8:00.
Eight seconds elapse between the
first chime and the last chime. How
many seconds elapse between the
first and last chimes at 12:00?
(Assume each actual chime takes no
time at all.)

(A) 12
(B) 12.5
(C) 12.57
(D) 13
(E) 11

6. Given the figure below, find y.

(A) 4
(B) 2
(C) 3
(D) 6
(E) 8

7. If
f 5 {~0,23!,~21,22!,~2,21!} and
g 5 {~21,2!,~22,1!,~23,3!}, then
g + f ~21! equals

(A) 21
(B) 1
(C) 2
(D) 22
(E) Not defined
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8. What is the period of y 5 3cos (2x) 1 4?

(A) 2p

3

(B)
p

2
(C) 4p

(D) p

(E) 3p

9. Solve 2sin x 1 3 5 4 for x in the
interval (0, 360). (Remember, x is
measured in degrees.)

(A) 60
(B) 30 and 150
(C) 30
(D) 60 and 120
(E) 150

10. Find the volume of the solid below
that is a cylinder with a section cut
out of it.

2m

(A) 28p cubed meters
(B) 12 cubed meters
(C) 12p cubed meters
(D) 24p cubed meters

(E)
56p

3
cubed meters

11. If x 1 2 , 0, then |x 1 2| 5

(A) x 1 2
(B) x 2 2
(C) 2x 1 2
(D) 2x 2 2
(E) x

12. What are the asymptotes of the
hyperbola 4x2 2 9y2 5 36?

(A) y 5 9x and y 5 2 9x

(B) y 5
3x
2

and y 5
23x

2
(C) y 5 2x and y 5 22x

(D) y 5
2x
3

and y 5
22x

3
(E) y 5 4x and y 5 24x

13. There are six movie stars who pass
through towns A and B in a certain

state. Of these,
1
2

stop at A,
1
3

stop at

B, and
1
6

stop at both A and B. How

many movie stars don’t stop at either
town?

(A) 0
(B) 1
(C) 2
(D) 3
(E) Cannot be determined from the

information given.

14. In the figure below, s is parallel to
t and v is parallel to w, find the
angle measure of angle 1.

(A) 65
(B) 55
(C) 45
(D) 125
(E) 115
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15. If 2x 1 3 is a divisor of 2x3 1 7x2 1

8x 1 c with a remainder of 0, c is

(A) 233
(B) 23
(C) 33

(D) 2
3
2

(E) 3

16. If we restrict the domain of the f(x) 5

x2 1 3 to (22, 1), then the range of
f(x) is

(A) (3, 7)
(B) All positive real numbers
(C) (3, 4)
(D) (4, 7)
(E) (0, 7)

17. Two distinct lines can intersect one
time at most and three distinct lines
can intersect three times at most.
What is the greatest number of times
that four distinct lines can intersect?

(A) 3
(B) 4
(C) 5
(D) 6
(E) 7

18. If a square field is completely
enclosed by x feet of fencing, then the
area of the field as a function of
x equals

(A) x2

(B) x2

4
(C) 4x2

(D) x2

16
(E) 16x2

19. If f(x) 5 x2 1 x, then find the num-
ber(s) so that f(a) 5 6.

(A) 3
(B) 22
(C) 3 and 22
(D) 23 and 2
(E) 23

20. What is the exact value of tan

SArccos
3
4D?

(A)
23=7

7

(B)
3=7

7

(C)
2=7

3

(D)
3
4

(E)
=7

3

21. Given the graph below, find the
amplitude.

(A) .5
(B) p

(C)
p

2
(D) 1.5
(E) 2

22. Solve the equation log2 (x 2 3) 1 log2
(x 2 2) 5 1 for x.

(A) 3
(B) 2 and 3
(C) 1 and 4
(D) 4
(E) 1
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23. In a dark room where colors are not
distinguishable, how many towels
must a person take from a basket
containing 10 blue towels, 8 black
towels and 6 green towels—to be
assured of having two towels that
match in color?

(A) 1
(B) 2
(C) 3
(D) 4
(E) 5

24. Find the next number in the se-
quence 1, 7, 19, 37, 61, ?, . . .

(A) 85
(B) 78
(C) 91
(D) 95
(E) 90

25. Given the square with two diagonals
in the figure below, there are a
maximum of eight total triangles
that can be formed. With two squares
with diagonals adjoined on one side,
there are a maximum of eighteen
total triangles that can be formed.
What is the maximum number of
triangles that can be formed with
three squares with diagonals ad-
joined on one side?

(A) 26
(B) 29
(C) 28
(D) 30
(E) 27

26. The function f(x) 5 x2 is an example
of a(n)

(A) even function.
(B) polynomial.
(C) quadratic function.
(D) All of the above
(E) Only choices (B) and (C)

27. Simplify the expression
tan(2h)cos(2h) in terms of a positive
angle h, sin h and cos h.

(A) sin h

(B) cos h

(C) 2sin h

(D) 2cos h

(E) tan h

28. To draw the graph of the inverse of a
function f(x), one must mirror the
graph of f(x) about the

(A) x-axis
(B) y-axis
(C) line y 5 2x
(D) line y 5 x
(E) lines y 5 x and y 5 2x

29. In numbering the pages of a book,
beginning with page 1, 3,457 digits
are required. What is the number of
pages in the book?

(A) 1,003
(B) 3,457
(C) 1,141
(D) 1,140
(E) 1,138

30. S1 2
x
yD ÷ Sy 2

x2

yD simplifies to

(A) y 2 x
(B) y 1 x
(C) (y 1 x)21

(D) (y 2 x)21

(E) (y 2 x)(y 1 x)21

31. Find c in the figure below.

(A) 2.71
(B) 8.00
(C) 2.83
(D) 5.03
(E) 3.71
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32. Find x in the figure below. (DC i PQ)

(A) 2
(B) 6
(C) 4
(D) 8
(E) 10

33. Find all the values of x that satisfy
(2x 1 1)x2 2 4 5 1.

(A) 62 and 0
(B) 22 and 1
(C) 1 and 2
(D) 2 and 22
(E) None of the above

34. How many subsets are there from a
set of m elements?

(A) m
(B) 2m

(C) m2

(D) m!
(E) m(m 2 1)

35. Find the volume of the prism below.

(A) 380 cubed centimeters
(B) 480 cubed centimeters
(C) 600 cubed centimeters
(D) 720 cubed centimeters
(E) 1,200 cubed centimeters

36. The axis of symmetry for f(x) 5 x2 2

2x 1 3 is x 5

(A) 2
(B) 1
(C) 22
(D) 21

(E)
1
2

37. The figure below shows three of the
faces of a cube. If the six faces of the
cube are numbered consecutively,
what are the possible values for the
product of all six faces?

6

2
4

I. 5,040
II. 20,160

III. 720

(A) I only
(B) II only
(C) III only
(D) I and II
(E) I and III

38. If axn 2 bx 5 0 and x is nonzero,
then b equals

(A) axn 2 1

(B) ax2n

(C) an

(D) na
(E) axn 1 1

39. If f(x) 5 2sin 3x and fSp

2D 5 b, then

find b.

(A) 1
(B) 21
(C) 2
(D) 22
(E) 0
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40. Simplify sin2x 1
~cos 2x!

2
1

1
2

(A) sin 2x
(B) 1

(C) sin2 x 1 sin Sx
2D

(D) sin2 x 1 cosSx
2D

(E) 21

41. If the equation
x2

4 2 C
2

y2

C
5 1, what

type of curve is represented if C , 0?

(A) circle
(B) ellipse
(C) hyperbola
(D) parabola
(E) line

42. What is the units’ digit of 330?

(A) 9
(B) 3
(C) 7
(D) 1
(E) 2

43. A rectangle has a height of 8 units
and a width of 6 units. A second
rectangle with a height of 4 units
and a width of 3 units overlaps the
first rectangle as shown in the figure
below. What is the difference in area
between the two nonoverlapping
regions of the two rectangles?

(A) 36 square units
(B) 12 square units
(C) 24 square units
(D) 30 square units
(E) 18 square units

44. If x22 5 36, then x equals

(A) 66

(B) 6
1
6

(C) 66i
(D) 618

(E) 6
i
6

45. A pit filled with balls for kids at an
amusement park is 10 feet long and
2 feet deep at one end. If it is 4 feet
deep at the other end, find the total
distance along the bottom in feet.

(A) 10.77
(B) 10
(C) 4.47
(D) 11
(E) 10.20
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46. What must be the value of k if the
lines 3x 2 y 5 9 and kx 1 3y 5 5 are
to be perpendicular?

(A) 1
(B) 3
(C) 9
(D) 21
(E) 29

47. Find the sum of the first 40 odd
integers.

(A) 1,000
(B) 1,600
(C) 1,200
(D) 660
(E) None of the above

48. If f(x) 5 2x 1 3 and f(g(1)) 5 5,
which of the following functions could
be g(x)?

(A) x 1 1
(B) 2x 1 1
(C) 2x 2 1
(D) x 2 1
(E) 3x 2 4

49. If Bill can clean the garage in 4
hours and John can clean the same
garage in 3 hours, how many hours
will it take them to clean the garage
if they work together?

(A) 3
(B) 3.5
(C) 1.71
(D) .58
(E) 2

50. What is the perimeter of the paral-
lelogram ACDE in the figure below?

(A) 20
(B) 23
(C) 23.31
(D) 33.94
(E) 18
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ANSWER KEY AND EXPLANATIONS

1. C
2. D
3. B
4. D
5. C
6. B
7. B
8. D
9. B

10. E

11. D
12. D
13. C
14. A
15. E
16. A
17. D
18. D
19. D
20. E

21. A
22. D
23. D
24. C
25. B
26. D
27. C
28. D
29. C
30. C

31. C
32. B
33. A
34. B
35. C
36. B
37. E
38. A
39. D
40. B

41. B
42. A
43. A
44. B
45. E
46. A
47. B
48. C
49. C
50. C

1. The correct answer is (C). The function y is defined for all numbers except where
x 1 3 5 0, which is when x 5 23.

2. The correct answer is (D). We know sin x , 0 in the third quadrant and so that
eliminates choices (A), (C), and (E). Also, cos x , 0 in the third quadrant, which
eliminates choice (B).

3. The correct answer is (B). The graph of f(x 2 2) 1 1 is just the graph of f(x) moved to
the right 2 units and up 1 unit. So, the vertex of f(x 2 2) 1 1 is just the vertex (1, 1)
moved to the right 2 units and up 1 unit. Hence, the vertex is (3, 2).

4. The correct answer is (D). There are seven different places where a marble can be
placed, so there are a total of 7! orderings. However, some orderings look exactly like
each other. For example, if we denote the white marbles W1, W2, and W3; the black
marbles as B1 and B2; and the red marbles as R1 and R2, we see the orderings

R1, R2, B1, B2, W1, W2, W3 is the same as
R2, R1, B1, B2, W1, W2, W3, but it is not the same as
R2, R1, W1, B1, B2, W2, W3.

We do not want to include the permutations of just the black marbles, just the red
marbles, and just the white marbles, which correspond to dividing by 2!(2!)(3!) 5 24. So

the answer is
7!
24

5 210.

5. The correct answer is (C). There are 8 chimes in 8 seconds, and we assume that no
actual time is taken up for the chime itself. Once the first chimes, there is a space of
time before the next chimes and so on until the last chimes and then the 8 seconds is up.

There are 7 spaces of time with
8
7

seconds elapsing between chimes. For 12 chimes,

there are 11 spaces of time with 11 3 S8
7D seconds of time or 12.57 seconds.

6. The correct answer is (B). Each side of the triangle is tangent to the circle. So, the
length of line segments from a vertex to the point of tangency is equal. That is, x 1 4 5

6 or x 5 2 and x 1 y 5 2 1 y 5 4, which says that y 5 2.

7. The correct answer is (B). (g o f)(21) 5 g(f(21)) 5 g(22) 5 1.

8. The correct answer is (D). The period is p 5
2p

b
5

2p

2
5 p.
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9. The correct answer is (B). We have 2sin x 1 3 5 4, which implies sin x 5
1
2
. That says

that x 5 30 or x 5 150.

10. The correct answer is (E). The area of a full circle with radius 2 is 4p, so the area of

the top is
280
360

• 4p 5
28p

9
and, thus, the volume is V 5 6 3 S28p

9 D 5
56p

3
.

11. The correct answer is (D). If x 1 2 , 0, then x 1 2 is negative, and, so by the
definition of absolute value, |x 1 2| 5 2(x 1 2) 5 2x 2 2.

12.
The correct answer is (D). We see that the given equation is equivalent to

x2

9
2

y2

4
5 1. The asymptotes are y2 5

4x2

9
or y 5 6

2x
3

. To see this, we know that a 5 3, which

says the vertices are (6 3, 0). Also, since b 5 2. Also, since b 5 2, the equations of the

asymptotes are given by y 5
b
a

x and y 5
2b
a

x.

13. The correct answer is (C). To see this the best, make a Venn diagram and label how
many visited the intersection of Town A and Town B and then from that how many
visited Town A, and how many visited Town B. This will give you how many visited
neither Town A nor Town B. We know that one-half visited Town A which corresponds to
3. Similarly, one-third visited Town B, which corresponds to 2, and finally, one-sixth
visited both Town A and Town B, which corresponds to 1. This yields that 2 movie stars
visited neither Town A nor Town B.

14. The correct answer is (A). By vertical angles, we know that the measure of angle 3 is
65, and by corresponding angles, the measure of angle 1 is 65.

15. The correct answer is (E). If 2x 1 3 is a divisor of 2x3 1 7x3 1 8x 1 c, then 2
3
2

is a

root. Use synthetic division or use long division to get that c 5 3 because the remainder
is 0.

16. The correct answer is (A). The range of f(x) with no restrictions is all real numbers
greater than or equal to 3. If we restrict to the domain of (22, 1) then the range is (3, 7)
since f(22) 5 (22)2 1 3 5 7.

17. The correct answer is (D). First draw three lines that cross at three points (there will
be a triangle formed), then draw one more line that crosses all of the other three lines
at distinct points. The result is that three lines intersect in six points at most.

18. The correct answer is (D). We have the perimeter to be x, and since the perimeter is

4s where s is the length of a side, then s 5
x
4
. So, the area is A 5 s2 5 Sx

4D2

5
x2

16
.

19. The correct answer is (D). f(a) 5 a2 1 a 5 6, which implies that a2 1 a 2 6 5 0. By
factoring we get (a 1 3)(a 2 2) 5 0, and so a 5 2 or a 5 23.

20. The correct answer is (E). Let u 5 Arccos S3
4D. This says that cos u 5

3
4
. Label a

triangle with angle u and cos u 5
3
4
. Find the other side, which happens to be =7, and

then we see that tan u is
=7

3
.

21. The correct answer is (A). The maximum value is 1.5, and the minimum value of y

value is .5, so the amplitude is
~1.5 2 .5!

2
5

1
2

5 .5.
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22. The correct answer is (D). Using log rules we can first rewrite the original equation
to log2 (x 2 3)(x 2 2) 5 1. Converting this log equation to exponential form, we have (x
2 3)(x 2 2) 5 21 or x2 2 5x 1 4 5 0. This factors to (x 2 4)(x 2 1) 5 0 and so x5 4
or x51. However we see that if x5 1 then x 2 3 , 0 and we can not take logs of negative
numbers. So only x 5 4 works.

23. The correct answer is (D). In the worst case, a person would select a different towel
on the first three selections. We see, though, on his or her fourth selection, the towel
would match one of the previous three.

24. The correct answer is (C). Look at the pattern. The second number is just the first
number plus 6. The third number is just the second number plus 2 times 6. The fourth
number is just the third number plus 3 times 6 and so on. So, the next number in the
sequence is the previous number plus 5 times 6 or 91.

25. The correct answer is (B). For the two squares, there are eight triangles for each
square and two in the intersection, for a total of eighteen triangles. For the three
squares, there are eight triangles for each square; for each of the two pairs of squares
that intersect, there are two triangles; and for all three squares together, there is one
more triangle for a total of 8 1 8 1 8 1 2 1 2 1 1 5 29 squares.

26. The correct answer is (D). f(x) 5 x2 is a polynomial (all coefficients are 0
except a2 5 1). It is even since f(2x) 5 f(x), and it is a quadratic. (It has the form of
ax2 1 bx2 1 c).

27. The correct answer is (C). tan (2h) cos (2h) 5 2tan h cos h 5 2sin h.

28. The correct answer is (D). By definition, you mirror about y 5 x.

29. The correct answer is (C). For pages 1 through 9, there are 9 digits used, for pages 10
through 99, there are 2(90) 5 180 digits used, and for pages 100 through 999, there are
3(900) 5 2,700 digits used. So, there are 568 digits left for pages 1,000 through 1,141.
The book has 1,141 pages.

30. The correct answer is (C).

S1 2
x
yD 4 Sy 2

x2

yD 5 Sy 2 x
y D 4 Sy2 2 x2

y D
5 Sy 2 x

y D 3 S y
y2 2 x2D

5
1

y 1 x
5 ~y 1 x!21.

31. The correct answer is (C). Using the Law of Cosines,

c2 5 a2 1 b2 2 2abcos C
5 (4.21)2 1 (5.71)2 2 2(4.21)(5.71)cos (28.3)
5 7.996433703 ' 8.00.

So c 5 =8 5 2.83.

32. The correct answer is (B). Using properties of similar triangles, we have the ratio
12 1 x

12
5

30
20

, which implies that x 5 6.
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33. The correct answer is (A). (2x 1 1)x2 2 4 5 1 when x2 2 4 5 0 or when 2x 1 1 5 1 since
anything except 0 to the 0th power is 1 and 1 to any power is 1. So, x 5 62 and x 5 0.

34. The correct answer is (B). Work out some simple examples to see the total number of
subsets for a set with m elements. If the set has just one element then the subsets are
the empty set and the set itself. Thus, there are 21 5 2 subsets of a one-element set. If
the set has two elements—say the set is {1,2}—then the subsets are f, {1}, {2}, {1, 2}.
Thus, there are 22 5 4 subsets of a set of two elements. If the set has three
elements—say the set is {1, 2, 3}—then the subsets are f, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3},
{1, 2, 3}. Thus, the set has 23 5 8 subsets. Continue this argument and one sees that for
a set {1, 2, 3, 4, . . ., m 2 1, m}, there are 2msubsets.

35. The correct answer is (C). V 5
~~5!~12!~20!!

2
5 600 cubed centimeters.

36. The correct answer is (B). The axis of symmetry is x 5
2b
2a

5
2~22!

2~1!
5 1.

37. The correct answer is (E). The numbers are 2, 3, 4, 5, and 6 and either 1 or 7. So, the
possible products are 7! or 6!. Choice (E) is the correct answer.

38. The correct answer is (A). We see that axn 2 bx 5 x(axn 2 1 2 b) 5 0. Since x is not
equal to 0, we have b 5 axn 2 1.

39. The correct answer is (D). We have

fSp

2D 5 2 sinS3Sp

2DD 5 2 sinS3p

2 D 5 2~21! 5 22.

40. The correct answer is (B). Use the identity for cos 2x to get

sin2x 1
~cos2x 2sin2x!

2
1

1
2

5
~sin2x!

2
1

~cos2x!

2
1

1
2

5 1.

The last equality holds because sin2x 1 cos2x 5 1.

41. The correct answer is (B). If C , 0, then 2C . 0 and 4 2 C . 4 . 0. Also, 4 2 C is
not equal to 2C because adding C to both sides gives the incorrect equation, 4 5 0. So,
the expressions in the denominator are different and, since we can rewrite the equation

to
x2

4 2 C
1

y2

2C
5 1 and the expressions in the denominator are both positive, we know

the equation is an equation for an ellipse.

42. The correct answer is (A). Look at the pattern of powers of 3.

30 5 1 34 5 81 38 5 6,561

31 5 3 35 5 243 etc.

32 5 9 36 5 729

We notice the there is a repeated pattern of 1, 3, 9, and 7 for the units’ digits of pow-
ers on 3. So, we can calculate the units digit of 330 by dividing 30 by 4 and seeing the
remainder 2. The units digit of 330 is equal to the units digit of 32, which we know to
be 9.

43. The correct answer is (A). Let A1 be the area of the 8-by-6 rectangle and A2 be the
area of the 4 by 3 rectangle. Also, let A be the area of the overlap. So, the difference in
the non overlapping regions is Ad 5 (A1 2 A) 2 (A2 2 A) 5 A1 2 A2 5 48 2 12 5 36.

44. The correct answer is (B). If x22 5 36, then x2 5
1

36
. So, x 5 6

1
6
.

a
n

sw
e

rs
............................................................................................
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45. The correct answer is (E). Draw a picture of the ball room and calculate d.

d 5 =102 1 22 ' 10.20.

46. The correct answer is (A). The two equations in standard form are y 5 3x 2 9 and

y 5
2k
3

x 1
5
3
. So, using properties of perpendicular slopes, we have that

2k
3

5

21
3

or k 5 1.

47. The correct answer is (B). This is an arithmetic sequence. 1, 3, 5, ..., 79. We know the
sum of such a sequence is

S 5
n
2

• [2a 1~n 2 1!d] 5
40
2

• [2 • 1 1 39 • 2] 5 20 • 80 5 1,600.

Therefore, the sum of the first 40 odd numbers is 1,600.

48. The correct answer is (C). We know f(g(1)) 5 5, which implies that 2(g(1)) 1 3 5 5 or
g(1) 5 1. The only equation that this condition holds is choice (C).

49. The correct answer is (C). Set up the equation
1
4

1
1
3

5
1
x
. The one fourth stands for

Bill completing 1 garage in 4 hours, and the one third stands for John completing
1 garage in 3 hours. Combine these together to see how long x it takes to complete

1 garage. Solving for x, we get x 5
4~3!

4 1 3
' 1.71.

50. The correct answer is (C). Set up the equation cos 45 5
4

AC
or AC

4
cos 45

5 4=2. So,

the perimeter is P 5 2(6) 1 2~4=2! ' 23.31.
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